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ADVERTISEMENT. 

*0  As  Utility  is  the  great  object  aimed  at  iii 

^  this  PubJication,  I  have  spared  no  pains  to 
^  •  make  a  careful  selection  of  materials,  from 
vt^  the  most  approved  sources,  which  may*tend 
^      to   elucidate,  in  a  full  and  clear  manner,  the 

Elements  of  Algebra,  both  in  theory  and 

practice. 

Those  authors  of  whose  labours  I  have 
principally  availed  myself,  are  JEuler^  Clai- 
rauU  Lacroix,  Gamier^  JSezout,  Lagrange,, 
J^ewton^  Simpson,  Emerson^    Wood,  Bonny- 
castle.  Bridge,  and  Bland. 

I*  * 

To  Bland's  Algebraical  Problems,  (a  work 

compiled  for  the  use  of  Studeuts  in  one  of 

the  first  Universities  in  Europe),  I  am  chiefly 

indebted  for.  the  problems  m  Simple,  Pure,  / 

and  Quadratic  Equations.  )>l^^ 
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ADVERTISEMENT. 


By  permission  of  the  learned  Dr.  Adram. 
I  hare  added,  as  an  Appendix,  his  method 
of  demonstrating  aJsebraicaUy  the  propo- 
sitimis  in  the  fifth  nook  of  Euclid's  Ele« 
ments. 

JAMES  RYAN. 

.Veuf-Fwfc,  July  1,  1824. 
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ELiEMENTABY  TREATISE 

■«     » 
ON 

ALGEBRA. 

t_i_Li  11  r-  -  ^       -      -  .       -  .^^ — r — *.-    — 

INTRODUCTION. 

EXPLANATION     OF     THE     ALGEBRAIC     METHOD     OF     NOTATION  :«• 

DEFINITIONS    AND    AXIOMS. 


1  •  Algebra  is  a  general  method  of  computation, 
in  which  abstract  quantities  and  their  several  rela- 
tions are  made  the  subject  of  calculation,  by  means 
of  alphabetical  letters  and  other  signs; 

2.  The  letters  of  the  alphabet  may  be  employed 
at  pleasure  for  denoting  any  quantities,  as  alge- 
braical symbols  or  abbreviations  ;  but,  in  general, 
quantities  whose  values  are  known  ot  determined, 
are  expressed  by  the  first  letters,  a^  6,  c,  &c. ;  and 
vnknozon  or  undetermined  quantities  are  denoted  by 
the  last  or  final  ones,  «,  v^  z&,  x,  &c. 

3*  Quantities  are  equal  when  they  are  of  the 
same  magnitude.  The  abbreviation  a=&  implies 
that  the  quantity  denoted  by  a  is  equal  to  the  quan- 
tity denoted  Jby  &,  and  is  read  a  equal  to  h ;  a>6  or 
a  greater  than  6,  that  the  quantity  a  is  greater  than 
the  quantity  6 ;  and  a<h  or  a  less  than  6,  that  the 
quantity  a  is  less  than  the  quantity  b. 

4.  Addition  is  the  joining  of  magnitudes  into  one 
sum*  The  sign  of  addition  is  an  erect  cross ;  thus, 
4i+b  implies  the  sum  of  a  and  i,  and  is  called  a  plus 
i,  if  a  represent  8  and  6,  4 ;  then,  a+b  represents 
12,  ora+i=8+4=12. 
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2  INTRODCCTION. 

5.  Sabtractioii  is  the  taking  as  maeh  from  one 
quantity  as  is  equal  to  another.  Subtraction  ia.de- 
noted  by  a  single  line ;  as  a— 6,  or  a  minus  6,  which 
is  the  part  of  a  remaining,  when  a  part  equal  to  h 
has  been  taken  from  it;  ifa^S,  and  6=5  ;  a — h 
expresses  9  dimihisbed  by  5,  which  is  equal  to  4, 
or  a — 6=9 — 5=4. 

6.  Also,  the  difference  of  two  quantities  a  and  b ; 
when  it  is  not  known  which  of  them  is  the  greater, 
is  represented  by  the  si^n  ^ ;  thus,  a^h  is  a — 6,  or 
h — a;  and  a^h  signifies  the  sum  or  xliiTerence  of 
a  and  6. 

7.  Mtiltiplication  is  the  adding  together  so  many 
numbers  or  quantities  equal  to  the  multiplicand  as 
there  are  units  in  the  multipher,  into  one  sum  called 
the  product.  Multiplication  is  expressed  by  an  ob- 
lique cross,  by  a  point,  or  by  simple  apposition ; 
thus,  aXb,  a  .  bj  or  a6,  signifies  the  quantity  de- 
noted by  a,  is  to  be  multiplied  by  the  quantity  de- 
noted by  6 ;  ifa=5and6=7;  then  a  X  6=5X7= 
35,  or  a  .  6=5  .  7=35,  or  a6=5X7=35. 

Scholium.  The  multiplication  of  numbers  cannot 
be  expressed  by  simple  apposition.  A  unit  is  a  mag* 
nitude  considered  as  a  whole  complete  within  itself. 
And  a  whole  number  is  composed  of  units  by  con* 
tinued  additions  ;  thus,  one  plus  one  composes  two, 
2+1=3,  3+1=4, 4&C. 

8.  Division  is  the  subtraction  of  one  quantity 
from  another  as  often  as  it  is  contained  in  it ;  or  the 
finding  of  that  quotient,  which,  when  multiplied  by 
a  given  divisor,  produces  a  given  dividend. 

Division  is  denoted  by  placing  the  dividend  be- 
fore the  sign  -r-,  and  the  4i visor  after  it ;  thus  a-$-6, 
implies  that  the  quantity  a  is  to  be  divided  by  the 
quantity  6.    Also,  it  is  frequently  denoted  by  placing 
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one  of  the  two  quantities  over  the  other,  in  the 

form  of  a  fraction ;  thus,  -7-=a-rA;  ifa=12, 6=4; 

o 

then,  8~6=-^=12-j-=4— =3. 
'6  4 

9.  A  simple  fraction  is  a  number  which  hy  con- 
tinual addition  composes  a  unit,  and  the  number  of 
such  fractions,  contained  in  a  unit,  is  denoted  by 
the  denominator,  or  the  number  below  the  line ; 
thus,  |+i+i=l»  A  number  composed  of  such 
simple  fractions,  by  continual  addition,  may  pro- 
perly be  termed  a  multiple  fraction ;  the  number 
of  simple  fractions  composing  it,  is  denoted  by  the 
upper  figure  or  numerator.  In  this  sense,  f ,  |,  f , 
are  multiple  fractions;  and  1=1,  f==f+3^=l+i 


=^H. 


10.  When  any  quantities  are  enclosed  in  a  pa- 
rentb^is,  or  have  a  line  drawn  over  them,  they  are 
.considered  as  one  quantity  with  respect  to  other 
symbols;  thus,  a— (6-f  c),  or  a—b+c ;  implies  the 

fxcess  of  a  above  the  sum  of  b  and  c ;  Let  a=9, 
3f:3,  and  c=2;  then,  a~-(&-f  c)=:9— (3-f-2)=9— 
5=4,  or  a—b  +  c=9— 3  +  2=9—5=  4,      Also, 

(a+A)X(c+d),  or  a+bXc+d^  denotes  that  the 
sum  of  a  and  b  is  to  be  multiplied  by  the  sum  of  c 
and  d\  thus,  let  a=4,  i=2,  c=3,  and  d=5;  then 
(o  +  6yx(c4-d)-(4+2)X(a-f-5)=6X8=48,  or 
a  +  tXc  +  d=4  +  2X3  +  5=6X8  =  48.     And 

(a— 6)-i-(c+d),  or  —7-3;  implies  the  excess  of  a 

C'f-a 

above  &,  is  to  be  divided  by  the  sum  of  c  and  d ; 

•  if  a=l2,  6^=2^  C5=4,  and  rf=l  ;   then,   {a — b)-^ 
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(c  +  £0*=(12-2)^(4+l)=l(M.5=2,  or  tZ±^ 

c+d 
12-2     10     ^ 

—- — =—=2. 

4+1        5. 

The  line  drawn  over  the  quantities  is  sometimes 
called  a  vincid'um. 

11.  A  quantity  multiplied  bj  itself,  is  the  square 
of  the  quantity;  thus,  ay.a=^  the  square  of  a;  if 
a=5,  then  aXa  =  dX5  =  25=  the  square  of  5. 
Also,  a XaXa=  the  cube  of  a,  or  5X5X5=126= 
the  cube  of  5;  a:XxXa?Xa=  the  fourthpower  of  a;; 
and  so  on. 

12.  The  square,  the  cube,  the  biquadrate,  &c. 
called  iYiQ  powers  of  algebraic  quantities,  are  ex- 
pressed by  placing  a  small  figure,  (equivalent  to  the 
number  01  factors,  and  called  the  index  ot  exponent 
of  the  power;)  at  the  right-hand  of  the  quantity 
thus,  a*,  is  called  ihe first  power  of  a,  and  is  =a 
«*,  the  second  power,  or  square  of  a,  and  is  =^aXa 
a^,  the  third  power,  or  cibe  of  cu  and  is  =a  Xa>^a 
o*,  the  fourth  power  of  a,  equal  toaXaXaXtf 
a*,  \he fifth  power  of  a,  equal  to  ay.ayi.ay.ay.a^ 
(a+fe)^,  the  third  power  of  a+6,  equal  to  (a+fe)x 

(rt+6)X(a+.6); 
(a— x)*,  the/owWA  power  of  (a — ac),  equal  to  («— a?) 
X  (a — x)  X  (a — x)  X  (a — x). 

13.  Factors  are  the  numbers  or  quantities,  from 
the  multiplication  of  which,  the  proposed  ilUmbers 
or  quantities  are  produced  ;  thus,  the  factors  of  35 
are  7  and  5,  because  7X5=35;  also,  a  and  d,  are 
the  factors  of  ah\  3,  a^,  b  and  c',  are  the  factors 
of  3a^ic* ;  and  rt+6  and  a — h  are  the  factors  of  the 
product  (a+6)  X  (a— 5). 

When  a  number  or  quantity  is  produced  by  the 
multiplication  of  two  or  more  factors ;  it  is  called 
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a  composite  number  or  quantity ;  thus,  35  is  a  com- 
posite number^  being  produced  by  the  product  of  7 
and  5 ;  also^  5acx  is  a  composite  quantity,  the  fac- 
tors of  which  are  5,^,  c,  and  x* 

14«  The  coefficient  of  a  quantity  is  the  mamber  or 
letter  prefixed  to  it ;  being  that  which  shows  how 
.often  the  quantity  is  to  be  taken ;  thus,  in  the 
quantities  36  and  5x^,  3  and  5  are  the  coefficients 
of  b  and^^'*  Also,  in  the  quantities  Say  and  5a^Xj 
3a  and  5a^  are  the  coefficients  of  ^  and  x» 
^  When  a  quantity  has  no  number  prefixed  to  it, 
ibe  quantity  has  unity  for  its  coefficient,  or  it  is  sup- 
posed to  be  tak^  only  once;  thus,  x  is  the  same 
as  1 X ;  and  when  a  quantity  has  no  sign  before  it, 
the  sign  +  is  always  ^inderstood ;  thus,  Sa^b  is  the 
safne  as  +3a*6,  and  5a — 36  is  the  same  as  +5a — 
36^  *  " 

15.  Th.e  root  of  any  proposed  quantity  is  that 
quantity  which,  by  its  continual  multiplication,  as 
often  as  there  are  units  in  the  index,  would  produce 
the  ^cifne  quantity  ;  thus,  the  square  root  of  a'  is  a; 
because  ay.a=^a^^  the  square  root  of  25  is  5;  the 
cube  root  of  27=3;  the  fourth  root  oi  81=3;  and  . 
the  square  root  of  a*  is  a^\  because  a*  >ia^=^ay.a 
XaXa==^a*. 

According  tp  the  above  definition  of  the  term 
root^  it  is  to  be  understood  that  the  first  process  in 
the  t^vdtiplicaiion  is  unity  multiplied  by  the  quarUi- 
iy ^  thus,  t^  is  equal  to  1  X«;  a^  is  equal  to  1  XaX 
a;  and  a^=^\  XaXaXa. 

16.  Quantities  which  can  be  expressed  in  finite 
terms,  or  the  roots  of  which  can  be  accurately  ex- 
pressed,  are  rational  quantities ;  thus,  3a,  |a,  and 
the  square  root  of  4a',  are  rational  quantities  ;  for 
if  a=:lt);  then,  3a=3X10=30;  fa=iXlO=Y  = 
4;  and  the  square  root  of  4a'  =^  the  square  root  of 

2* 
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4X 10^  =  thesqaarerootof  4X  lOX  10=  tkeiqwre 
root  of  400=20. 

17.  An  irrational  quantitj,  or  turd,  is  thai  of 
which  the  value  cannot  be  accurately  expressed  in 
numbers,  as  the  sauare  root  of  3,  5,  7,  Sic.)  the 
cube  root  of  7,  9,  Sic, 

18.  The  roots  of  quantities  are  expressed  bjr 
means  of  the  radical  sign  y^,  with  the  proper  in- 
dex annexed,  or  by  fractional  indices  placed  at  the 

right-hand  of  the  quantity ;  thus,  ^a,  or  a^,  ex-. 

presses  the  square  root  of  a ;  v^(a+«),  or  (a+«)^, 

the  cube  root  of  (a-fa;)  ;  V(^H"*)»  ^^  («+)^'^)  the 
fourth  root  of  (a+x).     When  the  roots  of  quantities 

are  expressed  by  fractional    indices ;    thus,  a% 

(fl+ac)*,  (fl-f  x)*  ;  they  are  generally  read  a  in  the 
power  (i),  or  a  with  (i)  for  an  index;  (a+x)  in 
the  power  (i),  or  (a-\-x)  with  (J)  for  an  index ;  and 
(a+x)  in  the  power  (J),  or  (a+x)  with  (})  for  an 
index. 

19*  Like  quantities  are  such  as  consist  of  the 
same  letter  or  the  same  combination  of  letters,  or 
that  differ  only  in  their  numeral  coefficients;  thus, 
5a  and  7a  ;  4ax  and  [)ax  ;  +2ac  and  9ac — 5ca  ;  &c.^ 
are  called  like  quantities;  and  unlike  quantities  are 
such  as  consist  of  diJETerenf  letters,  or  of  different 
combination  of  letters;  thus,  4cf,  36,  7ax^  Say^^Sic. 
are  unlike  quantities. 

20.  Algebraic  quantities  have  also  different  de- 
nominations, according  to  the  sign  +,  or  — . 

Positive^  or  affirmative  quantities,  are  those  that 
are  additive,  or  such  as  have  the  sign  -f  prefixed 
to  them ;  as,  +fl,  +6at,  or  9aa?. 

21.  Negative  quantities  are  those  that  are  sub- 
tractive,  or  such  as  have  the  sign  -—  prefixed  to 
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th^m;  as,  — x,  —  3«*,  — 4a6,  &c.  A  negative 
quantity  is  of  an  opposite  nature  to  a  positive  one, 
with  respect  to  addition  and  subtraction ;  the  con- 
dition of  its  determination  being  such,  that  it  must 
be  subtracted  when  a  positive  quantity  would  be 
added,  and  the  reverse. 

22.  Also  qifftntitios  have  different  denominations; 
according  to  the  number  of  terms  (connected  by 
the  signs  +  or  — )  of  which  they  consist  j  thu^  a, 
36,  — 4ac?,*  &c.,  quantities  consisting  of  one  term, 
are  called  simple  quantities,  or  monomials ;  a+x, 
a  quanftty  consisting  of  two  terms,  a  binomial ;  a — x 
is  sometimes  called  a  residual  quantity.  A  trino- 
mial is  a  quantity  consisting  of  three  terms;  as, 
a+2a? — 3i/;  a  quadrinomial  otfour;  as,  a — b-^-^x 
— 4y ;  and  »  polynomial,  or  multinomial,  consists  of 
an  indefinite  number  of  terms.  Quantities  consist- 
ing of  more  than  one  term  may  be  called  compound 
quantities. 

23.  Quantities  the  signs  of  which  are  all  positive, 
or  all  negative,  srre  said  to  have  like  signs ;  thus^ 
+  3a5  +43:,  +5ab^  have  like  sif^us  ;  also,  — Aa,  - — 3b , 
— 4dc  :  When  some  are  4)ositive,  and  others *nega- 
tiv^uthey  have  unlike  signs  ;  thus,  the  quantities 
+3aand  — 5ab  have  unlike  signs 5  also,  the  quanti- 
ties — 3ax^  +3a2x  ;  and  the  quantities  — 6,  +b. 

24.  if  the  quotients  of  two  pairs  of  numbers  are 
equal,  the  numbers  are  proportional,  and  the  first  is 
to  the  second,  as  the  third  to  the  fourth ;  and  any 
quantities,  expressed  by  such  numbers,  are  also  pro- 

portional ;  thus,  if  7=^3;  then,  a  is  to  6  as  c  to  d. 

b     a 

The  abbreviation  of  the  proportion ;  a  :  b  ::  c  :  d; 

and  it  is  sometimes  written  a  :  6=c  :  d;  if  a==8, 

*  8     12 

6=4,  c=12,  and  d=6  ;  then,  --=:--- =2, and  8  :4  :i 

6:12.  ^      ^ 
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U,  A  term,  is  any  part  or  member  of  a  torn* 
pound  qoanthy.  which  is  separated  from  the  rest  by 
the  sign  +  and  -^;  thus,  a  and  6  are  (he  terms 
of  a+6;  and  3a,  — 2A,  and  +5«rf,  are  the  terms 
of  the  compound  quantity  Sa—2b+5ad.  In  like 
manner,  the  terms  of  a  jiroduct,  fraction,  or  pro- 
portion, are  the  several  parts  or  quantities  of  wtiich 
tbcy  are  composed ;  thus,  a  and  b  are  the  terms  of 

oA,  or  of  r ;  and  a,  6,  c,  d,  are  the  terms  of  the 

0 

proportion  a  :  b  :  :  c  :  d, 

2G.  A  measure,  or  divisor^  of  any  quantity,  is  that 

which  is  contained  in  it  Rome  exact  number  of  limes*; 

thus,  4  is  a  measure  of  12,  and  7  is  a  measure  of 

3r>a 
35a,  because  *---=5. 

'  7 

27.  A  prime  number,  is  that  which  has  no  exact 
divisor,  except  itself,  or  unity;  2,  3,  5,  7,  11,  &c. 
and  the  intervening  numbtrs ;  4,  6,  8^&c.  are  com- 
posite numbers     (Art.  13). 

28.  Commensurable  numbers,  or  quantities,  are 
such  aps  have  a  common  measure  ;  thus,  6  and  8,  Qab 
and  4a6,  are  commensurable  quantities ;  the  com- 
mon divisors  being  2  and  4 ;  also,  Aax^  and  bOsc  are 
commensurable,  the  common  divisor  beipg  ax. 

29.  Also,  two  or  more  numbers  are  said  to  be 
prime  to  each  other,  when  they  have  no  commqn 
measure  or  divisor,  except  unity ;  as  3  and  d,  7  and 
9,  11  and  13,  &c. 

30.  A  multiple  of  any  quantity,  is  that  which  is 
some  exact  number  of  times  that  quantity ;  thus, 
12  is  a  multiple  of  4  ;  and  1 5a  is  a  multiple  of  3a, 

because  ——=5. 

3a       '  ♦ 

31.  The  reciprocal  of  a  quantity  is  that  quantity 
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inverted  or  unity  divided  by  it.     Thus,  the  recipro* 

cal  of  a,  or  of  -  is  -,  the  reciprocal  of  -  is  -  and 

i     a         .  h     *a        , 

the  reciprocal  of — —7  is r. 

32.  The  reciprocal  of  the  powers  and  roots  of 
quantities,  is  frequently  written  with  a  negative  in- 
dex or  exponent ;  thus,  the  reciprocal  of  a'  =— ? 
may  be  written  ar^\  the  reciprocal  of  (a+a?)^  = 
T-r— -— ,  may  be  written  (a+»)"^ ;  but  this  method 

of  notation  requires  some  farther  explanation,  which 
will  be  given  in  a  subsequentt  part  of  the  work. 

33.  A  function  of  one  or  mbre  quantities,  is- an 

expression  into  which  those  quantities  entef  in  any 

manner  whatever,  either  combined,  or  not,  with 

I 

known  quantities  ;  thus,  <i+2a?,  aSi-^-Sdx^^  ^a^^ — 
3a*,  &c.  are  functions  ofx ;  and  3ax*+^y*5  2(j;*  + 
5xy)'j  &c.  are  functions  of  a;  and  y. 

34.  When  quaotities  arie  connected  by  the  sign 
of  equality,  the  expression  itself-  is  called  an  equa- 
tion;  thus,  a+^=c-f-rf,  means  that  the  quantities 
a  and  fr,  are  equal  to  the  quantities  c  and  d;  and 
this  is  called  an  equation^  it  is  divided  into  two 
members  by  the  sign  of  equality,  a+b  is  the^r^f, 
and  c^c?,  the  second  member  of  the  equation. 

35.  In  algebraical  operations  the  word  therefore^ 
or  consequently^  often  occurs.  To  express  this  word, 
the  sign  *.*  is  generally  made  use  of;  thus,  a=6, 
therefore^  a+c^=^h'^c  ;  is  expressed  •.•  a+c=6+c. 

Also  00  is  the  sign  of  infinity  ;  signifying  that  the 
quantity  standing  before  it,  is  of  an  unlimited  value, 
or  greater  than  any  quantity  that  can  be  assigned. 

36*  The  signs  +  and  -^,  give  a  kind  of  quality 
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or  affection  io  the  qaantities  to  which  tbej  are 
annexed.  As  all  those  terms  which  have  the  sign 
4*  prefixed  to  them,  an*  to  be  added  (Art.  4),  and 
those  quantities  which  have  the  sign  —  pre&xed 
to  thetii,  are  td  be  subtracted^  (Art.  5),  from  the 
terms  which  precede  them  ;  the  former  has  a  ten- 
dency to  increase^  and  tlie  latter  to  diminish,  the 
quantities  with  which  they  are  combined;  thus,  the 
compoond  quantity,  a — x,  will  therefore  be  positive 
or  negative,  according  to  the  effect  which  \t  pro- 
duces upon  some  third  quantity  6;  if  a  be  greater 
than  x,  then,  (»ince  a  is  added^  and  b  subtracted) 
6+«— X  is  "^b ;  but  if  a  be  less  than  x  ;  then,  b+a 
— X  is  <i. 

In  the  first  place,  let  a=10,  x=6,  and  6=8; 
then  6+a— x=B+lO— 6,  which  is  >  0  ;  since  10 
— 6=s4^  a  positive  quantity  ;  therefore,  a — x  is  posi- 
tive. Next,  leta=si2,  x=14,  and  6«20^then64■ 
a— x=s204- 12— 14;  whkh  is  <20;  since  1?— Us* 
—2,  a  negative  quantity  ;  therefore  a-^x  is  nega- 
tive. In  like  manner,  it  may  be  shown  that  the  exr 
prcssion  a—b+c—d  is  positive  or  negative  accord- 
ing as  a+c  is  >  or  <6+<^ »  and  so  of  all  com- 
pound quantities  whatever. 

37.  The  use  of  these  several  signs,  symbols,  and 
abbreviations,  may  be  exemplified  in  the  following 
manner : 

EXAMPLES. 

Example  1.  In  the  algebraic  expression  a-f-6+ 
c-rd,  let  a=:8,  6=7,  c=4,  and  d=6  ;  then, 
a+i-f-c— f/=8  +  7+4— 6  =  19— C  =  13« 
Ex.2.  In  the  expression  aJ>-\-ax — 6y,  let  a=5, 
,  6=4,07=8,  and  y=12;  tht*n,  to  find  its  value,  we 
have  a6+ax-62/=5X4+5X8— 4X12 

--20+40—48 

35:60  —  40=12. 
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Ex,  3,  What  is  the  value  of ^—-^j  where  a=4, 

3c=z=5,y=10,  and  6=6? 

Here  3aa;+%=  iX4X5+^X  I0=e04-20==80, 
and  a+6=i=4+6=!0; 

3aH-%_80_ 

a+6        80 

Ex.  4. .  What  is  the  value  of  a^  +  2cf6— c+rf,  when 
«i==6,  6=?5,  c=4,  and  rf=l  ?     Ans.  93. 

Ex,  5.  What  is  the  vahie  of  aA+ce— fccf,  when 
0=8,  6=7,  c=6,  d=5,  and^=l  ?     Ans.  27. 

Ex.  6.   In  the  expression  -7-- — ^•-,  let  a=t^5.br=3^ 

o  +  x 

x=;7j  andy3=c5;  What  is  its  numerical  value? 

Ana.  5. 

Ex.  7.  In  the  expression    ■  ■■ ,  let  a=3, 

ox — a^ — c 

ftsaS,  c=2,  a=c6 ;  What  is  its  numerical  value  ? 

Ans.  7. 

Ex.  €.  What  ia  the  value  of  a^  X («+*)— 2a6c, 
where  aa^G,  6=5,  and  c=4  ?     Ans.  1«56. 

Ex.  9.  There  is. a  certain,  algehraic  expression 
coosfsting  of  three  terms  connected  together  bj  the 
sign  plus  ;  the  first  term  of  it  arises  from  multiply^ 
ing  three  times  the  square  of  a  by  the  quantity  6 ; 
the  second  is  the  product  of  a,  6,  and  c ;  and  the 
third  is  two-thirds  of  the  product  of  a  and  6.  Re- 
quired the  expression  in  algebraic  writing,  and  its 
numerical  value,  where  a=4,  6=3,  and  c=2? 

Ans.  176. 

DEFINITIONS. 

38.  A  proposition^  is  some  truth  advanced,  which 
is  to  be  demonstrated,  or  proved ;  or  something 
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proposed  lo  be  done  or  performed ;  and  it  either  a 
problem  or  theorem. 

39.  A  problem^  is  a  proposition,  or  question  stated, 
in  order  to  the  investigation  of  some  unknown  truth; 
and  which  requires  the  truth  of  the  discovery  to  be 
demonstrated. 

40.  A  theorem^  is  a  proposition,  wherein  some* 
thing  is  advanced  or  asserted,  the  truth  of  which  is 
proposed  to  be  demonstrated  or  proved. 

41.  A  corollary^  or  consectary,  is  a  truth  derived 
from  some  proposition  already  demonstrated,  with- 
out  the  aid  of  any  other  proposition. 

42.  A  Umma^  signifies  a  proposition  previously 
laid  down,  in  order  to  render  more  easy  the  demon- 
stration of  some  theorem,  or  the  solution  of  some 
problem  that  is  to  follow. 

43.  A  scholium,  is  a  note,  or  remark,  occasionally 
made  on  some  preceding  proposition,  either  to  show 
how  it  might  be  otherwise  effected ;  or  to  point  out, 
its  application  and  use. 

44.  An  axiom,  is  a  self-evident  truth,  or  a  propo- 
sition universally  assented  to,  or  which  requires  no 
formal  proof. 

45*  As  axioms  are  the  first  priQciples  upon  which 
all  mathematical  demonstrations  are  founded,  I  will 
point  out  those  that  are  necessary  to  be  observed  in 
the  study  of  Algebra,  as  there  will  be  frequent  oc^ 
casion  to  advert  to  them. 

AXIOMS. 

46.  When  no  difference  can  be  shown  or  imagio^- 
ed  between  two  quantities,  they  are  equal. 

47.  Quantities  equal  to  the  same  quantity,  are 
equal  to  each  other. 

45.  If  to  equal  quantities  equal  quantities   be 
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added,  &e  wholes  will  he  equal*  Thus,  if  a=ip 
then  fl+c==6+c ;  if  a^-6«:c,  then  adding  6,  a — b+ 
i=c+6,  or  tf =c+6. 

49.  If  from  equal  quantities  equal  quantities  be 
subtracted,  the  remainders  will  be  equal. 

If  a=ft,  then,  o-*-2=6— 2;  if  b+c=:^a+Cf  then 

50*  If  equal  quantities  be  multiplied  by  equal 
numbers  or  quantities,  the  products  will  be  equal. 

Thus,  if  a=6,  3a=36  ;  if  a=-,  Sa=6;  if  a=i^, 

ca=^cb',  and  if  a=A,  aXa=6x6  or  a'=62. 

51  •  If  equal  quantities  be  divided  by  equal  num- 
bers or  quantities,  the  quotients  will  be  equal. 

Thus,  if  5a=  106,  — = ,  or  a=:2J  ;  if  ca^c^^. 

ca    cb  ,         ,  ?^       ^ ,      .,       a*     ^a 

— =— ,  or  a=6:  and  if  a'^^ba^  then  — = — ,  or  a 

Scholium.  Articles  (49),  (50),  (51),  might  have 
been  deduced  from  Art.  (48);  but  they  are  all 
easily  admitted  as  axioms. 

52.  If  the  same  quantity  be  added  to  and  sub- 
tracted from  another,  the  value  of  the  latter  will 
not  be  altered.  Thus,  if  a^c^  ihen  a+b^c+b^ 
and  a+6 — 6=c4-i — 6,  or  a=^c. 

This  might  be  infered  from  Art.  (48). 

53.  If  a  quantity  be  both  multiplied  and  divided 
by  another,  its  value  will  not  be  altered.     Thus,  if 

11=6  J  then,  3a=36,  and  dividing  by  3,  — = — ,  or 

3       3 

fl=6. 

3 


•14 

CHAPTER  h 

OS   TBE 
ADDITION,  SUBTRACTION,  MULTIPLICATION, 

AND 

DIVISION  OF  ALGEBRAIC  QUANTITIES, 


§  !•  Additian  of  Algebraic  QuarUiiies. 

54.  The  addition  of  algebraic  quantities  is  per- 
formed by  connecting  those  that  are  unlike  with 
their  proper  signs,  and  collecting  those  thai  are  like 
into  one  sum ;  for  the  more  ready  effecting  of  which^ 
it  may  not  be  improper  to  premise  a  few  proposi- 
tions ^  from  which  all  the  necessary  rules  may  be 
derived* 

55.  If  two  or  more  quantities  are  like^  and  have  like 
signs^  the  sum  of  their  coefficients  prefixed  to  the 
same  letter ,  or  letters^  with  the  same  sign^  will  ex* 
press  the  sum  of  these  quantities* 

Thus,  ba  added  to  7a  is  » 1 2a ; 
And  —ba  added  to  —3a  is  ^-Sa. 

For,  if  the  symbol  a  be  made  to  represent  any 
quantity  or  thing,  which  is  the  object  of  catcula* 
tion,  5a  will  represent  five  times  that  thing,  and  7a 
seven  times  the  same  thing,  whatever  may  be  the 
deBomination  or  numeral  value  of  a ;  and  conse- 
quently, if  the  quantities  5a  and  7a  are  to  be  in- 
corporated, or  added  together,  their  sum  wiU  be 
twelve  times  the  thing  denoted  by  a^  or  ISa. 
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Moreover,  since  a  ne^atiire  qaantitjr  is'  denoted 
by  the  sign  of  subtraction:  thus,  if  a+fcasa — c, 
is: — c,  and  cs= — ft.  A  debt  is  a  negative  kind  of 
property,  a  loss  a  negative  gain,  and  a  gain  a  nega- 
tive loss. 

Therefore,  it  is  plain  that  the  quantities,  — Ba 
and  —3a,  will  produce,  in  any  mixed  operation,  a 
contrary  e^ect  to  that  of.  the  positive  quantities 
with  which  they  are  connected ;  and  consequently, 
after  incorporating  them  in  the  same  manner  as  the 
latter,  the  sign  ^  must  be  prefixed  to  the  result ;  so 
that  if  A  be  greater  than  a,  it  is  evident  that  5(a— a) 
+  3  (a— a),  or  (5a— 5«)+(3a— 3o)^8a— 8tf;  and 
therefore  the  sum  of  the  quantities  — 5a  and  —3a, 
when  taken  in  their  isolated  state,  will  by  a  ne- 
cessary extension  of  the  proposition  be  = — 8o. 

56*  If  ttoi}  ffxjumiiiies  are  Uk^y  hut  bave  unlike  signs  ^ 

the  difference  of  their  coefficients^  prefixed  to  ttu 

same  letter^  or  lettersy  with  the  sign  of  that  Tphich 

hath  the  greater  coefficientj  will  express  the  sum  of 

'    thase,  quantities* 

Thus  -^-Qa  added  to  — Aa  is  =-f-2a ; 
And    — 6a  added  to  -|-4a  is  = — 2a. 
Since,  Art.  (36),  the  compound  quantity  a — 6-|-c 
— c{,  &c.,  is  positive  or  negative,  according  as  the 
sum  of  the  positive  terms  is  greater  or  less  than 
the  sum  of  the  negative  ones,  the  a^regate  br  sum 
of  the  quantities  4a— 2a+2a—2a,  or  6fl— 4a,  will 
be  4*3^9  since  tbe  sum  of  the  positive  terms  is 
f  greater  than  the  sum  of  the  negative  ones.     And 
the  aum  of  the  quantities  a — 4a+3a— 2a,  or  4a— 
6a,  will  be  ^20;  since  the  sum  of  the  negative  terms 
is  greater  than  the  sura  of  the  positive  ones. 

Corollary.  Hence  it  appears,  that  if  the  sum  of  the 
positive  terms  b^  equal  to  the  sum  of  the  negative 
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o&es,  tbeir  aggregate  or  sum  wQl  be  notbiog*    Thus 
5a^5a=^0j  and  6a— 3a+4o — 6aas:9«— 9a=sO. 

57*  Tbe  preceding  proposition  is  demonstrated 
in  the  following  manner  by  Bonnycastlb  in  hisAlgt- 
hra*    Vol.  11.  Svo. 

Wbere  tbe  quantities  are  supposed  to  be  like^ 
but  to  have  unlike  signs,  tbe  reason  of  the  operation 
will  readily  appear,  from  considering  that  tbe  addi« 
tion  of  algebraic  quantities,  taken  in  a  general- 
sense,  or  without  any  regard  to  tbeir  particular 
values,  means  only  the  uniting  of  them  together, 
by  means  of  the  arithmetical  operations  denoted  by 
the  signs  +  and  — ;  and  as  these  are  of  contrary, 
or  opposite  natures,  the  less  quantity  must  be  taken 
from  the  greater,  in  order  to  obtain  the  inr.orpoTated 
mass,  ai^l  the  sign  of  the  greater  prefixed  to  the 
result  So  that  if  6a  is  to  be  added  to  4(A'— ir),  or 
to  4a — 4a,  the  result  will  evidently  be  4A+6a — ^4a, 
or  4a 4- 2a;  and  if  4a  is  to  be  added  to  6(a — a),  or 
to  6a — 6a,  the  result  will  be  6A+4a— 6a,or6A — 2a; 
whence  by  making  this  proposition  general,  as  in 
the  tastj  the  sum  of  the  isolated  quantities  6a  and 
'—4a  will  be  +2a,  and  that  of  4a  and  — 6a  will  be 
— ^2a. 

5Q*  If  two  or  more  quantities  be  unlike j  their  sum  can 
only  be  expressed  by  writing  them  after  each  other^ 
with  their  proper  signs. 

Thus,  the  sum  of  2a  and  2i,  can  only  be  ex- 
pressed, with  the  sign  +  between  them,  which  de- 
notes that  the  operation  of  addition  is  to  be  per- 
formed when  we  assign  values  to  a  and  b» 

For,  if  a:=  10,  and  6=5 ;  then  the  sum  of  2a  and 
2b  can  be  neither  4a  nor  4 V that  is,  neither  4X10 
=40  nor  4  X  6=20  i  but  2X10+2X5=20+10= 
30.    In  like  qaanner^  the  sum  o(  3a^  —569  2c,  and 


» 


•* 
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— dJ,  can  no  otherwise  be  incorporated,  or  added 
together,  than  by  means  of  the  signs  +  and  —  ^ 
thus,  3a — 56+ 2c — Sd. 

These  propositions  being  well  understood,  the 
following  practical  rules,  for  performing  the  addi- 
tion of  algebraic  quantities,  which  is  generally  di- 
vided into  three  cases,  are  readily^  deduced  from 
Ihem. 

CASE  I.      , 

Whe7i  the  quantities  are  like  and  hate  like  signs* 

RULE. 

59.  Add  all  the  numeral  coefficients  together,  to 
Iheir  fum  prefix  the  common  sign  when  necessary, 
and  subjoin  the  common  quantities,  or  letters. 

EXAMPLE  I. 

2ac+3a— -46 

3a;+4a— •  b 

7x+  a-^lb 

«+9fl— 96 

9a;+  <^—  * 
x+3fl— 36 


23a;  +  26a— 256 


In  this  example,  in  adding  up  the  first  column, 
we  say,  I +9+ 1+7+3+2=23,  to  which  the  com- 
;mon  letter  x  is  subjoined.  It  is  not  necessary  to 
prefix  the  sign  +  to  the  result,  «inCe  tbe«ignof  the 
leading  term  of  any  compound  algebraic  expression, 
'^beB  it  is  ^positive,  M  seldom  expressed ;  for:(14) 
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when  a  quantity  has  no  sign  before  it,  the  sign  +  is 
always  understood.  And  it  may  be  observed  when 
it  has  no  numeral  coefficient,  unity  or  1  is  always 
understood. 

Aho,  the  sum  of  the  second  column  is  found 
thus,  8+1+9+1+4+3=26,  to  which  the  sign  + 
is  prefixed,  and  the  common  letter  a  annexed. 

Again,  the  sum  of  the  third  column  is  found  thus ; 
3+1+9+7+1+4=25,  to  which  the  sign  — is 
prefixed,  and  the  common  letter  b  subjoined.  So 
that  the  sum  of  all  the  quantities  is  expressed  by 
23  times  x  plus  26  times  a  minus  25  times  6. 

Ex.  2.  Ex.  3. 

9xy— 46c+7xa  5a'—  3x^  +  3y— 19 

4xy—  be+Sx^  Aa^—     xa+4y — 17 

a?y— 76c+4xfl  aa—  7x«  +  7y — 14 

Hxy — 46c+  xa  7aa —     a;a+  y —  ] 

7a;y—  bc+9x^  Sas—  9a?«+®y — 20 

ay— 3*c+  x^  7a3  — 1I««+  y —  8 


25a;y— 206c+25aj»         32a^—32x'  +25y— 79 

Ex.  4.  Add  together  2oc  +  3o,  4x+a,  6x  +  8a,  7a; 
+2a,  and'x+a.  Ans.  lOx+l^a. 

Ex.  5.  Add  together  7x* — 5ftc,3x' — bc^x^ — 4Ac, 
5^8 — be,  and  4a;* — Abe.  Ans.  20ar* — 156c, 

Ex.  6.  Required  the  sum  of  3«3-|-4a;a — ^^  2a?' + 
x* — 3a?,  7a;3+2x* — Sx,  and  Ax^+'2x' — 3a;. 

Ans.  16a;3  4-9x3 — q^; 

Ex.  7.  What  is  the  sum  of  7a' — 3a«6+2a6^ — 

35o,afr«— a*6— 63+4a«,— 563+5afe2^4a«6+6a33 
and  — a«6+4o6«— 463+a3  ? 

Ans.  18a»— ^«  6+1 2fli3—l  Sis- 
Ex.  8.  Add  together  2aj*y — a?+2,  x't/ — 4x+3^ 
lajSy — 3a? + 1 ,  and  5x^y — 7x  -^  7. 

Ans.  I2a?^y— I5a?+13.. 
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Ex.  9i  Required  the  sum  of  30 — 1 3x^ — Sajy,  23 — 

iOo?^ — 4a;y,  — 14ac^ — 7a;y+14,  —  5a!y+10— 16a^, 

and  1— 2x^— a?y.  Ans.  78 — 55^ — 20xy. 

Ex.  10.  Add3(a;+yV— 4(a— 6)S(a;+y)«— (o— 

by,  —7{a—by+5{x+yy,  and  2(a?4-y)«— (a— 6)« 

together.  Ans.  1  l(a5+y)« — 13(a — by. 

CASE  II. 

IF]^en  the  quantities  are  like^  bvJt  have  unUke  signs. 

RULE. 

60.  Add  all  the  positive  coefficients  into  one  sum, 
and  those  that  are  negativ.e  into  another ;  subtract 
the /es^er  of  these  sums  from  Vtxe  greater;  to  this 
d^erence,  annex  the  common  letter  or  letters,  pre* 
fixing  the  sign  of  the  greater^  and  the  result  will  be 
the  sum  required. 

EXAMPLE  I. 

7a;3— 3aj»+3a; 
■— 4a;3+  35^ — 4a? 
—  x3— 2a?"+7a7 

9a;3+6a;^—9a? 

3a?3--5a;*+6a; 
— 5a;3+3a;3— 6a; 


9aj3     *     _3a. 


In  adding  up  the  first  column,  we  say,  3+9-f  7=£ 
4-19,  and— (5+1+4)=— 10;  then,  +19— 10« 
+9==  the  aggregate  sum  of  the  coefficients,  if> 
which  the  common  quantity  op^  is  annexed*        ^ 
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la  the  second  column,  the  tiim  of  the  positive  co- 
efficients is  3+6+ 1  =  10,  and  the  sum  of  the  nega- 
tive ones  is  — (5+2+3)«  — 10 ;  then,  10=s=10=s:0; 
consequently,  (by  Cor.  Art  56),  the  aggregate  sani 
o(  the  second  cohimn  is  nothing.  And  in  the  third 
colamn,  the  sum  of  the  positive  coefficients  is  6 + 
7  4.  Ssc  1 6,  and  the  sum  of  the  negative  one  is  ~  (6 + 
D+4)=— 19^  then  +16— 19=— 3;  to  which  the 
common  letter  is  annexed. 


5x^— 6o+4a;— 3 
-"2a?a+  a— 9a?+7 

7xa+7a+7x— 1 
—  xa— 3a— 2x+3 
+3x2+  ^— 4x+4 

— 7a;a— 4a+3a;— 5 

— ■ ^^__^___^ 

5x^ — 4a —  X — 5 


Ex  3. 

4a6+3a?y — 2aa;+  c 

—  ab —  a?y+  ax — 5c 
5ab — 2acy — 7ax+7c 

— 4a6+  xy+  ax+  c 
lab — 3ay+4aa? —  c 

—  ab —  a?y—  ax+4c 

lOaft — 3xy — 4fla?+7c 


Ex.  4. 

3(a+6)i—  5(x«+y»)«+  {a^+c^y+9xt/ 
—  (a+6)*+  (x«+y«)«— 5(a3+c«)3— 4xy 
+  8(a+5)*—  eix'+y'y+B{a^+c^y+  xy 
— 2(a+6)*—    (x«+y*)«— 7(a'+c«)'— Sxy 

+5(a+fe)*—  7(x»+y^)»—  (a^+^a)^—  a:^ 

. » 

13(a+6)*— 18(x»+y2)a_2(a3^.c«)5+2xy 


Ex.  5.  Required  (he  sum  of  4a^,  — 3a',  a% 
-6a»,  9a«5  and  — a«^  Ans.  2««. 


*  f 
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Ex.  6.  Required  the  som  of  40^^-^320+4,  «— 
a»»— 5,  l+3««— 5a?,  2«— 4+7aj»,  13— ««— 4a?. 

Ana.  llaj* — 9a?+9« 

Ex.  7«  Required  the  sum  of  4a;^— Sx+y,  4a*-^y 
,-*x^,  9y+7a}^— X,  21a?— -Sy+aa?'. 

Ans.  I9a?»4-22x+7y. 
.Ex.  8»  Required  the  sum  of  5a^— 2a6+&^,  oi— 
2i«— a%  6«— 3a6+4a'>,  4a6+2a'— 4A«. 

Ana.  lOa^— 46«. 

Ex.  9.  What  18  the  sum  of  2a— 3a?",  5a?»— 7a, 

— 3a+a?*,  aad  a—Sx'  ?  Ans.  —7a. 

Ex.  10.  What  IS  the  sum  of  4— 3a?,  x — 5, 2a? — i, 

—4a; +13,  and  — 6«+l  ?  Ans.  9 — 9a?. 

•  -  * 

CASE  li^ 

^hen  the  quantUies  are  unZtie,  or  when  like  andtmlike 

are  mixed  together, 

61.  When  the  quantities  are  unlike>  write  them 
down,  one  after  another,  wit#their  signs  and  co* 
efficients  prefixed  \,  but  when  some  are  like,  and 
others  unlike,  collect  all  the  like  quantities  to- 
gether, by  taking  their  sums  or  differences,  as  in 
the  foregoine  cases,  and  set  down  those  that  are 
unlike  as  before. 

Example  1.  Add  together  the  quantities  Ta'^ 
— 56,  +4df, — ^9a,  and  8c*. 

Here,  the  quantities  are  all  unlike  ;  .-.  (Art.  58), 
their  sum  must  be  written  thus ; 

7aa_5i4.4rf^9a+8c«. 

When  several  quantities  are  to  be  added  together, 
in  whatever  order  they  are  placed,  their  values  re- 
main the  same.    Thus,  la^ — 56  +  4(?— 9a  +  8c«, 
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la*,  are  eqoiyalent  expreMtont ;  though  it  is  usual, 
in  such  CMC8,  to  take  them  so  that  theleading  term 
shall  be  positive* 

Ex.  2. 

4«—     «— *% 

5acy+7ax+y* 
X     3flfr-.2a!y+4a?« 
5y+  2d-i-5x 

•  

Ex.  3. 

4x'— 3xy+3y   —3     —3*2 

30  +6a;*+2a?  — 3y»— 2x3 
2x*—     8— 5xy— ry  — 2y» 

7x»— 5xy+y+19+3x*+2« 

tr 

In  Ex.  2.  Collecting  together  like  quantities,  and 
beginning  with  3«,  we  have  3a'+5x— «=as8x — xs= 
(0-l)x=7x;  5y-y-3y=(5-l-^3)y=«(6-4) 
5^=y;  rf+2J=r(l+2)d=3rf;  day— 2xy=(5— 2)xy 
=3xy;  and  3ox+7ax=(3-f  7)axfi=10flx;  besides 
whid^  there  are  three  quatitities+4a,  4-y^,  +4x*  ; 
which  are  unlike,  and  do  not  coalesce  with  any  of 
the  others  ;  the  suin  required  therefore  is, 

.      7x+y+3(/+3«yH-IOox+4a+y»+4«». 

In  Ex.  2.  Beginning  with  4x*,  we  have, 
4x«+5x*— 2x3=:(4+5— 2)x»=(9— 2)x3=;7x3; 

-  3a?y+3«y-*5xys=3»y— (5  +  3)xy=(3  — 8)  xy== 
— 5xy5 
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-rr3+30— 8=30— (8+3)=aO— il=:+19i 
So?*—  3a?'',--  2aj»  +ex^  =b  8a;»  —  (3+?)  »» =^«— 5) 

5y2  _3^2  _2y2  -5y3  _  (3+2) y«  =(5-5) y^  =0 
Xy2=0;     +2j?^2a;- 

When  quantities  with  literal  coefficients  are  to 
lie  added  together;  socfa  as  mo;,  my^px^^  qy^^  &c. 
(where  m,  n,  p,  f  ^  Jrc«,  may  be  considered  as  the 
coefficients  of  x^  y,  x*,  y^,  &c.)  it  may  be  done  by 
placing  the  coefficients  of  like  quantities  one  after 
another  (with  their  proper  signs),  nnder  a  ytnculttin, 
or  in  a  parenthesis,  and  tbeii,  annexing  the  com- 
iii6n  quantity  to  the  sum  or  diffisrence. 

Ex.  4. 

ax'-\'hy+  b 


(a+h)x^{b+d)y+3b 


£x»  .5* 

aa?^+fta:*-hca; 
ex^ — nlx^—fx 


{a+e)x^+{b—d)x^+(c-f)30 


In  Ex*  4*  The  sum  of  ax  and  6x,  or  ax+bx^  is 
expressed  by  {a+b)x ;  the  sam  of  +&y  and  +dyy 
or  +by+^^  is.ss-Ki+^Oy- 

In  Eit*  5.  The  sum  ofax^  imiex^^  or  ax^^ix^^ 
i»  =K(a+e)aj3  •  the  sum  of  -4-40?^  and  -*dfa5«,  or 
+bx^ — <fcc*,  is  c=t(i-.-rf)ajB  ;  and  the  sum  of  4-ca; 
and  — ■/«,  or  ^cx-r-fx^  is  s= + (c  — /)«.    Any  mnlti- 
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nomial  may  be  expressed  in  like  manner,  thusf 
the  multinomial  m«*+n«*— />x' — qx'  may  be  ex- 
pressed by  (m+n^p^q)x'  ;  and  the  mixed  multi* 
nomial  pxy+qy' — rxy+my — nay,  by  {p—r-^n) 

Ex.  6.  Add  2a;"+y*+9f  7ay — Sab—x^,  4afy— y 
— 9,  and  x^y — xy+Sx'  together. 

Ans.  Ax'+y^  +  lOxy — 3ai — y+x'y. 

Ex.  7.  Add  together  72a^,24bc^  70ay,— 18a',  and 
— 126c.  Ans.  54a*  +  126cM-70apy. 

Ex.  8.  What  is  the  sum  of  43a5y,  7aj*,— I2ay, 
— 4ai,-r-3aJ«5  ond  —  4ay  ? 

Ans.  43ay+4x*— 16ay — 4a6. 

.Ex.  9.  What  is  the  sum  of  7acy, — 166c,— 12a!y, 
j|  86 J,  and  5xy  ?  Ans.  26c. 

Ex.  10.  Add  together  5iix, — 606c,  7 ax,  — ^4xy, 
— 6aa?,  and  —1 26c.  Ans.  6aa? — 726c— 4a[y. 

Ex.  11.  Add  8a*  x' — 3aa?,  7aa? — 5ajy,  9xy — Sax^ 
ftnday+2a*a;*  together.      Ans.  lOa'ac* — ux+5xy» 

Ex.  12.  Add2aj«— %«+6,9ay— 3aic— a?2,4y«  — 
y— 6,  and  a?*y — 3ay+3a?*  together. 

Ans.  4a?*+y»+0ay — Sax-^y+x^t/. 

Ex.  13.  Add  3aj^ — 4x^+a;*,  5x'y — a6+ac^,  4x* 

— »',  and  2aj^ — 3+2a5*  together. 

Ans.  4x^ — X* +5x^+  bx^y—  ah—x  * — 3 . 

Ex.  14.  Required  the  sum  of  4x"+7(a+6)*,  4y* 
— 6Ca+6)*,  and  o«— 4x«— 3y»— (a+6)». 

Ans.  a^+x^ +  y»+(a 4-6)». 

Ex.  16.  Required  the  sum  of  ax* — 6x^+cx*, 
6xc*— acx* — c*x,  and  ax^+c — 6x. 

Ans.  ax*— (6+ac)x«4-(c+6c+a)x'+(c*+J)x+c, 

Ex.  16.  Required  the  sum  of  ^a+36 — 4c,  2a — 

56+6c+2d,  a— 46— 2c+3e,  and  7a+46 — 3c — 6c. 

Ans.  15aT-26^— 3c+2^— -3e. 
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§  ITi  Subtraction  of  Algebraic  Quanttlies^ 

S2.  Subtraction  in  Algebra,  is  finding  the  difTer* 
cnce  between  two  algebraic  quantities,  and  connect- 
ing those  quantities  together  with  their  proper  signs : 
the  practical  rule  for  performing  the   operation  is 
,  deduced  from  the  (oMowing  proposition. 

6"3«  To  svi)tract  one  quantity  from  another,  is  the  same 
thing  as  to  add  it  luhh  a  contrary  sign*  Or,  that 
to  subtract  a  positive  quantity,  is  the  same  as  to  add 
a  negative  ;  and  to  subtract  a  negative,  is  the  same 
as  to  add  a  positive* 

Thus,  if  Sa  h  to  be  subtracted  from  Ba,  the  result 
will  be  8a-— 3a,  which  is  5a ;  and  if  b — c  is  to  be 
subtracted  from  a,  the  result  will  be  a — (6 — c), 
which  is  equal  to  a — b+c :  For  since,  in  this  caise, 
it  is  the  difference  between  6  and  c  that  is  to  be 
taken  from  a,  it  is  plain,  from  the  quantity  b—c, 
which  is  to  be  subtracted,  being  less  than  b  by  c, 
that  if  b  be  only  taken  away,  too  much  will  have 
been  deducted  by  the  quantity  c ;  and  therefore  c 
must  be  added  to  the  result  to  make  it  correct. 

This  will  appear  more  evident  from  the  following 
consideration ;  Thus,  if  it  were  required  to  sub- 
tract 6  from  9,  the  difference  is  properly  9—6, 
which  is  3;  and  if  G— 2  were  subtracted  from  9;  it 
is  plain,  that  the  remainder  would  be  greater  by  3, 
than  if  6  only  were  subtracted  ;  that  is,  9— (6— J) 
=»9— 6+2=3+2=5,  or  9—6+2=9—4=5. 

Also,  if  in  the  above  demonstration,  ( — c  wece 
supposed  negative,  or  4— c=— d ;  then,  because  c 
is  greater  than  b  by  d,  reciprocally  c— 6=s=rf,  so  tha% 
to  subtract  — d  from  0,  it  is  necessary  to  write 

«  +  €?• 
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64.  The  preceding  proposition  demof^stratedaftei' 
the  manner  of  Gamier. 

Thus,  if  6— c  is  to  be  subtracted  from  the  qVian- 
tity  a;  we  will  determine  the  remainder  in'  quan- 
tity and  sign,  according  to  the  condition  which 
every  remainder  must  fulfil ;  that  is,  if  one  quantity 
be  subtracted  from  another,  the  remainder  added  to 
the  quantity  that  is  subtracted,  the  sum  will  be  the 
other  quantity.  Therefore,  the  result  will  be  a— 
6+c,  because  a — b-^-c+b — fi=a. 

This  method  of  reasoning  applies  with  equal  fa- 
cility  to  compound  quantities:  in  order  to  give  an 
example;  suppose  that  from  6a — 36+4c, 
we  are  to  subtract,  5a — 5b+6c  ; 

designating  the   remainder  by  R,  we  have   the 
equality, 

R-f  5a— 56+6c==6a— 36+4c  : 
which  will  not  be  altered*(Art.  49)  by  subtracting 
5a,  adding  5b  and  subtracting  Gc,  from  each  member 
of  the  equality ;  therefore,  the  result  will  bo, 

R==:ea—3b+4c—5a+5b—Gc^ 
or,  by  making  the  proper  reductions, 

R=a4-2fe— 2c. 

65.  Another  demonstration  of  the  same  proposi- 
tion in  Laplace^s  manner. 

Thus,  we  can  write, 

a=a+& — b  •  .  •  •  (1), 
a — c^=^a — c+6 — h  .  •  •  .  (2)5 
so  that  if  from  a  we  are  to  subtract  +6  or  —6,  or 
which  is  the  same,  if  in  a  we  suppress  +6,  or  — 6, 
the  remainder,  from  transformation  (1),  must  be 
a — b  in  the  first  case,  and  a+6  in  the  second.  Also, 
if  from  a — c  we  take  away  +b  or  — 6,  the  remain- 
der, from  (2),  will  be  a— c— 6,  or  a— c+J. 
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(36.  Henco,  Wft  have  the  following 'general  rule 
tVr  the  subtraction  .af  algebraic  quantities. 

rule'.  • 

"  Chaitge  the*  signs  of  all  the  quantities  to  be  suh- 
traded  into  ihe  contrary  signs,  or  conceive  them  to 
,  be  so  changed^  and  then  adil,  or  connect  them  to- 
gether, as  in  the  aeferal  'cases  .of  addition.         • 

*  Example  I.  Fron%  l^ab  subtract  iiab. 
Jtferc,  changiilg  t^e  sign,  of  4 4a6^,   it  becomes 
— l4afr,  wittch  betAg  connected  tp  18a6 'with  Its 
proper  sign,  we  have  J8ai— 14aA=(l5— U)a6= 
.    \ab.    Am.    .  '  .».'''        ^' 

Ex.  2.  Frona  I6x^  subtract  — |e*^':  ;     •  ^ 
Ohatiging  the  sign  of  — tOa:*,  itt>c<^naes  +  lOa;^, 
which  being  connected  to  15*2,  with  its  proper  sign, 
we  have  15a;* +  10x2=?=  25a?%     Ans.  ^        ^ 

"   Ex.  3.  From  24a^+7crf  subtract  iftAJ-f  7crfi 

Changing  the  signs  of  1 8a*4-7crf,  we  hate  —  ISa^ 
-  Tcrf,  therefore,  34ai+*7crf-'-18aft'~7c{?=6a6- 

Ans. 

Ofw      ■  m^h^lcd  *-  ■  '•'  / 

r-l^ab-^lcd  \ 


*  '  '6«6*      Ans.  ''.'    ; 


.Ex.4.  Sulrtfa^t  7a— 5,6+3aa?  fronj  i^+106+ 

\^      /    .    l%4;166f  13aa;-~3a6 
O&ahging  the  signs  pCi.  / 
all  the  terms  of  7^— 56  V  -^705+55—3^3; 

+  3(frT ;  it  becopea,   .    j  * ^ — > 

•  .%  by  ^dditlott,'-   5a+f55+10aa;— 3a6. 
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Ex«  5.  From  306— 7axTh7a6+.3aa;,  take. 
4ab — 3ax — 4»y. 

3«6— 7ajf 
.   ■  7ab+3ax    • 


^■b»^ 


•'.  by  addition,     6ab'^^ax+4xy,  AnF» 

Ex.  6..  . 
Froip    36(1— 126+ 7c 
Take  •  14«—  464- Tc^-flr 


'  Rem*    S2a—  S6+8    '  Ans. 

.  laibe  abote- example,  one  row  is  set  under  the 
otbery^tfaatfs,  the  qaaotitiet  to  be  Bubtrtcted  in  the 
lower  line;  thw,  beginniiig  witb  14a,  and  conceiv- 
ing its  sign  to  be  changed,  it  becomes  — l4a,  which 
being  added  to  3Gaj  wdhare  d6a— 14a=22a;  also^ 
—46,  wf  tfa  its  sign  changed,  added  to  —  1 26  will  give 
46— It6==(4— 12)6=— a*j  in  like  manner,  7c— 7c 
=0,  and  — 8,  with  its  ^ign  changed,  =+8.  The 
following  examples  ate  performedin  the  same  man- 
ner as  t^o  last^  ... 

Jb^*  7«      ,   «  '     '     •  ]^9(.  8« 

From  ^x-^a^  h  "  ^       a+  6 

.Tate  2^+3tt— ^4.       *       \     a^  h    ,     , 


Pem.'o;— 7a-fc^;.      .     -         *+26 


Ex.  9.%      ♦ »  -     Ex.  10. 

From   3a6— 4ca;+  y      i     '  Tx^-^-Sx^ —  x 

Take  4ax+2x«— Sw^    »       -  •   *      Gx^— 2a:'  +  8a 


—NJ- 


Rem.  Sfl6— 4ax+y— 4ca?— 2a5»+3!v3.    a:3+5a;2— ,9a; 


^'       '  I 


• 


♦ 
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Ex.  tl..  Ex.  12." 

From  5x*  — 4a?y+^  7x^  —  Q 

*  jj     Teke  4a:%— 4xy.+9  .9x*+5a6--3x3 


T\em.    i^     *    —4  3x»— 2a:a— 5a6— .8 

Ex.  13. 
From  aac^ — bx^-^-  x 
Take  /?a?3— ca?*-i-«a? 


(a— /))x3  —  (6— c)xa  +(1  --c)x 


Ex.  14. 

From  bx^+qx^  — rx+py^ 
Take  ax  ^  — ex*  +mx — sy^ 


(6— a)x3  +  (g+c)x2 -.(r+m)x+(p+*)jra 

67.  As  quantities  in  a  parenthesis,  or  under  a 
vinculum,  are  considered  as  one  quantity  with  re- 
spect to  other  symbols  (Art.  10,)  the  si^Q  prefixed  to 
quantities  in  a  parenthesis  afiects  them  all;  when 
this  sign  is  negative,  the  signs  of  all  those  quantities 
must  be,  changed  in  putting,  them  into  the  paren- 
thesis. 

Thus,  in  (Ex.  1 3),  when  -*cx  is  subtracted  from 
— 6x  5  the  result  is  — ffx^+cx?,  or  — (6 — 'c)x^  : 
because  the  sign  -*  prefixed  to  (6 — c)  chang*es  the 
signs  of  6  and.c;  or  it  may  be  written  +(c — 6)x»* 

Again,  in  (Ex.  14),  when  +mx  is  subtracted  from 
— rx,  the  result  is  — rx — mx ;  and,  as  this  means 
.  that  the  sum  of  rx  and  mx  is  to  be  subtracted,  that 
negativesixm  is  to  be  expressed  by — (rx+wtx)=s-^. 
{r+m)x»  For  the  same  reason,  the  multinomiai 
;<jnantity  -—my  ^n^y^—aby^ — ry«  +%^5  when pui 


s*. 
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ixJo  a  parenthetii,  with  a  negative  sign  prefixed, 

— (m— «*+aA+r— 6)y» . 

Ek«  13*  From  a — ft,  subtract  a+*-*  "Aas.  —  2i. 

Ex»  16.  From  7«y— 5y+3r,  subtract  Sxjt+^y 
U3r#  Ans.  4iy — 8y'. 

Ex.  17*  >Vbat  is  the  difference  between  7ax>-K 
r,xy  —  I2tfy +56c.  and  4aa*  +5«y— 8cy— 4crf. 

Ans.  Saac* — 4oy+56c+4€c/. 
K«.  IB.   From  8i«— 3ar+5,take5a;*+2aac-K5. 

Ans.  3x*— Sax. 
E«.  to.  From  a+J+c,  take  — a— 6— c. 

Ans.  2a+26+2c. 

Ex*  20.  From  the  rum  of  3x'— 4ax+3y*,  4y  + 

.•>ax— z*,  ^*— flx+5x*,  and  3ax — 2«*— y^,  la^ 

the  ttrm  of  5y* — x*+x^,  ax— x'+4x^,  3x^— ax— . 

%*,  and  7y*— ax+7. 

Ans.  4x3+4ax— 2^"— 5x2— 7. 

Ex.  21.   From  the  sum  of  x^y^— x^y— Sxy^, 

9x^Lf5— 3x'y',and  70+8x^y"— 3x*y;  subtract 

the  sum  of  5x»y«— 20+ xy^,  3x«y— x^y'+ax,  and 

Ans.  2xy« — 7x«y — ax — a^x^+^4^ 
Ex.  22.    From  a'x*y*— ni»x»+3cx— 4x3  — 9-: 
iake  a»x^v*— n»x3+c^x+6x«+3. 

Ans.  («»— a3)x«^— (m*— n2)x34-(3c— c«) 

Xx— (4+&)x»-!2. 


4  Hi*  MtUtipiicati(m  of  Algebraic  Quaniities. 

In  the  multiplication  of  algebraic  quantities,  the 
lbIIowing|>roposLtions  are  necessary  to  be  observed* 
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*  ■ 

_  • 

'  68»  When  seiifiralyiuintUies  ctremiUtipKed  eoniinuall^ 
together^  the  product  will  ie  the  same^  in  whatever 
order  they  are  multiplied-. 

Foe  it  is  evident,  from  the  nature  of  multiplica 
Hon,  that  the  product  contains  either  of  the  factors 
as  many  times  as  the  other  contains  an  unit.  There- 
fore, the  4)roduct  ah  contains  a  ^^  manj  times  as  I 
contains  ao  unit,  that  is,  b  times. 

And  the  same  quantity  ab^  contains  b  as  many 

times  as  a  contains  an  unit,  that  is,  a  tim«s«    Con« 

sequently,  aX&^6a=a6;  so  that,  for  instance,  if 

t];ic  numeral  value  of  a  be  12,  and  of  &)  8,  the  pro- 

^  duct  ah,  will  be  12x8,  or  8  X 12,  wlrich,  in  either 

'  case,  is  96. 

In  like  manner  it  will  appear  that  abc=^cah'= 
hca,  &c.  .♦'..- 

69  r  If  any  number  ofguantiiies  be  multiplied  continu- 
ally together,  and  any  other  number  of  quantities 
ie  also  multiplied  continually  together,  and  then 
those  two  products  be  multiplied  together ;  th( 
whole  product  thence  arising  will  be  equal  to  that 
arising  from  the  continual  midtiplication  of  all  tht 
single  quantities* 

Thus,  a6Xcd=fl{X6XcX(f=aJc(f. 
For  06=^X65  and  cd=cXdf;  if  x  be  put  =cc/.. 
then ab X cd^ab  X a?=a X6  X x  ;  but  x  is=crf=c  X d^ 
,\abXx=^abXcX  d^a  X  6  X  cd^abcd^ 

m 

70.  If  two  quantities  be  mrdtiplied  together,  the  pro- 
duct will  he  expressed  by  the  product  of  their  nu^ 
meral  coefficients  with  the  several  Utters  subjoined. 

Thus,  7aX56=35a6. 
For  7a  is  =7  Xa,  and  56=5  X6,  .•.7a  X 51^1  Xtf 

-XoX*«7X5XaX6=85Xofi=35aJ. 
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« 

71.  The  powers  of  tht  same  quantity  are  multiplied 
together  by  adding  the  indices* 

Thus,  to  multiply  a^  bj  a^,  it  is  necessary  to 
-write  the  letter  a  only  once,  and  to  give  it  for  an 
exponent  the  sum  2  +  3,  the  exponents  of  the  fac- 
iors;  that  is,  a^*  X a3=a^*^=aS -because  a2=»saX«, 
and  a^-=aXoXa;  therefore  a^  Xa3=«XaXaXa 

Xa=fl''.  In  general,  the  product  of  a^  by  «%  w 
and  n  being  always  entire  positive  numbers,  is 
^TOin^  In  Fact,  a"*  is  the  abbreviation  of  a  Xa  Xa,&c., 
continued  to  m  factors,  and  a**  is  a  X  a  X  a,  &c.,  con-  , 

tinued  to  n  factors;  therefore  a"*Xa'*==a XaXaXl/  J 

Xa, fee, continued  tOTTi+nfactors;  which  (Art.  12)  '       ^ 


IS  a"»t*. 


Reciprocally  a*"***  can  be  replaced  by  a^y^a^* 
The  quantity  a™  is  sometimes  called  an  exponential* 
t 

.72.  If  iwo  quantities  having  like  signs  are  multiplied 
together  J  the  sign  of  the  product  will  be  -\-  ;  if  their 
^igns  are  unlike^  the  sign  of  the  product  will  be  — . 

'     JT-  A  positive  quantity  being  multiplied  by  a  posi- 
tive one,  the  product  is  positive  ;  thus,  +o  X  +6=^ 
f-a6,  because  +a  is  to  be  added  to  itself  as  often 
as  there  are  units  in  6,  and  consequently  the  pro- 
duct will  be  +a6. 

2.  A  negative  quantity  being  multiplied  by  a 
positive  one,  the  product  is  negative;  thus,  — aX 
+t= — ab-y  because  — a  is  to  be  add^d  to  itself  as 
often  as  there  are  units  in  A,  and  therefore  the  pro* 
duct  is  — ab.  Or,  since  adding  a  negative  quantity 
is  equivalent  to  subtracting  a  positive  one,  the  more 
of  such  quantities  that  are  added  the  greater  wiU 
the  whole  diminution  be,  and  the  sum  of  the  whole. 
or  the  product,  must  be  ne^gative* 
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S.  A  positive  qaantitj  being  multiplied  by  a  ne- 
gative one,  the  product  is  negative  ^  thus,  +a  X  — 
iss^^ab ;  because  +a  is  to  be  subtracted  as  often 
as  there  are  units  in  &,  and  conseq^uently  the  pro^ 
duct  is  — ab. 

4.  A  negative  quantitj  being  multiplied  by  a 
negative  one,  the  product  is  positive  ;  thus,  — -aX 
— 6=4-a&-  For,  a X—6=— 06,  that  is,  when  the 
positive  quantity  a  is  multiplied  by  the  negative 
quantity  6,  the  product  indicates  that  a  must  be 
subtracted  as  often  as  there  are  units  Jn  h ;  but 
when  a  is  m^ative,  its  subtraction  is  equivalent  to 
an  equal  positive  quantity  ;'  therefore,  in  this  case.  ^ 
an  equal  positive  quantity  must  be  added  as  often 
as  there  are  units  in  fr* 

,  73.  J^all  iKeitrms  of  a  compound  gucmtitt/  be  mul-  - 
,  tiplied  9eparaidy  by  a  simple  one,  the  ttmi  of  all 
the  products  taken  together ^  will  be  equal  to  the 
product .  of  the  whole  compound  quantity  by  the 
'     simple  one. 

For,  in  the  first  place,  if  a+6  be  multiplied  by  c, 
the  product  will  be  ca+cb  :  Since  a+b  is  to  be 
repeated  as  many  times  as  there  are  units  in  6 ;  the 
product  of  a  by  c,  that  is,  ca^  is  too  little  by  the 
product  of  6  by  c,  that  is,  cb;  it  is  necessary  then 
to  augment  ca  by  cb,  which  will  give  for  the  pro- 
duct sought  ca+cb,  where  the  term  +cb  arises  from 
niultiplymg  +6  by  c.  It  would  be  found  by  rea- 
soning in  Tike  manner,  that  the  product  of  c  by  a 
+6  must  be  ca+cb^  where  +c6  is  c  X  +6.  If,  in  the 
second  place;  a^b  be  multiplied  (where  a  is  greater 
than  b)  by  c,  th©  product  will  be  ca — cb.  Since 
a^b'is  to  be  repeated  as  many  times  as  there  are 
units.in  c;  the  product  oCa  by  c  will  give  too  great 
a  result  by  the  product  cb ;  Jtis  necessary  then  to 


Y 


» 


i6  MULTlPLICATfON. 

From  Ibe  divbion  of  algebraic  ^aantiti€s  into 
nmple  and  compound^  there  arise  three  cases  of  Mul- 
tipJication  :  the  practical  rules  for  performing  the 
operation  are  easily  deduced  from  the  preceding 
propositions. 

CASE  I.  , 

ffJien  thefoittors  are  both  single  qtuintities.    \ 

i 

RULE. 

77.  Multiply  the  co-efficients  together,  to  the 
product  subjoin  the  letters  belonging  to  both  the 
factors,  and  the  result,  with  the  proper  signprefix:- 
ed,  will  be  the  product  required. 


Ex.  1. 

Ex.  2. 

Ex.3. 

Ex.  4i    . 

Multiply      Sab 
fey      4c 

-  5x 

— 6y 

— 4a2 

—3a. 

+3x 

— 6xa 

Product   12abc  ,    —I5ax       — I8xy        +^4a*x^ 

■  ...  -       -         '  "■  •  "    ■■■  ♦ 

Ex.  5.  Ex.  6.  Ex.  7.  Ex.  8. 

Mul.          2ax  —3a'c  x'g'  — 5a'i^c 

By      —  8ax  +5ac^  — 7xy  — 4a"6«x 

I       I  ■  I     II-  ■  ■  '    III   "  ■-                1 

Pro.— IGa^x^     —\5a^c^     —Ix^y^       +20o*64ca? 

^mm^am^im^m^Km^  ^mm^mm^^^^^Kmmm'"^^  ^^mt^^^^^m^^t^mt^  ^'^'^^^^'^  ma^^mmimmtmt^m^ 

Ex.  9.  Required  the  product  of  4aic  and  Sa^c. 

Ans.  12a^6c«. 

Ex.  10.  Required  the  product  of  —7axy  and 
— %icx»  Ans.  +14a'ca?^y. 

Ex.  11.  Required  the  product  of  7x^y^  and 
— 3y*a?®*  Ans.  — 2Ix^y*. 
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to  ^dd  io  a  da+db J  diudvfe  mil  have  ca+cb+da 
.+c?6  for. the  product  sought;  in  which  the  term 
-i-db  arises  from  the  multiplication  of  +6  by  +d» 

Suppose,  in  ttie  second  place,  that  a+b  is  multi- 
plied bj  c — J,  the  product  mllhe ca+cb — da—db. 

Because  .the  product  of  a+6  by  c,  that  is,  ca+cb, 
is  toagreat  by  that  of  a+b  by  <?,  which  is  da+db ; 
wa  will  b^ve  therefore  the  true  product  equal  to 
ca+cb — da — di,  where  tike  term  -^db  is  the  product 
of  '\*b\>y  — d\  in  multiplying  c— d  by  a-^b^  we 
wirf.find  that  —bd  is  the  product  of  d  by  +*. 

Let,  in  the  third  place,  a — b  be  multiplied  by 
ju — d'j  the  product  will  be  ca—'cb — da+db. 

For,  the  product  of  a^6  bye,  that  is,  ca — ci,  is  too 
little  by  that  of  a—b  by  d,  which  is  da-^db ;  because 
the  multiplier  6  is  too  great  by  (J ;  it  is  necessary 
then  to  subtract  the  second  product  from  the  first, 
and  the  difference  will  be  (6G)  cd — cb — da+dh. 

Here  the  term  +bd  results  from  — &  by  — d. 

Finally,  if  a+b+e  be  multiplied  by  c+d  the 
product  will  be  ca+cb+ce+ad+bd+de. 

For,  in  designating  a+6  by  A;  then,  (A+c)x 
(c+d)=^hc'i-ec+dh4'^dj  which  is'  equal  AX(c4-d) 
+ec+ed=^(a  +b)  X  (c+d)+ec+ed=ca+cb+ce+ 
ad+bd+de. 

The  same  mode  of  reasoning  may  be  extended 
to  compound  quantities,  composed  of  any  number 
of  terms  whatever* 

76.  Cor.  Henc6,  in  general,  if  any  two  terms 
which  are  multiplied  have  different  signs,  their  pro- 
duct must  be  preceded  by  the  sign  — ,  and  if  they 
have  the  same  si'gn,  the  product  is  affected  with  the 
sign  +  ;  agreeably  to  what  has  been  demonstrated 
(Art.  72,)  where  simple  quantities,  or  isolated  fac- 
tors, such  as,  +<*,  +6,  — «)  — by  were  only  con- 
sidered. 


38  MULTIPLICATION- 

Ex.  s. 

Mai.  8a'— 7a>+3a— 1 
by  96 


Pro.  16a»6— 14««ft+6a6— 2i^ 

Ex.  4. 

bj  —  oi^yz 
Pro.  — 3a?V^'+a;'y=z*  +  2a«x^y*z 

Ex.  5.  Multiply  8a^x^--34+c  by  Sac. 

Ans.  16a'cx^— 6atc+2ac=. 
Ex.  6.  Multiply  — 3a;^— 4a»+5  by  — 4ai. 

Ans.  ISax'  +  lGa^x— 20aa;. 
Ex.  ?•  Multiply  o^+aa?+^^by  ax. 

Ana.  a^x+a^x^+ax^. 
Ex.  8.  Multiply  x^—xy'\-y^  by  — x'*!/. 

Ans.  — x*y+xy — x2^3. 
Ex.  9.  Multiply  3a  —  2a6+3^>«  b>  a^h^. 

Ans.  3a*^^«— Ca363  +  3o»t*. 
Ex.  10.  Multiply  a^x^-^ax  +  O  by  5. 

Ans.  Sa^x^— 5ax  +  45. 
Ex.  H.  Multiply  2cd— 3a6— 3  by  4ac. 

Ans.  8ac*c?— 12a2Jc— 12ac. 
Ex.  12.  Multiply  Ixz-^^b — 5^^  by  — xy. 

Ans.  — Ix^yz-^-^Sabxy^bxy^. 
Ex.  13.  Multiply  c+6 — c — d  by  ofccd. 

Ans.  a^bcd+ab^cd-^abc^d — abcd^^ 

CASE  in. 

When  both  factors  are  compound  quantities* 

RULE. 

79.   Multiply  every  term  of  the  multiplicand 
by  each  term  of  the  multiplier  successively    as  in 


I 

I 
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the  last  case ;  thep,  add  or  connect  all  the  partial 
products  together,  and  th€  Mm  w^l  be  the  prodact 
require^.  . 

J^ote^     It  is  necessary  to  observe  that  like  quan-  < 
titles  are  generally  placed  imder  each  othtr^  m  order 
to  facilitate  their  addition.     And  if  several  com- 
pound quantities  are  to  be  multiplied  continually 
togethier;  thus, 

(a+b)  X  («— 6)  X  (a«  +ab+b^)  X  (a«  --ab+b'). 
Multiply  the  first  factor  by  the  second,  and  then 
that  product  by  the  third,  and  so  on  to  the  last  fac- 
tor ;  but  it  is  sometimes  more  conoit e  not  to  ob- 
serve the  order  in  which  the  compound  quantities, 
or  factors,  are  placed,  as  -can  be  readily  seen  from 
the  following  examples* 

KXAttPLE  I. 

Multtplicand    ta*  — 36a»— 56* a« 

Multiplier  a»— 26a*-f  36»a 

■  -  ■  - 

1st  partial  pro.  Sa**  —  Sia*" — Bb*a^ 

second  — 4&a»+€5«a«  +  1063a* 

third  -f  66«a"— 9*^fl*  -  156*a^ 

I       ■      ■■    ■  Mill  1>  ■  I  '  . 

Total  prod.  '=2a''--T6a«+76«a«  +  *'«*— I56*a^ 


^^PM*fc 


Ex.2. 

Mttltiphr 

ti-f* 

by 

a -ft 

MUM 


1st  partial  prod,   a^+ab 
sec^ond  .  — a6— J^ 


Total  product       a"    *  — 6« 


mUm 
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Ex.  3. 
Multiply  c^+a6+6^ 
by  a^—b^ 


Iflt  partial  prodact      a^+a'^b+a'^b'^ 

)iecond  — a^b^ -^ab^  ^^b^ 


'W 


Total  prod.  a*+a^^      *     —ab^^-^b 


Ex.  4. 

Multiply  a*+fl'*— fli^— 6* 
by  a*— a*  +b^ 


Ist  partial  prod.  a«+a*6—a*63—a«^>*         .    . 
second^  — a^b—a^b^  4-a^A*  +a6' 

third)  +a^b^  +a^b^  --ab'  — t^ 


''n 


rotal  product    a«      *        *        *        *    — 6' 


Ex.5. 

Multiply  a^+ab+b^ 
by  «■— afe-i-6* 


1st  partial  prod.  a^+a^'b+aH^ 
second  — ci^b — a^b^-^^^ 

third  +u'b''+ab^+b* 


Total  prod.        a*     *     +a*6^     *     +6 


V- 
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Multiply  a*  +tf*ft3  -f  4* 


MM«»«aaiiifa 


ist  partial  product  rt*  +«**«  -f  a'6^ 
second  '--^^^fta fl*6*^^i« 


Total  product        it*     *  *    — j< 

Ex.  7. 
Multiply  a^+«^+6a 

by  a  —6 


1st  partial  prod.    a^+a*b+ab* 
second  — a^i— aja^js 


^*^>*M^Brita 


Jotal  product  ■       a»     *        *    ^jj 

Ex.  8. 

Multiply  a^  — ai-f  fta 

by  a  +A 

first  a^-^a^b+ab' 

second         +a^6— n^^+i^ 

Product  a^     *        *    4.^3 


Ex,  9.  Ex.  10 

aiul.     a^— 6«  u^-r-^ab+b^ 

by     a3+^>3  ,  ^  _j 


n-»     i<mhmmm 


1st.      a«-a»63  ^»— o«4+a63 

2nd.         +a'b'-b'  -a'bXi>h»~b> 


a*      *     — 6»  ^  flS 


J        ■<■ 


"■*v* 


a^— 2a*6+2a6^— 63 


•fvaasMMMi^ 
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Ex.  11. 

Multiply  a»  +ab+h^ 
by  a  +b 


first  a^+an+ah'' 

second         +a^b'^ab'+b^ 


Product  a^+^aH+2ab'+b^ 


.  Ex.  12- 
Mult.  fl^+2a^6+2ai*+63 
ty  a»— 2(««6+2a**— 6^ 

Ist.  a«+2a*J+2a*6^+a363 

2nd.        — 3fl«6— 4a*6«— 4a3i'^— 2a26^' 

3d.  +2a*i^+4a^63+4a26'+2ai5 

4th.  — a^i^— 2a26*— 2a6*— 6* 


prod,  a^ 


6« 


When  the  quantities  to  be  multiplied  together 
have  literal  coefficients,  proceed  as  before,  putting 
the  sum  or  diflference  of  the  coefficients  of  the  re- 
sulting terms  into  a  parenthesis,  or  under  a  vincu- 
lum,'tis  in  addition. 

Ex.  la* 

Mul.  x^T-ax+p 
hy  x^+bx+3 

Ist.    x\—ax^+px^ 

2nd.      +6a?^ — abx^+bpx 

Sd.  +3x^'-3ax+3p 

■■— I— ^— — M»—i— |i1»— —         n  ■        .III  111  I    1,1  II 

prod.  «*— (a— 6)a;'+(p— a6+3)a?2  +{bp'^3a)x+Sp^ 


farmmtmmmmmmmmatmmm 
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Ex.  14. 


MM.  ax^-—bx  +c 
by    ac* — ex  +1 


1st.     aa?* — bx^'^'Cx* 

2nd.  — aca?'+6cx^— c^o? 

3rd.  +ax^    — bx+c 


prod,  ax*  — (b+ac)x^  +(c+bc+a)x'  — (c*  +6)x+<^ 

Ex.  15.  Required  the  continual  product  of  a+ 
2x,  a — 2x,  and  a*+4x^. 

Multiply  a+2x 
by  a — 2x 


a=  +2ax 
— 2ax — 

4x2 

Miiltiply 
by 

a»  — 4a?« 
a3  +4xa 

a*  —  4a*  x^ 
+4a2x3 

—  16x* 

Total  product 

a*       * 

16x* 

It  may  be  necessary  to  observe,  that  it  is  usual, 
in  some  cases,  to  write  down  the  quantities  that  are 
to  be  multiplied  together,  in  a  parenthesis,  or  under 
a  vinculum,  without  performing  the  whole  opera- 
tion; thus,  (a+2x)X(a— 2x)X(a«+4x').  This 
method  of  representing  the  multiplication  of  com- 
pound quantities  by  barely  indicating  the  opera- 
tion thai  is  to  be  performed  on  them,  is  preferable 
to  that  of  executing  the  entire  process ;  particu- 
larly when  the  product  of  two  or  more  factorc 
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is  to  be  divided  by  some  other  qaantity ;  because, 
ID  this  case,  any  term  that  is  cobiIbosi  to  both  the 
dirisor  and  dividend  may  be  more  readily  suppress- 
ed ;  as  will  be  evident,  from  varioiu  instances,  in 
the  following  part  of  the  work* 

Ex.  16.  Required  the  product  of  a+J+c  by  a— 
h+c.  Ana.  a'  4-2ac— 6'  +c*. 

Ex.  17.  Required   the  product  of  x+y+z  by 

,; — y — z,  '   Ans.  X*  — y^ — 2t/2 — 2:'. 

Ex.  18.  Required  the  product  of  1— a:+a;*  —x^ 

by  1+x.  Ans.  1 — ac*. 

Ex.  19.  Multiply  a^+3aH+3ab^+b^  by  a«  + 

2ab+b\ 

Ans.  a' +5a*b+10an'' +  I0a^b^+5ab'  +h^. 
Ex.  20.  Multiply  4x*y+ary— 1  by  2a?^— x. 

Ans.  Sx^tz+Zx^y—^x''  —3x^y+x. 
Ex.21.  Multiply  x^+x^y+xy^+y^   by   x — y. 

A.ns    x^  ~"~t/^ 
Ex.  22.  Multiply  Sx^'-^a^x^+Sa^  by  2a;3— 3a^ 

An8.6a?«— I3a'a;*+6a*a?*+2lfl3a;3-19a5aj^  +  I5a«,. 

Ex.  23.  Multiply  5a' — 3ax+Ax^  by  5a" — 6aa: 
— 2x^  Ans.  10a*~27a»x4-34a«a!2— 18ax«— Sx*. 

Ex.  24.  Required  the  continual  product  of  a+x, 
a--xj  a"+2aa?4-aj",  and  a" — 2aa;+a?^. 

Ans.  a*— 3a*aj"+3a"a;*— -a;«, 

Ex.  25.  Required  the  product  of  a?' — ax^+bx 
— c,  and  a;2— 2a;+3. 

Ans.  «*— (a+2)a;*+(6+2a+3)a;'— (c+2^>+3a) 

x^+{2c+3b)x—3c. 

Ex.  26.  Required  the  product  of  mx^ — nx—'r 
and  »x— r.  Ans.  mnx^ — (n"  +mr)x^  +r^. 

Ex.  27.  Required  the  product  otjpx^ — rx+jf 
and  x^ — raj^-g. 


^ 


DIVISION.  45 

Ex.28.  Multiply  3a;^—2a;y+ 5  by  a;^+2xy— 3. 

Ans.  3x*+4x^y—4x^  X(l+^3)+16a?y— 15. 

Ex.  29.  Multiply  a3+3a^6+3a6^+63  by  a^  — 

3a^6+3«62— 6^  Ana.  a^  —Sa^b^  +Sa^O^—b\ 

Ex.  30.  Multiply  5a=— 4a26+5a62  — 36^  by  4a2 

Ans.  20a«— 4la^6+50a362_45^253^25a6*— 66^ 


§  IV.  Division  of  Algebraic  Quantities* 

BO.  In  the  Division  of  algebraic  quantities,  the 
same  circumstances  are  to  be  taken  into  considera- 
tion as  in  their  multiplication,  and  consequently  the 
fallowing  propositions  must  be  observed. 

81.^  the  sign  of  the  divisor  and  dividend  be  likt^  the 
sign  ofth&  quotient  will  be  +  /  if  unlike^  the  sign 
of  the  quotient  will  be  — . 

The  reason  of  this  proposition  follows  immedi- 
ately from  multiplication  : 

Thus,  if  +a  X  +ft  ==:  +ab ;  therefore  -±^=  +b : 

+a 

+a 

— flX +&=—«&;  .%        2?=  4-5- 

— te 

— fl.X~6c=+a6;         ...      -±^^^i,, 

— a 

82.  If  the  given  quantities  have  coefficients^  the  co- 
^efficient  of  the  quotient  will  be  equal  to  the  coeffi- 
cient of  the,  dvminpjnA  Ai'niA^^J  km»  4h^*  ^^aI^  jt  *    v^ 


cunt  of  the  dividend  divided  by  that  of  the  divisor. 

4at 


Thus,  ^fib-^^byor  ~=z2a 
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For,  ty  the  nature  of  diTision,  the  product  of 
the  qaotient,  mnifeipHed  by  the  divisor,  is  equal  to 
the  dividend ;  but  the  coefficient  of  a  product  is 
equal  to  the  product  of  the  coefficients  of  the  'he- 
ton  (Art.  70).     Therefore,  4ai-T-2&=|x-^x=:2a. 

83.  That  the  letters  of  the  quotient  are  those  of  the 
dividend  not  common  to  the  divisor^  when  all  the 
letters  of  the  divisor  are  common  to  the  dividend : 
for  example,  the  product  abc^  divided  bj  a&,  gives  c 
for  the  quotient,  because  the  product  of  a^  by  c  is 
ahcm 

04.  But  when  the  divisor  comprehends  other  letters, 
not  common  io  the  dividend^  then  the  division  can  oniy 
he  indicated,  and  the  quotient  written  in  the  form  of 
a  fraction,  of  which  the  numerator  is  the  product  of 
all  the  letters  ^the  dividend^  not  common  to  the  di- 
visor, and  the  denomifuztor  M  -those  of  the  divisor  not 
common  to  the  dividend :  thus,  abc  divided  by  amb, 

gives  for  the  quotient  — ,  iu  obeerviag  4bat  we  sup- 

m 

press  the  commoo  fiictor  ah^  in  the  divisor  aod  divi- 
dend without  altering  the  quotient,  and  the  division 

h  reduced  to  that  of  — ,  whidi^dmits  of  no  farther 

m 

reduction  without  assigning  numeral  values  to  c 

and  m» 

3$.  ^-all  the  terms  of  a  cong)OTmdqttantitt/ be  divided 
by  a  simple  one,  the  sum  of  the  quotients  will  be 
tqutd  to  the  quotient  t^the  whole  compound  quantity. 

T»in«  «*.««,»*    ^e^±ac±^    .  ,     ,  _ 

I  nus,  — ^ [ — = — ' =4+c+rf. 

a      a      a  a 

For,  {b+c+d)y.atszab'^ac+ad. 


.1 
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SO.  ^  any  p&wer  of  a  quantity  he  diviiti  by  any 

other  power  of  the  same  quantity ^  the  emonmt  ^ 
the  quotient  will  he  tha^  of  Ae  dividend^  diminished 
by  the  exponent  of  the  d&visor. 

Let  us  occupy  ouraelves,  ia  the  first  place,  with 
the  division  of  tvr o  espoDestials  of  the  same  letter ', 

for  instance,  — ,  m  and  n  being  any  positive  whole 

numbers,  so  that  we  can  have, 

»n>n,  »i=n,  m<.n» 
It  may  be  necessary  to  observe  that,  according  to 
what  has  been  demonstrated  (71),  with  regard  to 
exponentials  of  the  same  letter,  the  letter  of  the 
quotient  must  also  be  a,  and  if  the  unknowa  expo* 
neot  of  a  be  designated  by  x,  then  a*  will  be  the 
quotient,  and  from  the  nature  of  division, 

from  which  there  necessarily  results  the  following 
equality  betw%en  the  exponents, 

m=^n+x ; 
And  as,  subtracting  7i  from  each  of  these  equal 
quantities,  the  two  remainders  are  equal  (Art.  49), 
we  shall  have, 

w»— n=«  .  .  •  .  (1). 
Therefore,  in  the  first  casQ,  where  m  is  >n,  the 
exponent  of  the  quotient  is  m-^n;  thus, 

a«^a3=:a«-3=aS  and  0^-5-0=0^-^=0'. 
Also,  it  may  be  demonstrated  in  like  manner,  that 
(o  +  xy~{a  +  xy  =(0  +  «)«-*  =(0  +  xy  5    and 

In  the  second  case,  where  m^n^  we  shall  have, 
0^=0*  X  a'^a*"  X  a'=:^a'^^' ; 


48  DIVISION. 

From  which  there  results  between  the  exponents 
the  equality, 

and  subtractingm  from  each  of  these  equals  (Art.  49); 

m — m=x,  or  a;=0  ....  (2); 
therefore,  the  exponent  of  the  quotient  will  be 
eiqual  to  0,  or  a'=a''j  a  result  which  it  is  necessary 
to  explain.     For  this  purpose,  let  us  resume  the 
division  of  a"*  by  a",  which  gives  unity  for  the  quo- 

tient,  or  — =1 ;  and  as  two  quotients,  arising  from 

the  same  division,  are.  necessarily  equal;  there- 
fore. 

Hence,  as  a  may  be  any  quantity  whatever,  we 
may  conclude  that ;  any  quantity  raised  to  the  power 
zero,  must  be  equal  to  unity,  or  1 ,  and  that  reciprocally 
unity  can  be  translated  into  a°.  This  conclusion 
takes  place  whatever  may  be  the  value  of  a ;  which 
may  also  be  demonstrated  in  the  foUoiving  manner. 

Thus,  let  a®=y ;  then,  by  squaring  each  member, 
a«  Xa''=y  X^^,  or  a''=y^  ; 

.  therefore,  (47),  y^  =y, 

and  (51),^=^ 

ory=l; 
but  a*  =^y\  consequently  a*=K 

In  the  third  case,  where  m  is  less  than  n ;  let 
n^m-^-d^  c/ being  the  excess  of  n  above  m ;  we 
shall  always  have, 

and  equalising  the  exponents,  because  the  prece* 
ding  equality  cannot  have  place,  but  under  this 
consideration, 
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•      •  •       « 

.  ^uUff eifQg  mrhl' from  botb  sides,  i\tt  final  result 
,   will  he         '  *       .   '    , 

•x=^-d :.(3);  ^       • 

tken  the  qaotient  is  ar^» 

^ '   1q  .oiler  to  elicpkiin  this^  let  as  resume  the  divl- 
'  iion  crf*o"*by  ei%  or  by  a"***'=»a'"Xa^;  by  suppress- 
ing iba  fafttar  a"*,  which  is  common  to  the  dividend 
and  divisor,  according  to  what  has  been  demonstra- 
(pd  with  regard  to  theldiVision  of  letters  (Art.  8fl). 

.|iee7)avfi  fbr.tho  quotient  -^;  therefore, 


a* 


•.This*  transforhialiou  i:^  very  useful  in  various 
•^  aaalyjti^^l  operations  j  in  order  to  see  more  clearly 
f    the mestnijQg  ef  it/ we  may  recollect  that  a^^  is  the 

«ame[  fts  aXaXa,   &:c.>  continued  to.  d  factors; 

.tlierefore,  according  to  the  acceptation  and  oppo- 
.  .    sitiQQ  of  the  signfr,  a~^  must  represent  aXaXa^  iic, 

continued  to  d  factors  in  the  divisor. 

•Fknce,  according  to  the  results  (!)»  (2),  and  (3), 

th^  propoVkion  is  general,  when  m  and  n  are  anv 

'  whole  numbers  whate^r;  thus,  a^^^a^=i^-^=a'^^j 

0r--^;  because  the  divisor  multiplied  by  the  quo- 

iieat  is  equal  to  the  dividend,  o*  Xa""^=a*""2=a^  = 
the  dividend,  and  -r  Xia*  =-~=a*-2--.^3  -.^jj^  ^ j^j. 

I 

dend,  therefore  (r-2=— .    In  like  manner  it  may  be 


a' 


shown  that,  ---=:a""^,---==a"^,  &c.    But,  according 
to  the  result  (4),  in  general,  —3=a'"'',  where  if  may 


a* 
6    • 
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•  # 

be  any  whcleniimbcr whatever ;  benjC^ ihtfiiifclh«fi    • 
oi  notation  {pointed  out,  (Art.  32),  ia  evidwt.   - 

87.  If  a  compound  quantity  h  to  be  diyidi^d  by 
a  compound  quantity,  it  ftequeotly  octeure,  that  the^ 
division  cannot  be  performed,  iit  which  cM^j  fhc*  ^ 
division  can  be  only  indicated,  in  representing  th6  * 
quotient  by  a  fraction,  in  the  oioxiner  (Jiat  has  leen 
already  described  (Art.  8). 

■  •       •  •  , " 

38.  But  if  any  of  the  terms  of.  At  dividmdi  ca^^  5e 
produced  hy  muliiplymg  the  divisor,  by  amf  si/mph'    - 
quantity^  that  simple  quantity  wiU  be  the  qnoHtnt, . 
of  all  those  terms.     Then  the  femMifMkg[  termr^of  »  *, 
the  dividend  may  be  divided  inthj^.  sasnt  mgnner^  if 
they  can  be  produced  by  multiplying  the  ^d\viso][''by 
any  other  simple  quantity  f  and  by  continuing  *»«.   •  * 
same  method,  until  the  whole  dividend  is  eithausted  '^ 
the  sum  of  all  those  .simph  quftntities  Tpill  be  ^tlfih 
[    quotient  of  the  zohole  compound  quantity.  *'        •- 

The  reason  of  this  is,  that  as  tfie  whole  dividend 
is  made  up  of  all  its  pdrt8,tbe  divisor  is  Qontait>6d  jn 
the  whole  as  often  as  it  is  contained  in  all  its  parts.  • 
Thus,  {ab+cb+ad+cd)'-r4a+c)  is  equal  to  6+|Z: 

For  by<{a+c)^ab+cb',tn6dX{a+c)==ad+cd',    . 
but  the  sum  of  ab+cb  and  ad+cd  is  equal  to  ab+ 
cb+ad+cd,  which  is  equal  to  the  dividend ;  there- 
from b-^-d  is  the  quotient  required. 

Also,  {a^ +3ab+2b^)~{a+b)  ii^equal  to..(l+2fc. 

For,  it  is  evident  in  the  first  place,  that  the  quo- 
tient will  include  the  term  a,  since  otherwise  we 
should  not  obtain  a^.  Now,  from  the  multiplication 
of  the  divisor  a+6  by  a,  arises  a^  -{-ab ;  which  quan- 
tity being  subtracted  from  the  dividend,  leaves  a  re^ 
mainder  ^ab+^b^  ;  and  this  remainder  must  also 
be  divided  by  a+6,  where  it  is  evident  that  the  quo- 
tient of  this  division  must  contain  the  term  26  : 


«  -" 
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.•  * 


aigBUD^  26,  multiplied  by  a+b^  produces  2a6+3i^  ; 
C4>o9equent)y  a+ib  is  the  quotient  required ;  which, 
moItipKed  by  the  divisor  a+&,  ought  to  produce 
the'  dividend  w*  +  Sab  +  2*2 .     See  the  operation  at 

length'  . 
••.;    .       .tt+6>2+3a6+26a(a+26 

a^A-  ab 


* 


m        » 


2a64-262 
2a6+262 


.    »  ^  B^s  l^ckoLiuM*  I£ihe  diviapjc  be  not  exactly  con- 

taioed^in  "the  diridend ;  that  is,  if  by  continuing  the 

i  '   ^peratiJb  iei"^  ^ove«  there  be  a  ren\ftinder  which 

^       c«ndo^he  progjuced*  by  the  inultiplication  of  the 

,.  *';ctvi8to[i*hj^  ajoy  'siibple   quant ij:y "  whatever ;  then 

'^lace  this  remainder  over  the  divisor,  in  the^orm  of 

'     ^  2^yVfto*ftft>,  9nd,;ahnex*  it  to  the  part  of  the  quotient 

already jdetef mined;  the  result  will  be  the  com- 

:  •  "pMe  quoti,ent. 

^Bui  in  tBose'caaes  where  the  operation  will  not 
,.terH]i4sit6''witbout  a  Remainder;  it  is  commonly 

ijaost  coavepieat  ta  express'  the  quotient^  as   in 
^-Aftsj);  •     ,  . 

*  90.-  JDiumiw  being  the.  converse  of  wu/Zip/ica^io/i, 
*it  aleo  tidmits  of  ^^Are^  uasQ$. 

•  /    •      .'   •  "'    •    CASE  L 

Jl^nJt^t  divkof  andf^tidend  are  both  nmph  qmtv^ 

•  •%  *•'  •     •  •  .     ''    •  tities. 


•    * 


RULE. 


*-    A 


'M.  Bividp^.at  first,  the  coefficient  of  the  divi- 
^  3end^bj[  t^at  of  jLho^Sivisorj  next,  to  thae  ^uoti^nt 


m   •     • 

V 
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annex  those  letters  or  factors  of  the  dividend'  thgi 
are  not  found  in  the  divisor ;  finally,  pre&c  file  pro- 
per sign  to  the  result,  and  it  will  be  the  quotient 
required. 

Note.  Those  letters  in  the  dividend,  that  are' 
common  to  it  with  the  divisor,  are  expunged,  ^'en 
they  have  the  same  exponent;  but  when vth«  ex- 
ponents are  not  the  same,  the  exponent  bf  the  di- 
visor is  subtracted  from  the  exponent  of  the  divi^ 
^end,  and  the  remaindei:  is  the  exponent  of  fhSLt - 
letter  in  the  quotient.  *• 


«  > 


,  Example  1 .  Dividtf^.l Zax-Vaf  3«x.  .■         .     * 

Sax        Sax         *  ,  *    • 

<rr,  ^^ = ^ X a'"'  X x^'^ = 6  Xa« \x ^^xl  Scti 
max  ,3 

(Art.  06).  •      ^  ' 

Ex.  2.  Divide  -^4Ba'b^c'  by  ISabC  ,         .'I  * 
In  the  first  place,  48-5-16=^=^  the  coeffiojentoi^ 
tlie  quotient,  next,  a^i^c^-^atc^jo*"^  xi»2-»  xVr*==^ 
abc;  now,  annexing  abc  to  3,  we  hayo  «Sa6c,  ^bcI^ 
prefixing  the  sign  —  ;  because  the  sign$  pf  the  dUift- 
dend  and  divisor  arc  unlike ;  the  refurt  is  — ^a&' 
which  is  the  quotient  required.    .     '      •     \ 

Or,  the  operation  noay  be  perCftnned  thus,  •    *   . 
iGabc       T--^X-X-X^-— gXaXAXcp 

Sabc.  •    *     '.-*•..*•"• 

Ex.  3.  Divide  — 21a?ay3^*  by  '-^'Ti^^zK 

Ex.  4»  Divide  38a^6«c' by -t^ft'c*.      "    .    ' 


«     • 


%   •    .    . 


•  ♦ 


DIVISION,  ..  53 


'  '  7      a*     6^     c^ 

**-3  X  6^^  X  c''-«=±:  —  4  X  a^  X  «r3  X  c«  =— 4a* 6  W . 

'  In  order  {hat  ibe  division « could  be  effected  ac- 
cording to  the  above  rule ;  it  is  necesflary,  in  the 
.ficist  place,  that  the  divisor  contains  no  letter  that  is 
.not  to  be  foond  in  tb&dividend ;  in  the  second  place, 
that  th^  exponent  of  the  letters^  in  the  divisor,  do 
Xfoti  durpa^s  at  all  that  which  they  have  in  the 
3ivide«d  ;  finally,  that  the  coefficient  of  the  divi- 
sor, divides  exactly  that  of  the  dividend. 

"When  thetee  conditions  do  not  take  place,  then, 
afiTercancelling  tfae  letters^  or  factors,  that  are  corn- 
Won  to  the.  dividend  and  driisor;  the  quotient  is 
depressed,  in  the  manner  of  a  fraction,  as  in  (Art. 

Ex.  5..  Divide  AQan^'c^'d  by  GiaH^c*e. 
"Bhe  quotient  can  be  only  indicated  undera  frac- 
tions^  form  thus, 

48a36Sc»rf 

_  ■ 

64a«A3c*c  ' 
But  the  coefficients  48  and  64  are  both  divisible 
by  16,  suppressing  this  common  factor,  the  co- 
efficient of  the  numerator  will  become  3,  and  that 
of  the  denominator  4.  The  letter  a  having  the 
same  exponent  3  in  both  terms  of  the  fraction,  it 
follows,  that  a^  is  a  common  factor  to  the  dividend 
and  divisor,  and  that  we  can  also  suppress  it.  The 
exponent  of  the  letter  b  is  greater  in  the  divisor 
than  in  the  dividend ;  it  is  necessary  to. divide  b^  by 

b^,  and  the  quotient  will  be  6*,  or  — =s36^*=sj2, 

wbiob  factor  will  remain  in  tile,  numerator*    . 
With  cespect  to  the  letter  c,  the  greater  power 


I 
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of  it  is  in  the  denominator  jdividiMc^  bj  c^^wehsive 
c»,  or— =c*""^=c',  therefore,  the  factor  c*  will  re- 
main in  the  denominator.  ;  **    • 

Finally,  the  letters  d  and  e  remain  in  their  rc; 
spective  places  ;  because,  in  the  present  state,  they 
cannot  indicate  any  factor  that  is  comtnon  to  either 
of  them. 

By  these  different  operations,  the  q[uotiei^t,  ini^ 

most  simple  form,  is  , 

JVb^e.   The  division  of  such  quantities  belo^.. 
properly  speaking,  dl  the  reduction  of  algebraic 
fractions* 

Ex.  6.  Divide  SGx^y^  by  day.     .  Ans.  4jcy. 

Ex.  7.  Divide  SOa^b^^  by  —Qaby.    Ans.  —  5ay. 

Ex.  8.  Divide  — i^c^x^y  by  Ic^x^.  *    • 

Ans.  — 6^^^- 

Ex.  9.  Divide — 4ax^y^  by  — axya» 
*  Ans.  +4a5y. 

Ex.  10.  Divide  16a^6^ca?  by  —^aHdy. 

Ans.  -I2!|!£f 
ay 

,    Ex.  11.  Divide  — ISa^t^e^  by  12a*6^a:. 

Ans.  • 


2a*  6a;' 

Ex.  12.  Divide  nxy^:^^  by  xyzzo.        Ans.  Hzc-. 
Ex.  13.  Divide  — ISa^i^c^  by  -QtAc. 

Ans.  2a  6^c». 
Ej.  U.  Divide  — 9a;^y«z«  by  x*j/*zS 

9 

AnSf  a    a    a' 

X  y  z 

Ex,  t&,  Divi4e  SSa"  by  Ua"^  Ans.  3a*. 


• 

ft 


'  .         *    ,  CASE*  ir. . 

*  •  »         »     ■ 

...  ^  •  «      '       . 

W%eA.  mMmqr  is*a' simple  qmniUjif  «qd  ffte  dipi-. 

<^en<{  a  ceyMotmd!  one.  »       \:  , 


•    ,    ^ 


npuj.  .    •  ' .  , 


»  * 


92.  Divide ,eacJfit€ravofJhe  dividend  separatejy 
l?y  the  simple  divisor^  ;l8.  in  the  preceding  case ; 
and  thasum  of  th§  xesalting  quantities  will  be  the 
'/liiotient  require^d. 


ExijMPLEl.; Divide  lj8flt,?+3a*4:-f  6a4^*by  3«. 

therefore, ^ -=tGa^  +06 +26^ '.     ' 

•Ex.2.  Divide  20a' w^ — I2a^x*+Ba^x^~2a*x^ 

20a^x^  .  * 

Here,— — j-=i0flw,   — l9a*a;»-4-2ax2=:5-^6«; 

8fl3x^-i-2aaj^  =+4a*,  arid  — 2a*x*-4-2flM5«=i=-^a3- 

^        20a2x3  — 12a»a?«+6a3x»— 2a*a;«  ' 

BBnce -^^ =lOaa? 

•    Ex.  3.  Divide  ^Oa^x^-iSax'+SOaTy^.—Bax  by 

Here  20a3ap-i.5aa:=4a,  — 15aa;*-r.5aa?s= — 3a?, 
SOaxy  2  -^5aa;  =6y  * ,  and  —  5ax-r-5tf  a?  ==—15 
therefore,  ^glx~l5a^^+30axy'-5ar^^^_^^ 

5ax 

Ex.4,  Divide  5a'a— 25a* x^-f50o*a;3—50<t^a;* 
.+25a»a?«— 5ax«  by  &ar.     ' 


^6      '.-...  division:  "  '■' 


•      . ' 


*    J     Here  - — =d*,  -t-t =i-r-5a*a?,-i— r 

lfl<i*x«— lOrt^x 3 4^5(30?*,— *a; Vis   the*qaotient  re.-    •• 

quired.       .,  •    '       ^-  «  .  * 

Ex.  5.  Divide  3a*a?«— Sa^x*  by  »^3a«x».       .     •.  . 
\     •  •  V     *•         'Ans.  a:*— «3. 

Ex.  a:  Dividg  'Sta'a?;'*—''^'*^^— ?^^^  *^y  7aa:/^    , 
,       -  Ans.  3a»x*^-to-l9t  • 

Ei*  7.;DiYide  12aic— 48aac»jf3+64a3*3^»-*iq'"  . 

♦  •'  •     '       '  *  -  •'         3c  *  3x«v*  •     • 
\a^69  by  ^16ti6.  Ans*  ab — ~H — r-4 4rt6ci, 

.  '  .  ■«    4        .  Q    .     ■     - 

'  Ej.  8.  Divide  '72x^}/^ z^  —  l^uxyz+^ibcxyz  hy  • 

'  I2ix!y,z^.  Ahs.  Qxyz—'a+^bc,.*      ^ 

Ex.  9.  Divide  ix^y^  --x^j/*  +3ax^y^  by  x^y^, 

.      •  4  • 

A&fl.. — -^xy-^-^d. 
*  .  xy 

Ex.  10.  Divide  5a— 7i+6c-3ac«+9c3  ^^  3^^ 

5«      7&  ,  ^ 

A«'-3^""3^+^~-^^+^^'- 
Ex.  11.  Divide  — 60x^y  +  50xy  —40^53  + 

Ans.  ^^—2x1/5 +4a;2y*—6a75jf3  +  8:»y_ioa;Sy 

+  12a:«. 
CASE  IIL 

Whm  the  dividend  and  divisor  art  both  compound 

quantities* 

RULE. 

93.  Arrange  both  the  dividend, and.divi&Qraccox^ 


,  X 


T 
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•        •  •  * 

*  in^  to»the  lefjponents  of  the  same  letter^  beginning 
(  ^  witlvtbe  highe^U  ^nd  pladt^.th^  divisor  at  the  rigfat^ 

Baod  of  tbe  divideifd ;  then  .divide  the  ^r3t  tenii  of* 
the  dividend  by  the  first  t^rm  of  the  divisor^,  as  in 

'  \  *Case  I.,  ^od  place  the  rosult  under  the  divisor.  ' 
Mcilii^j  the^^M^^  .divJsOr'b^'thip  *pStrtial  quo- 
ti^t,  and  subtra^  th^;  product^  from  Ihe  MiyidedO^' 
ai^d  the  f^marhder  will  be  a  D^w.divid(ti(}. 
.   Agaiii,  .divide  thajt  term  of  the  new  dividend^  .  "  *  * 

*  .  which  has  Ae  highest  ^xpoftcnt^^by  the  first^  t6rm 
of  the  divisor,^  and  the  result^  ill  be  the  second 
tenn*of\he  qnotient;  .  Proceediiii  ihc'*saine^  man- 
ner's ]^efore,.;il^pQprting  the  opevation^iH  tfie  divi- 
d^n^ js  exfaaustpd,  and  noThifig J7e|^aio8*,Q8 in  confh- 

♦  •  ExamW  »/«)i^idel2a*i"~6a'i''+^a265j^a' 
V— 22#«6+'^a'by  4a2*^*2tf*6+5aS     ..■ 

•  *  •It  can' t^^readijpetciilred^hatjhe 'letter rfifijs  •* 
*  the^onf  t«  boM^lfosen,  io^.order  to  arraiige  the  le^nw  • 


first  teiti^'— 2^*&l  iojc»%j^  sSponyi^,  and  so  on )  the;- 
*'  ^rjntf  df  tbe  divid^tid,  ^rfnge^f  according  (o  the    • 
powers-  of  a^  are  M-itftn  thus  r 

^d  tli**tcnlis  of  the  divjsor,  arrwiged  according  to 
.  Vht  ]^w«rt  of  ^9je  witten  thos^     *  '     '    . 


*  *    / 


• 


*-% 


DinsioK. 


?3 

3 


pD  A 


a                                       1 

Cr  V 

^  *- 

^.  -a 

1 

+  1 

tr  -St 

•             »c 

•^  ^k 

9       « 

C?-  5^ 

•^^    ^^ 

1  -h-^ 

1 

1    OB  ar 

C    — 

I    «»  ^ 

•^     W  ^ 

1     «    »   1 

-      I     5*"  ^    i 

C^  *V     t» 

•         4         K'      K     1 

^   ^*  C^ 

. 

^^  u 

1      «^ 

1%   'i-i 

■ 

^ 

M         ^ 

•H  ■ 

4^  i.                C      1 

^ 

^^' 

C-^                .        *    4 

•                   ^^ 

4- 

*- 

■ 
^                                     ft 

I 

OD  ^ 

^^k 

^1 

■  •  ^ 

'r-!      M 

1 


t 


£: 


« 


»  m 

%         » 


.  The  sign  •£  the  first  .term  Sa'^  jf-tbe*  illTMkifa 
*        being  the  same  as  that  of  5a^s  the.fii^gt  t^int)fthe 
;    !»  ^visor,  the^sign  of  the  first  tewof  of  ihe  goofient  is 
^  '  "  -j-j  which  M  gBHit^d  (Art.  14^.'  DiYiding  Sa"^  *by  ' 

•  •  6a^^  {hi  quotient  i»a^,^hich  48  wrkteh  under  the 
''-  Jiitisoh  *  Multipljing  8uclcea|iy£ly  fiie  ih^ee  texna». 
'    qir  the  <3iivtsor  bj  the  %8t  term  a^  of  the  quotient^ 

^     ^  and  writinj'.tbe  prodpgtvUnder  t^e  correspondlb^^ 
^;     **t&amjf{  the  di^idend^  subtracting  .^'—^a'6+ 
4fi'b^  90in  tt)£  dividend;  the  remainder  is 

Piflrifjin^  ^pOa^b  tti^  irst  term  of  thia  iiew  divi- 
^  dei^  by  5a'^^  the  result  will  be  —4a' 6,  this  quoti^t* 
*lismng  the-siga.— ,  i^ause'the  dividend  aud.iiVi-  • 
^^  ^s^cbli^e  difiSsrentsigttsT  Multiply rng  all  (he- terms  ^ 
;'       ojtbe  Bivi^or  hf  ^A^^b\  'W^haVi^  — SCte't+Sa^a . 
^l^^b^l  s^Krtfcting  tUt  result  fjrom  tbe'^partiiK 
^divi^enji)  tifa  remainder  wfll  be  iQtf*^* — 4a*6*-F 
»    .  .  Za^b'^^  4^viding,  the  flVst  tefm  of  this  netr  j>arftal 
-    /.  dividend, .16o*6%  by  the  fiVfit  term.Sa^Vdf  the  diyi- 
;      •^or,  multiplying  all*  the  divi8<^by  the  result  +2^^, 
aad.^ybtracting  ^the  ^ r^diict  frojni  the  last  partial, 
•dividend,  nothing  VenDauis ;  thei;efore'tbe  lasl  t^nm 
•  of  Ihfe  fjjuptient  gougbt.rs  +,26?,  and  the  entire  quo- 

•  V  *eJiti8'a?^4&**+263..;     -         .   •    ^ 

•-  •*  94*  It  is  very  pro^erto  observe  that  in  division, 
the  multipncation^  of  di£feiren^  terms  of  the  quotient 
by  thevdivisor,  produce  frequently  terms  which  are 
nol  found  in  the  dividend,'  and  whfch  itJs  necessa- 
ry to  divide  afterward  by  the  firstlerm  of  the  divi- 
gor.  These  terms  are  such  at  ai'e  destroyed  when 
the  dividend  is  formed  by  the  multiplication  of  the 
quotient  and  divisor. 
'  See  a  remarkable  example  of  these- reductions : 


^  I 


fie. 


rfivisiON. 


'lEx^%  TXhM  a'w-i3  by  a— J. 


•  Division.    *  • 


Diviierid^ 


Dvvis(rr» 


MuLTIPUCAtldy. 

Mul.  a  — 6    • 


♦  - 


1^  ■« 


o3  .i 


'  ■  i* 


»  a 


The  fi\^t  term  a'.'ofthe'diyidend  divided  by  IHe 
tirst  term  a^  of  tbfediyiswj'giv^flr*  for  the  fifstiei|n 
qf  ^e  quotient  ;'mulfiplgrii\g  the  llhrisor.  cthM  %  ^ 
u^  thefirstleron  of  the  quotient,,  the.  ^sult  IS  a^*-7 
af J  r§utitractin^  *a^ — a^4  frt)m  ftp  divi^^ncT,  the  , 
term  c^  de^tjrojs  the  first  term  of  the  divided;  bi|t  - 
there'reinaias  Q^t  Uftm  — a^6/ which  h  not  ^^^^^ 
at  first  in^tbe  diiiideDd ;  th^i'tfere  tb«  rentainde/  is 
fi^i-^b 3 .  Because  the  term  a? £  eontains  Hie  letter 
n,  ve  jcan  divide  it  by  the  fi/-9t  term  of  the*divisor, 
and  we  obtain  -V-a6,  whicb  is  the-  Second  4enn  df 
the  quotient.  Multiplying  th*e  divisor  by  '+abf  the 
product  is  a^ ft— ci^yWWchbeiqg  subtracted  from 
a^b — b'  ;  tbe  first  terna  a^b  destroys  the  term  a' 6 
which  arose  from  the  preceding ^ operation;  Vnt 
there  remains  the  term-^oft^,  which  being  not  yet 
in  the  dividend ;  'the  remainder  is  therefore  aft* — 
6^.  Dividing  aft*  by  a^  the  result  is  ft*,  which  is  the 
third  term  of  the  quotient  ^  multiplyiDg  the  divisor 
by  ft^  5  we  have  aft* — ft^ ;  and  subtiBctiog  this  resiiU 
from  the  last  .remainder,  the  terms  of  both  destroy 
43ne  another;  so  that  nothing  remains* 


I 


[•l 


I 
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la  order  to  comprehend  weU  the  ^mechaaiaitr  of 
the  division,  it  is  only  necessary  to  take  a  glance 
at  the  multiplication  of  the  quotient  a^+ab-^-k^  by 
the  divisor  a — 6,  and  it  will  be  readfly  seen  that  all 
the  terms  reproduced  in  the  partial  divisions  are 
those  which  destroy  one  another  in  th^  result  of  the 
multiplication. 

Ex.  3.  Divide  y3 — 1  byy — 1, 

Dividend*  Divisor. 


a 


y' — 1 


y-J 


Quotient* 


Ex.  4.  Divide  a«--:*»  V 
-  Dividend*         Divisor* 

a — X 


X. 


a«— «• 


IBH"»" 


a'x—x' 


Quotients 


tAx^ — x^ 


a*** — ax' 


ax^ — a;* 
ax^-^x^ 


S3 


JMVISION. 


Ex.S. 

Dhidend* 


a*+ii'  by  «+a« 


**iVn*i 


Qucftieni* 


95.  When  we  apply  the  rule,  (Art.  93),  to  the 
division  of  algebraic  quantities  of  which  one  is  not 
a  factor  of  the  oibe%  we  know  it  19  impossible  to 
effect  the  division ;  because  that  we  arrive,  in  tbe 
course  jof  the  operation^  at  a  remainder  of  which 
the  first  term  cannot  be  divided  by  that  of  the  4i- 
visor.  In  this  case,  the  remainder  is  made  the 
numerator  of  a  fraction  whose  denominator  ig  the 
divisor;  and  the  Traction  thus  ari^i^,  with  its  pro- 
per sign,  is  annexed  tp4he  other  part -of  the  quo- 
tient, in  order  to  render  its  vaUie  conwlfte, 

Ex.6.  Divide a^+a^h^2ff^i)y4i^ri^bK^ 


1st  rem. 


3d  rem. 


Dividends 

'"WT    -      fi        Irt     ■■■  


DiyisoTf 
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The  first  term  -^ab^  of  ihG:  remalider^  cannot 
be  divided  by  a^,  the  first  terip  of  tile  dil^isor^  thus   . 
the  divkion  termitiate&at  (iiis  pointl     Tbe  fraction 

H— -i— ,  having  the  HBmainder  for  its  numeratoi^ 

and  the  divisor  for  its  deBoii3nltof|  is  atoned  to* 
the  partial  qiMiiiBnt  a+6  %  and  the  c<M|9plipte  ^UP- 

96.  It  is  necessary  to  K^marrk,  tha(  the  operaHon 
of  division  may  be  oonsidered  aS  terminated,  whBn  - 
tbe  highest  powec  of  the  letter,  in  the  fifst  or  lead^ 
ing  term  of  the  remainder^  by  wbAch  the  profess  is 
regulated,  ii  lass  than  tbe  Irst  term  of  the  divisor  4 
as  the  Buceeedftk^  ptrt  of  the  c|uoti^f,  after  this,  ' 
would  necessarily  becotme  fractionaK;  and  ^hicli 
may  be  carried  on,  ixd  inftnihim,  like  a  tierfmij 

fraction.  -  .  •  '      * 

•  •• 

/  •  '* 

*'I'his  subject  l^ongs  to  algebraic  Icac^idfis,  an4as 
it  is  of  Cj)nsiderat>le  iyri'portan(ie  ill  au^ysj^,  we  will    , 
treat  of  \i  with  a  n^r  siftte^ioulnThe  ni^t  Cbajpter*  • 

97.  In  the  preeedti|g  e9aip(HQ0,*'i)ie  -product  ^f 
the  first  term  of  tie  ^uolt^t  lyr  ^e  divtsof,  if 
placed  undei:  the  dividend ;  then  the  redti<?tion  is 
made  by  subM^ction  \  and  every'  sifcceeding  pro^ 
dact  19  in^pag^d,  \^  like  manner^  V  1.9.  ^^  follpiying 
examples,  ^e  signs  of  all  the  terms  of  t^^  j^ro^pot 
are  changed  rn  placing  it  u^der  tne  dividend ;  and 
then  the  re4>^tion  is  perf9rmed  lev  tfc^^.  rules  of 
addition ;  which  is  the  method  adopted  bjf  soipe  of 
the  mpst  refined  ./i|M«^y4te.  ^'  • 


^  ..  DIVISION. 

Ex.  7.  Difldea*+2«»6«+A*— c*  bya»+6*+c»: 

Dividend.  Divisor. 

QmtierU* 


2d  rem.        •*  — a*c»— i*c«— c* 

i r- 


r 


E&  8.  Diaide  6»*— ^  by  3x— 6. 

•-*   Dmdend.  Divisor. 

,     G«*— 96  .A       )  9% — 6 


.'■  •«*■•*« 


-*- 


■*  ^ 


48ir — 96 


»■       « 
-    Ex.  8..  Divide  '8a«V4tf'6'+  4fl3+  fe^~fc«  4- 1 

Dividend.  Divisor. 


— 8^»+4a^6*  — 4a3' 


•«>iA> 


.  QiuHenf. 
I ^ 


-2a^— 6^  +  1  .  -  1  4a^  +  I 


«      « 
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98.  The  divj^oD  of  algebraic  q^j^j^^kies  can  be 
sometime  fapMltate^  bj  docojDjjpfiiqg,'  at  sight,  a 
qaantity  inta  it&  ^^t9J^.y  thu«,  ^a  4h«  above  ex- 
ample, the  4iY^QC  fprv^^  i^^ei  three  last  terms  of  the 
dividend,  i^  i&  c^I^  ^lecessary  to  seek  i£  i^  he  ^  fac- 
t€i^  ^f  the  thcee  firsf ;  but  those  have  Yi^btlj  for  a 
common  factor  4a*,  for  6a'~te^J*+4(*^=*=4a' X 

,     By  this  observation,  tb^  dividend  will  become  * 

4aH2a'— W  +  l>+2a^— fta  +  l, 
or       (2a^— 6^  +  l)X(4«*-Kl):  - 
therefore  the  division  is  immediately  effected,  by 
suppressing  the  faetor  9a^— ^^«f  1  equal  to  the  di- 
visor, and  the  quotient  viiU  be  4a?  + 1  • 

Experience,  i^  alg^(>rai€  calculations,  wilf  sug- 
gest a  great  many  reaq|^tk^  of  t\iis  kind,  by  which 
the  operations  can  be  frequently  abridged. 

m 

99.  It  sometimes  h§P.p^i^s  t^^^  in  arranging ^be 
dividend  and  %he  divisor  according  to  the  same 
letter,  there  occur  several  terms  in  which  this  letter 
has  the  same  expqne|it :  \p.  this  case,  it  is  necessary 
to  rAnge  in  thecfaafH^  column  those  terms,  observing 
to  order  them  according  to  another  lettec,  common 
to  the  two  quant|tie{« 

Ex.10.  Divide  -ra^t^+J^c*— a^c*— a«+2a*c« 
+6«+26*c«4-a^6*  by  a«— J*— c^. 

Ordering  the  dividend  according  to  the  letter  a, 
we  will  place  iu  the  samecolumn  the  terms — a^b^ 
and  +2a*c*,  in  anether  the  terras  +a''6*and  — a« 
c* ;  finally  in  the  last  column  the  three  terms  +&^) 
rj-26*c^,  +6*c*,  ordering  them  according  to  the 
exponents  of  the  letter  b  ;  then  the  quantitiesi?  so 
arraqgedj  will  stand  thus : 

7.t 


6«  DIVISION. 

Dioidetkd*  Divisor. 


+ 

tst  rem»  — 2a*6"+a»6*+6« 

4-  a*c»— a*c*+26*c» 

— 2a«fc«c» 

3d  rem* 

• 

— 2a«6«c»+2S*c2 
a^c«4-a*6'c2 

• 

3d  rem* 

— 6«ca 

4th  rem. 

— a'b'c''+b*c' 
+b'e* 

+a''b*c'—i*c* 
—b'c* 

- 

« 

DIVISION. 


67 


£x.  11.  Divide  ax* 
(c*  +b)x+c  by  as* 


i 


+  I 

H    H 

I    + 


(6  +  ac)»*+  (c-|-k+a)x* 
6a? +c. 

I 


8 


I 


« 

1^.  The  following  practical  examples  mav  be 
wrought  according  to  either  of  t^  methods  pointed 
out,  (Art.  93,  97) ;  but  in  complicated  cases,  the 
latter  Bheuld  be  "preferred:  See  Example  10. 

Ex.  12.  Divide  »*—»♦+  x^—x^  +  2x^i  by  x* 
^x-^U  AnSiCC*— a?3+a^— a?+L 
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Aqs*  a^'-^ax+x^. 
Ex.  14.  Divide  2f '— 19«"+26x— 16  by  «--8. 

Alls.  2a« — 3a?+2. 

Ex.  15.  Diyide  48^»— 76ay*— 64a«y+105a»by 

i^^ — 3a.  Ans.  24y* — 2ay — 35a«. 

Ex.  16.  Divide  a9--i^62  by  a — b.         Ans.  a+b. 
Ex.  17.  Divide  ai — x*  by  o^ — x«. 

Ans.  o  +X2, 
Ex.  18.  Divide  a'-^"  by  a'+2a»6+2a6  +5«. 

Ans.  a^—2a'b+2ab^  — 6^ 
Ex.  19.  Divide  a*+a»t^+6*  by  a«— laJ+fta. 

Ans.  a^-fa6+i^* 

Ex.  ?0.  Divide  ?53¥^«— a;*— 2x'— 8«^  by  5x^— 

1x3.  Aos,  5x^+4x2 +3x+2. 

Ex.  21.  Divide  a*+4a6+463+ca  by  a+23. 


Abs.  a+^b-i- 


c^ 


a+2bt' 

Ex.  22.    Divide   Ba*—2a^b—'iSaH^—3ab\hy 
4a^+5a6+ft«.'        .  Ans*  2a^—3ab. 

Ex.23.   Divide  20a5-r-4U*64-50a3A2— 45a^6-^ 
+23a6*— 66«  by4o»— 5a6+26«. 

Ans.  5a^-^4a''b+5abf  ^2b2 . 

Ex.24.  Divider  «^4- 8a'x+ 24a«x2  +  32ax3,+ 

16x*  by  a+2x.  Ans.  a^+6a*x+12ox2+8x3. 

Ex.  23.  Divide  x*—(rf—6)x3+(p— fl6+3)x^ + 
(6p— 3a)x+3p  by  x^ — ax+p.       Ans.  x3+6x4-3* 

Ex.26.  Divide  ax»—<a«+i)x« +63  by  aa?T- J. 

Ans.  «^-r-ax-r-&. 
Ex.  97.  Divide  y»4ra«y4+6*y3.^a«—-2^fly4 — 

tt*y»  --2a4  Ja-.«n*  by  ^*  +2a^y«  +««-43y*  +fl^6« . 

Ans.  y«  ^a^  -rrfc*^ 

,  Ex.28.  Divide •e«f-«-4Cx«+95x«  +  l50x  by  ^ 

— 4ic— 5.  Ans*  9x*-*10a?3+5x2— 30x. 
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Ex.  29.  Divide  6a*+9o»— 15o  by.  3o»— 3a. 

Ana".  2a»4-2a+5. 

Ex.  30.  Divide  2a'— 13o»6  +  31a»6»— 3fla6'+ 

24b*  by  2a' — Sab+lb'.  Ana.  a'—5ab+Gb*. 

§V.  Some  General  TTteorems,  Obsenatiom,  &c, 

101.  Newtos  calls  Algebra  Universal  Arithmetic. 

This  deDomiaatioD,  aaya  Lagrange,  in  bis  TVaiti 

de  la  Rfsolution  dee  Equations  numfriquei,  is  exact 

in  som^eapects ;  but  it  does  not  make  aufficiently 

letneen  Arithmetic  and 

thtnetic  cbiefly  in  this  ; 
gure  bas  a.  detenninate 
Lrtoitaeif;  whereaa  the 
general,  or  independent 
signification,  represent 
atities,  according  to  the 
bich  tbey#re  applied. 
Hence,  when  any  of  the  operations  of  addition, 
subtraction,  ^c,  are  to  be  made  upd^^mbers,  or 
other  magnitudes,  which  are  repre^Red  by  (he 
letters,  a,  b,  c,  iic,  it  is  obvious  tliat  the  results  so   . 
obtained  will  be  general  j  and  that  any  particular 
case,  of  a  similar  Kind,  may  he  readily  derived  from 
them,  by  barely  sakBtitutiug  for  every  letter  its  real 
Dumerat  value,  and  then  computing  the  amount  ac- 
cordingly. 

Another  advantage,  also,  which  ariaea  from. this 
general  taode  of  notation,  is,  tbaf  while  the  figures 
employed  in  Arithmetic  disappear  in  the  course  of 
the  operation,  the  characters  used  in  Algebra  always 
retain  their  original  form,  so  as  to  show  the  de- 
pendence  they  have  upon  each  other  in  every  part 
of  the  process  j  which  circomstaace,  together  with 
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that  of  repreflenting  tbe  opefations  cf  addiiioB^aub- 
tiactioa,  &c.,  bjr  means  of  certain  signs,  renders 
both  the  knguage  and  algorithm  of  this  scifiBce  ext 
trem^j  sif»ple  and  commodious. 

Besides  the  advantages  which  the  algebraic  me- 
thod of  notatioa  possesses  over  th^t  of  nmnbers,  it 
may  be  observed,  that  even  in  this  eariy  part  of  the 
aeiMce  we  are  6iriiishe4  with  th^  meaii3  of  obtain- 
iiig  several  geocral  the^seoM  that  coqld  not  b^  w^U 
established  by  the  privcipie^  of  Arithmetic*. 

102*  7%e  gv^ftr  of  any  ttoQ  liMnibArs  is  equ/c^to  half 
their  sum  added  to  half  their  difference^  and  the  less 
is  effual  to  halfthsir  sntmninus  halfthsir  differ  s^ce. 
Let  a  and  b  ha  any  two  nunibers,  of  which  a  is 

thegveater^  let  their  sum  be  represented  by  9 ;  aii4 

their  differenae  by  d :  Thea, 

a — k^d\ 

^jxxis^d     (Art.  48) 

a^l+l      (Art  50- 
By  subtraction,  26=5 — d      (Art.  49) ; 

and         ••.  •  ^="5"^      ^^■**  ^^)* 

Cor.  1.  Hence  if  the  sum  and  difference  of  ^ny 

^  two  ni^m^bers  be.givqn^  we  can  re^adily  find  each  of 

the  nunib^rs;  thu9)  if  5  be  equal  to  the  sum  of  two 

numbors,  wA  d  e^ual  to  tbe  di^Eerence ;  the^  the 

general  expcefl8i<m  for  tte  first,  is— r— ,  and  fox  the 
iqcoird-g-. 
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Whatever  may  be  the  nameral  values  that  we 
assign  to  s  and  Jfj  or  whatercr  Tftkics  these  letters 
taust  represent  4a  a  particular  question,  we  have 
l>ut  to  substitute  them  in  the  above  expressions,  in 
order  to  -ascertaia  the  numbers  required  :  For  ex- 
ample* 

Given  the  sum  of  two  numbers  equal  to  36,  and 
the  difference  equal  to  8 : 

Then,  by  substituting  3^,  for  s,  and  8  for  J,  in 

s+d   ^jt^—d^    .        s-^dSG+Q     44     ^. 

-***-r*^  apQ  ■  '*  ^wenave »■■  ■ « ■  ng.  -tsgg,  and 

2  Q  2  2         2' 

5-*-i{     36— -•S     38 

-^- — 2~~  2"=^^^-  S°  *»♦'  ^2  21"^  ^4  are  the 
nifmbers  required. 

Cor.  2.   Also,  if  it  were  required  to  divide  tJu 
number  s  into  two  suchparts^  that  the  Jirst  will  ex-     • 
ceed  the  second  iy  d.    It  appears  evident,  that  the 

general  expression  for  the  first  part  is  idt^,  andfor 

the  second  — —  5  s  and  d  representing  any  numbers 
whatever. 

after  the  'manner  of  Garmer.    Thus,  let  V?  repre- 
sent the  first  part ;  then  according  to  the  enuncia- . 
tion  of  the  question,  cc~d  will  be  the  second ;  and, 
as  any  quantity  is  equal  to  the  sum  of  aU  its  parts. 
'We  have  therefore, 

ap+a?— -if»:^,  Oir  8a?«Hi3i»sp. 
This  equality  rill  nGt  be  alterfci,  by  aMing  the 
mumbcr  d  to  eac^  member,  and  then  it  becomes,  •! 

,:  .J.    •  ^r^+d^i^S,QT2a!^8+d',    '  ,    I 

dividing  each  member  by  2,  we  ^ave  Ae  eqwlity, 
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I 

jcsc       ■  -  iQ  vhich  we  resid  thai  the  number  sought 

is  equal  to  half  the  sum  of  the  two  numben  s  and 
d'y  thus  the  relatioD  between  the  unknown  and 
known  numbers  reroaining  the  same,  the  question 
is  resolved  in  general  for  all  numbers  s  and  d, 

104.  We  have  not  here  the  numerical  value  of 
the  unknown  quantity ;  but  the  system  of  operations 
that  is  to  be  performed  upon  the  given  quantities ; 
in  order  to  deduce  from  them,  according  to  the  con- 
ditions of  the  problem,  the  value  of  the  quantity 
sought ;  and  the  expression  that  indicates  these 
operations,  is  called  a  formula. 

It  is  thus,  for  example,  that  if  we  denote  by  a  the 
tens  of  a  number,  and  the  units  by  b,  we  have  this 
constant  composition  of  a  square,  or  this  formula, 

a^+^ab+b'  ; 
this  algebraic  expression  is  a  brief  enunciation  of 
the  rules  to  be  pursued  in  order  to  pass  from  a  num- 
ber to  its  square* 

105.  From  whence  we  infer  that,  if  a  number  be 
divided  into  any  two  parts^  the  square  of  the  number 
is  equal  to  the  square  of  the  two  parts,  together  with 
twice  the  product  of  those  parts* 

Which  may  be  demonstrated  thus ;  let  the  num- 
Vbt  n  be  divided  into  any  two  parts  a  and  b  ; 

Then  n^a+b, 
and     n=a+b ; 


V.  by  Multiplication,  n*=a*+2ai+i«  (Art.  50). 

106*  If  the  Stan  and  difference  of  any  two  numbers 
or  quantities  be  multiplied  togeljuri  their  product 
gives  the  difference  of  their  squares,  observing  to 
takerwith  the  sign  —  that  of  the  two  squares  whose 
root  is  subtracted. 
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Let  H  and  n  represent  any  two  quantities,  of 
poljnomials  whatever,  of  which  m  is  the  greater ; 
then  (m+n)X(m — n)  is  equal  to  m^— *«  ;  for  the 
operation  stands  thus ; 

(m+n)x(m— n)=m*+mn  )  -.«3_^» 

— MN— N*  ^  -M         N   . 

^  107.  When  we  put  M=a',  and  n=6*;  then, 
.(:a^+b^)X(a^—b^):=:a;—b'^ ;  (See Ex. 9. page 4 1 }. 

Where  «•  is  the  square  of  «',  and  6*  that  of  6^^ 
and  this  last  square  is  subtracted  from  the  firsH 

Reciprocally,  ihe  difference  ofiwo  squares  m* — ^n*, 
can  be  put  under  the  form  (m+n)  X  (u— *il^.         ** 

This  resuJt  is  a  formula  that  should  ha  remem* 
bered. 

1 08.  TTit  difference  of  ai^  two  equal powei^  '^differ- 
ent quantities  is  always  divisible  ^  (he  difference 
of  their  rooisy  whether  the  exponent  of  the  p&toer  be 
even  or  odd.     For  since  '/  .  ' 


ajS — q5 


'- — . —  -^x^+ax^+a^x^+c^x+x* ; 

X — a  ^ 


oj'-— a* 


— =x^+axk+a^^^+ii^x^r^a*x+a^< 

X — a  .     i    \  •   •  •      ^       , 

&c.  &c.    ,       .  ,j     .         '  .    * 

,  We  may  conclude  that  in  gener^J,  a?"— a*"  is  divi- 
sible'by  *— a,  m"being  dn  entire  positive  number  5 
that  is,    «"  • '  . 

x^ — a*"  '  -     -        ■ 


X — a 


ir'-^+ax'^+  ^.  ^  +a'"-^2^+a«-* . . .  (1>, 


—  i,m— 1 


•     -  *  ... 

J  09.  TAc-  differef^te  6f  any  tmo  equal  powers  of  differ^ 
ent  quantities  is  atsoi  divisible  Hy  the  sum  of  their 
roots,  phep^  the  expqp,ent  of  the  power  is  an  even 
§f^mber»    For  since 


« 


% 
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■ 

ar* — rt* 


I 

=x3  —ox'  +o'x — a'  J 


x«— a* 


&c.         La 

Hence  we*  may  conclude  that,  in  general, 

x+a  * 

1 1 0«  wfnrf  fAe  sum  of  any  two  equal  powers  of  different 
*  quantities^  is  also  divisible  by  the  sum  of  their  roots ^ 

mohen  the  exponent  of  the  power  is  an  odd  number, 

For^ii»cci 

J — =x* — ax+x'  ; 

=x* — ax^+a^x? — a^x+«* ; 

X+tf 

Hciicp,  we  may  c<>rKlude  that,  in  general, 

i^ J^^j^s0»^ax^^'+  ..—a^'^-'x+a'^"'. .  (3). 

x+a 

nU  Ti^ihefornuiteCO,  (2).  C^),  as  wel!  as  in  all  ^ 
oHicrs  of  a  »iri|ilar  kind,  it  is  to  be  observed,  that  i 
if  m  be  any  whole  number  whatever,  9m  will  always  ^ 
be  art  even  ouif^berj^and  2m+l  an  odd  number;  so 
tl\^ti  2m  is  a  general  formula  for  even  numbcr5> 
ggyl  2m+ 1  for  odd' numbers.     . 

112.  Also,  if  a  in  each  of  .the  above  formulae, 
be  taken  =l^and  x  beliig  always.considered  greater 
than  a;  ihey  win  stan(J  «>  follows: 

i!!ll!=x«-*+x'*-2+«"^*+  . .  ."!  +a;+l.  .  .  (4). 
X— 1  /         '  . 

*!!lli==x^«-»— x^^-^+x^^^ v+x-1.  .  »  (5)- 

a?+ 1  •  •      '»f 

or^^^+l 


x+I 


^x^-"— x2"^''+x2*^-* .  — aj+l.  .  •  t6); 


i 
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113.  And  if  any  two  unequal  power^  of  the  same 
root  be  taken,  it  is  plain,  from  what  is  here  shown, 
that  ^  ^  :* 

^«— a;*,  or  aj*(x'"~*-;l)  ......  i[7y,      "   ' 

is  divisible  by  a? — 1,  whether  m — n  be  even  orodd;- 
and  that  .       '    . 

0?"— X*,  or  ^."(a:"*."*— 1) (8), 

is  divisible  by  x 4-1,  whe«  m — 9  is.a^  even  nvm- 
ber ;  as  also  that 

a?'"^-a?^  or  a;'*(a:"~"+l) (D), 

is  divisible  by  x+ 15  when  m-^n  is  an  odd  number 

114.  Jt  is  very  proper  to  rtmark,  that  the  num- 
ber of  all  the  factors,  both  e<|ual  and  uhequ^l) 
which  enter  in  the  formation  of  any  product  wnai- 
ever,  is  called  the  degret  of  that  product:  The 
product  a^b^c^  for  example,  which  comprehends 
six  simple  factors,  is  of  the  sixth  degree;  this,  a'^h^c 
is  of  iho^tenth  des^ree :  and  so  6u» 

Also,  that  ir  alt  the  tetms  of  a  polynomial,  or 
compound  qQantity,  bejof  the  same  degre^,  it  is  . 
said^o  be  homogeneous.     And,  it  i^  eviden^  from 
the  rules  established  in  Multiplication,  that  if 'two 
polynomials  be  homogeneaifss  y  their  product  will^  be  also 
homogeneous  ;  anAo/  the  degree  marked  by  the  $$im  of 
the  numbers  which  designate  the  degree  qjf  those  fac-  . 
tors»  ^' 

Thus,  in  Ex*  1,  page  39,  the  multiplicand  is'^of 
the  fourth  degree,  the  multiplier  of  the  third,  and 
the  product  of  the  degree  4  +  3,  or  of  the  sevefith 
degree.  '  ,"  *     '         > 

In  Ex."  12,  page  42,  fhe  multiplicand  is  of  the. 
third  degree,  the  multiplier  of  the  third,  and  the 
product  of  the  degree  3+3,  or  of  tl>efsi:yjh  d^gr^e. 

Hence,  we  ^an  readily  discover,^  by  inspection 
only,  the  errors  of  a  prftdact,  which  giigfit  be  com- 
mitted by  forgettirlg  sfjine  onb  of  the  factors,  in  the 
partial  multiplications.  * 

V 
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ALGEBRAIC  FRACTIONS. 


115»  We  have  seen  in  the  division  of  two  simple 
(quantities  (Art.  84),  that  when  certain  letters,, 
factors  in  the  divisor,  are  not  common  to  the  divi- 
dend, and  vcciprocally,  (he  division  can  only  be  in* 
4i(pated,  and  then  ihe  quotient  is  represented  by  a 
fraction  whose  numerator  is  the  product  of  all  the 
krtters  of  the  dividend,  not  common  to  the  diivisor, 
and  denominator,  all  thQ3e  letters  of  the  divbor,  not 
'  coHimon  to  the  dividend. 

Let,  for  example,  abmn  be  di vidpd  by  cdmn ;  then^ 

abmn    ab 

'    cdmn    cd 

It'mj»y  be  observed  that  the  fraction  ^  may  be  a 

whole  number  for  certain  numeral  values  of  the 
letters  a,  6,  c,  and  d\  thus,  if  we  had  a =4,  i=6, 
'c=2,*<?=«=3  ;'  but  that,  generally  speaking,  it  will  be 
a  numerical  fraction  which  can  be  reduced  to  a 
more  simple  expression* 


§  I.  Theory  of  Algebraic  Fractions. 

U6.  It  is  evMent  (Art*  103),  that  if  we  perform 
the  same  operation  on  each  of  the  hoo  members  of 
ah  eqtialitt/i  that  is,  upon  ivxo  equivalent  quantities 
or  numhersj  fRc  results  shall  always  be  eqUah 
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It  is  by  passing  thus  from  the  fractional  notation  * 
to^the  aTgorithm  of  equality,  that  the  process  to  bQ 
pursued  io  the  researches  of  properties  and  rules, 
becomes  simple  and  uniform* 

117.  Let  therefore,  the  equality  be 

0=6  Xi?  .  .  .-.  .  .  (1),  '' 

when  we  divide  both  sides  by  6  which  has  no  factor 
common  with  a,  we  shall  have   . 

1=^- (2).  ^  ■      ^ 

Thus  V  will  represent  th^  value  of  the  ftaction  ' 
^,  or  the  quotient  of  the  division  of  a»  by  6. 

118.  If  the  numerator  and  denominaicit  of  a  fraction 
be  both  mtdti^liedy  or  both  divided  b^  the  sams 
quantity ^  its  value  will  not  be^  altered* 

For,  if  we  multiply  by  m  the  two  roetijb'ers.  of  the 
equality  (1),  ^ve  will  have  these  equiviile^  results. 

rrta=m6  Xi3  .•.•••  (3)  j 
dividing  both  by  ni6,  we  shall  bave  ^ 

ma  .         * 

mb    *■'         ..        «    '  ,    ^ 
l^B*  -=at?  J  therefdre  '^ 

mb  o  »  .•   • 

«r being  any  wh^Ie  or  fractional  «mmber  whatever. 

119:  If^a  fraction  is  to  be  multifiied  by  rn^  it  is  the 
same  zoJie^er  the'  nvm^rOtor  b^^mtdlipli^dj)y  it,  or 
the  denominator  divided  by  %t. 

For^  if  we  dividdfiib^  bs  th(j  hxo  members  jof  the 
equality  (J),  we  obtain  the  following, 


met 

8* 
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The  cqutlitjr  (1)  may  also  be  put  under  the  form 

a= — 6  Xnrp  ......  (C). 

m  J 

whence  we  derive,  dividing  e^ph  side  by— 6f 


a 


3^=mxr 


(7). 


1 20.  If  a  fraction  is  to  be  divided  by  w,  it  is  the  same- 
whBlher  the  nianerator  be  dfvidedby  m,  or  the  de- 
ytominoior  multiplied  by  it. 
tT)r,  from  the  equality  (I),  we  deduce  these 

(8) -^»=6X^,  a^tnb%— (U), 

dividing  the^first  by  b  and  the  second  by  mi,  'n  order 

to  have -^,  they  become 


(.10)%  .  •  •-r^— '  ^'"^ 

^  .6       mmb 


V 

m 


•  • 


.(11). 


ft  is  to*be  observed  that  in -r>the  numerator  is  — 


f» 


and  i\^&  flenomUiator  6,  and  that  we  employ  the 
greater  .line  for  ss|»aratiag  the  numerator  from  the 
denominator,         ..*_., 

ISr.  If  iM  fractions  ka-oe  a  common  denominator^ 
their  sum  toill  be  eqv^l  tojhe  sum  ofth^if  numeret^ 
tor's  divided  by  the  corrw^on  denominator. 

For,  let  now  thetw;>  e<;^iities  be^ 

(12).  .*  .'a^bXv'i  a'^bylv'\\  .  .(13)/ 
(;orresponding  to  the  #actioii|  .       '^     . 

?—     ^ -^^      '  ^  ' 
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■  « 

4 

9 

which  have  the  same  denominator ;  adding  the  two 
equalities  (12)  and  (13),  we  shall  have 

and  dividing  both  members  by  6,  in  order  to  have  the 
sQm  sought  t?+^'j  it  becomes 

— - — =i?-^t?  ,  •  •  •  (14}. 
6 

J^oie.  In  adding  the  above  equalities,  the  corres- 
ponding members  are  added ;  that  is,  the  two  mem-, 
bers  on  the  left-hand  side  of  the  sign  =,  are  added 
together,  and  likewise  those  on  the  right.  The 
same  thing  is  to  be  understood  when  two  equalities 
are  subtracted,  multiplied,  &c; 

122.  If  two  fractions  have  a  common  denominator, 
their  difference  is  equal  to  the  difference  of-iheir 
numerators  divided  by  the  common  denominator* 

For,  if  we  subtract  equality  (13)  from  (12),  we 
shall  have 

a — a=szhv — hv'=^h{v — v) ; 
dividing  each  side  by  6,  and  we  will  obtain 

— — z=v — V (15). 

123.  Let  us  suppose  that  the  two  fractions  have 
different  denominators,  or  that  we  have  the  equali- 
ties 

a=6  . 1?,  a'=6'  .v'\ 
we  will  multiply  the  two  members  of4he  first  by  b\ 
a&d  those  t>f  the  second  by  *&,  an  operation  whfch 
will  give 

'  then  adding  am}  subtrac^Uig^  we  have 

ab'±a'b^hb'{v±%'\  ^ 

the  double  sign  ±  lyhkb  we  i^ad  ^lus  or  minus,  in- 
dicating at  the  sametiipe  I^  lyiditimn  and^ui^^j^- 
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lion  ;  dividing  each  side  by  bb,  in  order  to  find  the 
sam  and  difference  sought  v±v ,  we  will  bare 

—^. ='':i:r' (16); 

fron>  whence  we  might  readily  derive  the  rule  for 
the  addition  and  subtraction  of  fractions  not  re- 
duced to  the  same  denominator. 

124*  It  would  be  without  doubt  more  simple  to 
have  recourse  to  proport)  (4)  in  order  to  reduce  to 
the  same  denominator  the  fractions 

a  a'      , 

r "'  T=" ' 

but  our  object  is  to  show,  that  the  principle  of 
equality  is  sufficient  to  establish  all  the  doctrine  of 
fractions. 

125.  We  have  given  the  rule  for  multiplying  a 
fraction  by  a  whole  number,  which  will  also  answer 
for  the  multiplication  of  a  whole  number  by  a  frac- 
tion. 

Now»  let  us  suppose  that  two  fractions  are  to  be 
multiplied  by  one  another. 

126.  Let  the  two  equalities  be 

multiplying  one  by  the  other,  the  two  products  will 
be  equal ;  thus 

and  dividing  each  side  by  bb\  in  order  to  have  the 
product  sought  vv\  we  will  obtain 

--=rv (17). 

^  Therefore  the  producPi^  two  fractions,  'is  afrac- 
tionif'havingfor  it$ numerator  the  produtPi^ihB  numc- 
ratorsy  met  for  it$  demminator  thftt  of  the  denomina^ 
ion-'  •'"*'.  .  ♦       «- 
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1 27.  It  now  remaind  to  $how  how  a  whole  num- 
ber 18  to  be  divided  by  a  fractioD ;  and  also,  how 
one  fraction  is  to  be  drvided  by  another. 

Let,  in  the  first  case,  the  two  equalities  be 

if  we  divide  one  by  the  other,  the  two  qaottents 
wiH  be  equal,  that  is 

171         171 

^—        • 

a     bv ' 
and  multiplying  both  sides  by  &,  in  order  to  have 

(he  expression — ,  we  shall  find. 

V 

!l*=^ (18). 

a       V 

Therefore  to  divide  a  whole  number  by  a  fraction^ 
we  must  multiply  the  whole  number  by  the  reciprocal 
of  the  fraction^  or  which  is  the  sfame^  by  the  fraction 
inverted^ 

Let,  in  the  second  case,  the  two  equalities  be 

if  the  first  equality  be  divided  by  the  second,  we 
shall  have 

a b  [  V 

'a''^  V .  v'  '       . 
multiplying  each  side  by  V  and  dividing  by  (,  for 

the  purpose  of  obtaining  the  expression  — ;,  we  will 

arrive  at 

?|=Z=,?X-^ (19). 

ab     V     b     a 

Therefore,  to  divide  one  fraction  by  another^  we 
must  multiply  the  fractional  dividend  by  the  reciprocal 
of  the  fractional  divisor,  or  which  is  the  same,  by  the 
fractional  divisor  inverted. 

137.  JTbese  properties  and  rules  should  still  take 


I 
1 

i. 
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friace  in  case  that  a  and  b  would  represent  any  poly- 
nomials whatever. 

According  to  the  transformation  a"^=— j^demon- 

strated  (Art.  8G),  we  can  change  a  quantity  from  a 
fractional  form  to  that  of  an  integral  one,  and  reci- 
procally* So  that; we  have  -=6  X-=  6  Xa*"*=  6a~% 

a  a 

4=6xl-=iXa-^=fea-^,  and  a■V*d-«=i.x-i- 
X— = - .    In  like  manner  any  quantity  may  be 

transferred  from  the  numerator  to  the  denominator, 
and  reciprocally,  by  changing  the  sign  of  its  index: 
rru       a'b        b        bc-^        cr^     .^^  g-^x-^TT^  _ 


a^b^x^'z 


128.  If  the  signs  of  both  the  numerator  and  denomi- 
nator of  a  fraction  be  changed,  its  value  will  not  be 
altered* 

Thus,  — -=-r    =+-=-  ;  -=-- 

•    — ft      +b         b     b     c — d     d — c 

Which  appear^  evident  from  the  Division  of  alge- 
braic quantities  having  like  or  unlike  signs.  Also, 
if  a  fraction  have  the  negative  sign  before  it,  the  value 
of  the  fraction  will  not  be  altered  by  making  the  nu- 
merator only  negative,  or  by  changing  the  signs  of 
all  its  terms* 

m.  a      ,  — a       -     a — 6      ,  b — a     b — a 

Thus, — ■r=H — r-,and .==+^— -=--—.. 

b  b  c — d         c+d     C'\'a 

And,  in  like  manner,  the  value  of  a  fraction^  hav- 
ing a  negative  sign  before  it,  will  not  be  altered  by 
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tnaking  the   deaomioator  only    negatiye  :    Thu9, 

c — d        d — c     d — c 

1 29.  ^0/6.  It  ^^ay  be  obgerved,  that  if  the  nume*' 
ralor  be  equal  to  the  denominator,  the  fraction  is 

equal  to  unity;  thus,  if  a=6,  then  -=_=:i ..  Also, 

b     a 

if  a  is  >6,  the  fraction  is  greater  than  unity ;  and 
in  each  of  these  two  cases  it  is  calked  an  improper 
fraction:  But  if  a  is  <bj  then  the  fraction  is  less 
than  unity,  and  id  this  case,  it  is  called  a  proper  frac- 
tion* 

« 

§  II.  Method  of  finding  the  Greatest  Common  Divi" 
sor  of  two  Qr  more  Quantities* 

130.  The  greatest  common  divisor  of  two  or 
more  quantities,  is  the  greatest  quantity  which  di- 
vides each  of  them  exactly.  Thus,  the  greatest 
common  divisor  of  the  quantities  IGa^b^,  t^a^bc 
and  4a6c^,  is  Aab* 

131.  If  one  quantity  measure  two  others,  it  will 
also  measure  their  sum  or  diflerencc.     Let  c  mea- 
sure a  by*  the  units  in  to,  and  b  by  the  iinits  in  n,  • 
then  a^s=mc,  and  b^=^nc;  therefore,  a-^b^=^mc'i'nc=^ 
(m+n)«,  and  fl— 6=mc — 7ic^{m — n);  or  a±b=^     • 

■    {mitji) ;  consequently  c  measures  a+b  (thcir^sum) 
"  hy  {he  units  In^m-rn,  and  a— 6  (ihe^r  difference)  by 
tl^e  uijits  in  m — n*r    ^  , 

,  !€?.  Let  a  and  6  be  any  two  j3ffembet%  or  (}|}an#^  ' 
tieS;  vvheffiof  a  \^  the  greater 5  and.let'jDSie  ^uotienr** 
,o[u  divMed  by  6>.  a^  c=  remainder;  q^=  quoli^t 

,.  of  b  divided*fc||r  c,  and  rf=^  remahider ;  r=  quotient 
^of,  c  i^'^i^^d^  and  $\q>  remafnder  sO ;  thus, , 


u 
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b)a(p 
ph 


c)b(q 
qc 


d)e{r 
rd 


Then,  since  in  each  case  the  divi- 
sor multiplied  by  the  quotient  plus 
the  remainder  is  equal  to  the  divi- 
dend ;  we  have 

xc=^rd,  hence  9C=}rd  (Art.  60); 

^b^gc  +  d=qrd+d=^{qr+\)d\  and 
pb=pqrd+pd=:  {pqr+p)d  (Art.61 .); 
,*.a=pb+c=^pqrd  +pd  +  rd=^{pqr 
+p+r)d. 


Hence,  since/?,  q^  and  r,  are  whole  nunAers  or  intt' 
gral  quantities^  d  is  contained  in  b  as  roanj  times  as 
there  are  units  in  ^r+l,  and  in  a  as  manj  times  as 
there  are  units  xn  pqr-\'p-\'r\  consequently  the  last 
divisor  J  is  a  common  measure  of  a  and  b ;  and  this 
is  evidently  the  case,  whatever  be  the  length  of  the 
operation,  provided  that  it  be  carried  on  till  the. 
remainder  is  nothing* 

This  last  divisor  d  is  also  the  greatest  common 
measure  of  a  and  6.  For  let  a?  be  a  common  mea- 
sure of  a  and  b  ;  such  that  a=mx,  and  b=nx,  then 
pi=:pnx  ;  and  c=a — pb  =■  mx—pnx  =  [m-^pn)Xy 
also  d=^b — qc  =  nx  —  {qmx — qpnx)  =na: — qmx  + 
pqnx={n — qm-i'pqn)x  ;  (because  qc^=.qmx — qpnx) 
therefore  x  measures  d  by  the  units  inn — qm-^-pqu^ 
and  as  it  also  measures  a  and  6,  the  numbeiB,  or 
qQanlities  a,  6,  and  d  have  a  common  measure* 
^o\\  the  greatest  common  measure  of  d  is  itself} 
consequently  d  is  the  greatest  common  measure  of 
a  and  b.  .'     ' 

133.  T«  find  tlfe  '^FcateM  *common  flneas\ir,e  of 
three  numlj^rs,  or  quantities,  n,  6,  c;  let  d  be  the 
greatest  comijien  measure  ol  a-,  ^fid  b;,  and  x  the 
gre^atoet  common  measure  gf  iJand  c;  tJien  x  is  the 
greatest  comjpojumeasure  of  a,  6,  dn8  c.  For,  as 
ii,  fc,  and  li  hai^  a  cortmbn.  measWe:'if*d'and  c 
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hare  9lso  a  common  mcasare,  <hat  same  number  or 
quantity  will  measure  a,  6,  and  c ;  and  if  x  be  the 
greatest  common  measure  of  d  and  c,  it  will  also  be 
the  greatest  common  of  a,  h  and  c. 

And,  in  like  manner,  if  there  be  any  nurnbcr  of 
quantities ;  a,  6,  c,  rf,  &c. ;  and  that  a;  is  the  greatest 
common  measure  of  a,  and  h ;  y  the  greatest  com- 
mon measure  of  x  and  c  \  z  the  greatest  common 
measure- of  ^  and  d;  &c.  &c. ;  tlien  w^ill  y  be  the 
greatest  common  measiare  of  c,  6,  and  c^ z  the 
greatest  common  measure  of  a,  6,  c,  andi?}  &:c.  &;c. 

134.  The  preceding  method  of  demonstration  is 
similar  to  that  given  by  Bridge  in  his  Treatise  on  the 
^Elements  of  Algebra  :  The  following  is  according  to 
the  nmnner  of  Garnier.  Thus,  to  find  the^ greatest 
common  divisor  of  any  number  of  quantities  A,  B. 
C,  &c.,  it  is  sufficient  to  know  the  method  of  finding 
the  greatest  common  divisor  of  two  numbers  *or 
quantities.  For  this  purpose,  we  will  at  first  seek  the 
greatest  common  divkor  D  of  the  quantities  A  and 
8,  then  the  greatest  common  divisor  D  of  D'  and  C. 
and  80  on,  and  finally  the  last  greatest  commqn  di- 
visor will  be  that  which  was  required. 

Let,  fn  order  to  demonstrate  it,  the  three  quanti- 
ties be  A,  B,  C;  we  will  have 

f7i  and  r»  are  necessarily  prime  to  one  anotheryvOther- 
"  ^vise  D  would  not  be  the  greatest  common  divisor 
of  A  and  B ;  r  and  q  are  also  prime  to  one  another, 
in  order  that  D'  may  be  the  greatest  common  divi- 
sor of  D  ande.  Now  rD',  the  greatest  common  di- 
vtsor  of  A  and  B,  cannpt  be  the  greatest  common 

9- 
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divisor  of  A,  B,  and  C,  imless  that  r  be  equal  to  q^ 
or  a  factor  of  g ;  but  r  and  q  beiag  prime  to  one 
another ;  D',  remains  the  greatest  common  difisor 
of  A,  B,  and  C. 

135.  As  the  problem  of  fiiidin|;  the  greatest  com- 
mon divisor  of  any  two  quantities  A  and  B,  is  the 

same  as  to  reduce «  fraction  —  to  its  most  simple 

expression ;  because  that  in  dividing  A  and  B  by 
their  greatest  common  divisor,  we  have  the  two 
least  quotients  possible ;  admitting  this  enunciation, 
and  supposing  A>B« 

The  greatest  common  divisor  of  A  and  B,  cannot 
exceed  B ;  it  could  be  B  itself,  whieh  we  can/eadily 
know,  if  we  perform  the  division  of  A  by  B,  which 
gives 

-5=?  +  ^*  •  •  •  (Uj 

q  being  the  integral  quotient,  and  R  the  remainder, 
if  A  is  not  exactly  divisible  by  B.     The  fraction 

A  R 

~  being  changed  into  q+  — ,  cannot  be  reduced  un- 

B  B 

R  B 

less  that  ~  or  its  reciprocal"  =r-  is  reducible,  bc- 

.        .         .        .        *^ 
cause  q  is  an  integral  quantity  which  is  always  irre- 
ducible ;  or  B  being  >R,  the  quantity  whfch  ought 

to  reduce  ^,  cannot  exceed  R,  it  might  be  R  itself, 

which  we  will  know  in  performing  the  division  of 
B  by  R,  which  gives 

B  R' 

9'  being  the  integral  part  of  the  quotient,  and  R'  the 
remainder  ^R;  we  s^y  still  that  the  reduction.of 
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B  , R'       .         . 

-^  depends  on  that  of  --j,  or  its  reciprocali  because 

that  q'  is  an  irreducible  quantity ;  so  that  by  con- 
tinuing in  this  manner  we  shall  have  the  following 
^  decompositioins : 

|^=9"+g7  •  •  •  •  (3)j 

R"    ^    ^K"  ^  '  ' 

We  see  very  clearly  that  the  quimtity  which  Qught 

to  reduce  TT  is  that  which  must  reduce  tt  <>f  «- 
B  •  BR 

R'       R 

•  which  itiust  reduce  ^  or  -^,  which  must   reduce 

R'      R' 

.  If,  for  example,  R"=±a,  this  quantity  canno^be 
greater  than  W :  R '  is  therefore  the  greatest  quan- 
tity which  can  reduce^bf^  friction  ^^  consequently 

it  ifl  the  greatest  common  divisor  of  A  and  B* 

136.  LetR"'=OandR'==l.:  unity  will. be,  ac- 

cbrding.to  what  ha^  been  above  demonstrated,  the 

'  greatest  cooimon  diyisor  of.  A  and  £  ;  tt^  fraction 

A    *.  *    '•       ■'  '  * 

g-  ^\\\  theirefare  itsolf  b^  the  f  reatijstfl^jq^^essipn, 

that  iS;  it  will  be  Irrtfduct We*,  Redlffrocs^,  the  iast 
divts(^  b0ig  umttfj  «>«  n^ay  fomtude  that  the  fraction 
lyropas^d  is  irpeducMe^  or  in  its  lowest  terms. 

1 87.  It  nxa^also  be  shQwnv  thaf  the  gi«atest  com- 
mon measure  of  two  quantities  will,  in  no  respect, 
be  altered^  by  multiplying  or  'dividing  either  of 
them  by  any  quantity  which  is.  not  a  divisor  of  the 

•  other,  or  that  cojitains  no  factor  which  is  common 

•  to  both  of  them^  thag,  iet.tbe- qyiai^titips  ab  and  ac 
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be  taken,  of  which  the  common  measure  is  a;  then. 
ifab  be  multiplied  by  rf,  they  will  become  abd,  and 
ac ;  where  it  is  evident  that  a  is  the  common  mea- 
sure, as  before.  And,  conversely,  if  the  first  of  the 
ivfp  quantities'  «W,  ac,  be  divided  by  rf,  they  will 
becGfme  ab,  ac,  where  a  is  still  the  common  measure* 

138.  But  it  will  not  be  the  same  if  one  of  the  two 
quantities  be  multiplied  or  divided  by  a  quaotity 
which  is  a  divisor  of  the  other,  or  has  a  common  fac- 
tor with  it ;  for  if  the  first  of  the  two  quantities  a6,  ac, 
be  multiplied  by  c,  they  will  become  a5c,  ac,  of  which 
the  c^mm49n  divisor  is  ac^  instead  of  a ;  and,  con- 
versely, if  the  fir&t  of  the  two  quantities  aba  and  ac, 
be  divided  bye,  they  will  become  ab  and  ac;  oi  . 
which  the  comoion  divisor  is  a,  instead  of  ac. 

139.  Hence,  if  .the  numbers  or  quantities  be 
mncN,  pqc'^' ;  the  common  factor  c,  to  simplify  the 
operaliou,  may  be  suppressed,  observing,  in  the 
meantime,  nfter  having  f(»und  the  greatest  common 
divisb?  a,  of  the  two  qui>ticnts  N  and  N',  to  muUi- 
ply  it  by  this  factor  c,  and  the  product  will  be  the 
greatest  common  divisor  sought.  Also,  if  a  faclor  il 
is  introduced  into  the  two  quantities,  it  is  necessary 
to  divide  the  greatest  common  divisor  fay  this  factor. 

140.  As  the  foregoing  demonstration  may  be  ei-  * 
tended  to  any  algebraic  quantities  whatever,-  wc  " 
are  therefore  oonducteyl  to  this  practical  rule. 

To  find  the  greatt&t  common  divisor  of  kvo  or  more 
compound  ulgtbraic  quantities .    . 

BULE.  '  -  ,/ 

141.  Arrange  the  tree  quantifies  according  to  the 
order  of  their  powers,  and  divide  4hat  which  is  of 
the  highest  dimensions  by  the  other,  having  first  ex- 
punged any  ikctor  that  may  be  continued  in  all  the 
terms  of.  the  divisor  without  being  common  to  those 
of  the  dividend  \  then  divide  this  divisor  by  the  re- 
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mamder,  .simplified,  if  necessary,  ^  tefore ;  and  so 
on,  for  each  remainder  aod  its  preceding  divisor, 
tiW  nothing  remains :  thea  the  divisor  last  uaed  will 
be  the  greatest  common  divisor  required.  •*  And  tibe 
greatest  common  divisor,  of  more  than  two  compoun^l 
quantities,  is  found  in  like  manner  5  by  findii^i  iu 
the  first  place  the  greatest  common  divisor  ottvi^ 
of  them,  as  abcJve,  and  then  of  that  eommoh  divisor 
and  the  third,  and  so  on.  The  last  diviso/,  Ibus 
found,  will  be  the  greatest  common  divisor  of  all 
the  quantities,  *     . 

ExAj^pLE  1.  Thegreates^comraondivisor  of  the 
coflapoTOd  quantities  Sa^— 3a*6+at*— 6^and4a'6 
— 6ab^  +  6^ ,  is  r^uired .    - 


4 


Dividend,^ 


I2a3  — 1^24^.3^52 


Divisor » 
4a«   -^5ab  +J» 


Partial  quoin  3a 


3a  +  *  ab—  4^^ 
4 


I2a^+  Aab  —  ieb^ 
I2a^—15ab+  36^ 

l^b^ldb' 
Dividend* 

Aa^'—Sab+b^ 
4a»  —  iab 


Divisor. 

W^5ab+b- 

^ 31 — . 

Partial  quot.  3 

Divisor* 
(19a6— 196«)~l9i= 
a — b 

Qtto^  4a— i 


9* 
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Here  the  quantities  are  already  arraBged  aoco/d- 
iDg  t<>  the  powers  of  the  letter  a ;  the  first  is  taken 
for  a  dividend,  and  the  second  for  a  divisor :  In  the 
first  place,  the  factor  h  is  found  in  every  term  of  the 
divisor'  and  not  in  every  term  of  the  dividend ; 
therefore,  the  divisor  is  divided  by  the  factor  h^  and 
ihe  result  is  4a^— 5ffA4-4*;  but  the  first  term  of 
this  result  will  not  divide  exactly  that  of  the  divi- 
dend, on  account  of  the  factor  4^  which  is  not  in 
the  dividend ;  t^e  dividend  is  therefore  multiphcd 
by  4  in  ord^r  to  render  the  division  of  their  first 
terms  complete:  Now,  the  dividend  12a^— 12a^S 
4-4fli^ — 46^  is  divided  by  the  divisor  4a* — 5a6+ 
h^^  and  the  partial  quotient  is  2a»  Multiplying  the 
divisor  by  this  cyjotient,  and  subtracting  the  product 
from  tbe'dividend*  the  remainder  is  Za^h\ah^  — 
46'^,  a  quantity  which,  acAordingto  (Art.  13^,  must 
still  have  with4a^— 5a6+6^  the  same  greatest  com- 
mon divisor  as  the  first. 

Suppressing  the  factor  &,  common  to  all  the  terms 
of  the  remainder,  or^  which  is  the  same,  (}ividing 
the  remainder  by  &,  and  multiplying  the  result  by 
4,  to  render  possible  the  division  of  its  fii^st  term  b>y 
that  of  the  divisor,  we  have  then  for  the  dividend 
the  quantity 

.  '    12a*+na6— 166% 
and  for  the  divisor  the'  quantity 

4a* — Mh-\'h' \ 
the  partial  quotient  is  3. 

Multiplying  the  divisor  by  the  quotient,  and  sub- 
tracting the  product  from  the  dividend,  the  remain- 
der is 

19a6— m», 
and   the  question  is   now  reduced  to   finding  the 
greatest  common  divisor  of  19c[6— 1963  ^nd  4a* 
— 5a6+6*. 
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But  the  letter  a,  according  to  which  the  dmsion 
has  heen  performed,  being  oLthe  second  degree  in 
the  divisor,  and  only  of  the  first  in  the  remgUnder  ; 
it  is  necessary  therefore  to  take  the  last  divisor  for 
a  new  dividend,  and  the  remainder- for  a -new 
divisor.  . 

HaviD|;9  at  the  commencement  of  this  new  divi- 
sion, divided  the  divisor  19ab — 195®  by  tbe„  factor 
19&,  common  to  all  its  terms,  and  which  is  not  at  all 
common  to  those  of  the  dividend  ^  therefore^  ike 
dividend  is  4a^'.— 5a6+i^)  the  divisor  a — 6,  and  the 
quotient  4a— 6  :  *\     \ 

The.  operation  is  completed^  l)ecause  ..nothing 
reiDains  ; '^nd  (consequently,  (Art  135),  a — b  i»the 
greatest  cojnaiDn  divisor  sought*  , 

If  we  divide  the  two  proposed  quantities  by 
a-^iy  the  quotients  wHl  be 

"  •.  3a^+b^  and  4a6— 6^  : 

Whence,  the  two  given  quantities  are  thus  de- 
composed as  follows :  ,       - 
■{S<t^+b^)X(fir-h),  (4a5--63)x(a^6). 

E%.  2.  Required  the  greatest  common  divisor  of 
3««— ?2«— 1  smd  4a3— 2a»— Sa+1. 
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Dividend*  liivisor* 

4a»— 2a*— 3a+     \  3a«— 2a— 1 
3 


^    a2a»— 6a«— 9a+3 
.  12a  3 — 8a  —4a 


•V^a 


2a«—  5fl+3 
3 


Pa  'al  quot.  Aa 

Divisor  • 
3a«— 2a— 1 


6a*— 15a+9 

6a*  r-  4a— 2  1  Partial  qmi*  2 

(— Ua+Il)-i 11  = 


3a=— 2a — 1 

a— 1 

a~I 

—■if    11  III     ■ 


a-rl 


Complete  quot.  Sa'\' 


In  the  above  operation,  tbe  remainder  — 1 1  a+ U 
is  divrded  liy  —  1 1 ,  (its  greatest  simple  divisor  with 
a  negative  sign),  so  as  to  inak«  the  leading  term 
positive  :  Or,  wMch  is  the  same,  if  any  of  the  di- 
visors, in  the  course  of  the  operation,  become 
negative,  they  may  have  their  sfgns  changed,  or  be 
taken  affirmatively,  without  altering  the  truth  of 
the  result ;  thus,  in  the  above  operation,  changing 
the  signs  of — lla+n,it  becomes  11a — 11,  and 
dividing  11a — 11  by  its  greatest  simple  divisor  11, 
we  have  a — 1,  as  before. 

Therefore  a— 1  is  the  greatest  common  divisor 
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st>aght,  and  the  two  given  quantities  may  be  readily 
decomposed  thus ; 

(3a^  +  l)+(a-l),  (4a^+2a— l)+(a— 1), 
Ex.  3.  Required  the  greatest  common  divisor  of 
^3_53^  a»4-za26+2a62+6^  and  a^+a^b^+b^. 

In  the  first  place,  the  greatest  comtnon  divisor  of 
a»— 63  and  a^+2an.+2ab''+b%  is  a^+afi+i^, 
which  is  found  thus  ;  <^ 

Dividend*  Divisor, 

a^+2a''b+2ab''+b  » 
^3  —6' 


(2«a  6 + 2a63  4-  26  3  j^26 = 
Dividend. 


Partial  quot,  1 


a^'+ab+b^ 


— ^j^-ez6»~:63 
— a^6 — a6«— 63 


Ul     11*1 


Conypleie  quot,  «— 6 


*       *       * 

Hence,  the  greatest  congimon  divisor  of  a3^6^ 
0ilid  a3+2a^J4.2a6a+.63,  is  a'^+ab+b^  ;   an^t^le 
greatest  common  divisor  of  a*-|-a6+6*  and  a*+ 
an^+b\  ^^i^"?^  *<^  ^^  a2+a6+6S  thus; 
Dividend.  Divisor. 


O^+aH^+b^ 
a*+a4+a«63 


,  -.•- 


— a^6+6-* 
^a^b-^a^b^^ab^ 

a«6*+a6'+6* 
a3  62+a63+64 


V+aJ+i^ 


QtiQtient, 
.  a2_a6+63 


•  "¥       *   .    * 
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Consequently  a'+a64'i*  is  the  greatest  com- 
mon divisor  which  was  required ;  and  dividing 
each  of  the  given  quantities  b}^  this  divisor,  we  will 
thus  decompose  thern  as  follows : 

(a-i)(a»  +a6+6^),  {a^b)(a'  +«*+*"),  (a^  —06+ 
b^Xa'' +ab+b'). 

142.  It  has  b«en  remarked  (Art.  136),  that  if 
the  last  divisor  he  unitj,  and  the  remainder  no- 
thing; then  the  fraction  is  already  in  its  lowest 
t^rms^ ;  this  observation  is  applicable  to  numbers, 
and  as  in  algebraio  auantities,  the  greatest  simple 
divisor  may  be  readfty  found- by  inspection. 

Now,  it  only  remains  to  (fiscover,  if  cooipound 
algebraic   quantities  can  admit .  of   a  compound 
*  divisor. 

If,  by  proceeding  according  to  the  Rale  (Art. 
141),  no  compound  div|por  can  be  fdiiQ/di^  that  is,  if 
the  last  remainder  be  only  a  simple  quantity  $  we 
may  conclude  the  case  proposed  does  not  admit  of 
any,  but  is  already  in  its  lowest  terms. 

Ef .  4«  Required  the  greatest  common  divisor  of 
a'^  -^^ax+x^  and  a^+2a^x+3ax^  -1-40;'.  It  is  plain 
by  inspection  that  they  do  not  admit  of  any  simple 
divisor  ;  then  the  operation  according  to  the  rule 
will  stand  thus  i  ..      * 


>  -^ 
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Dividend* 


a'x+2ax^+4xl 
a^a?+  cw(;*+  x^ 


Divisor* 
a^+ax+x' 


Partial  quot^^a+x 


Dividend* 
a^+  €^+  x^ 

— Zax^  x^ 


(ax*+3a;»)-5.3f*^ 


+7x 


4 1 


a  +3x 


Partial  quot*  a —2a; 


Here,  the  last  remainder  is  found  to  be  the  sim- 
ple qaantitj  7x^  ;  we  may  therefore  conclude  that 
the  given  quantities  do  not  admit  of  any  divisor 
whatever. 

143.  When  the  quantity  which  is  taken  for  the 
divisor  contains  many  terms  where  the  letter,  ac- 
cordiog  to  which  we  have  arranged,  has  the  same 
Exponent;  then  every  successive  remainder  be- 
'  comes  more  complicated'  than  the  preceding  one ; 
in  this  case,  Analysts  make  use  of  various  artifices 
which  can  be  only  learned  by  experience. 

^    Ex.  5.  Required  the  greatest  common  divisor  of 
a^b+ac^ — iZ^  and  ab — ac+d^* 

Dividend*  Dicisor. 


a^b—a'^c+ad'    * 


rem.     a'c+ac^  --ad^  — d' 


ei5— ac+d* 


Partial  quot*  a 
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Dividing  at  first  a^b  by  ab,  we  find  for  the  quo- 
tient, a ;  multiplyiug  the  divisor  by  this  Quotient, 
and  subtiacting  the  product  from  the  diviaendy  the 
reipainder  contains  a  new  term,  a^c^  arising  from 
tlie  product  of  — ac  by  a. 

By  proceeding  after  this  manner  there  will  be 
no  progress  made  in  th^  operation;  for,  takitig 
a'c+ac^  —ad^  — d^  for  a  dividend,  ^nd  multijplying 
it  by  b,  to  render  possible  the  divisor  by  ab,  we  wiU 
have    - 

Dividend*  Ditisov* 

aHc-^abc^—abd''  —bd^  ]  ab—ac+.d'' 

a^  be — o*  c^  +acd^ 

Partial  quot. 
ac 


rem.  a'^c^+abc^—acd^ — abd^-^bd^ 

and  the  term  — ac  will  still  reproduce  a  term  a  c 

in  which  the  exponent  of  a  is  2. 

To  avoid  this  inconveniency,  we  must  observe 
that  the  divisor  ab—ac+d'  =a(b — c)+«i^j reuniting 
the  ternf^s  ab — ac  into  one,  and  putting,  to  abri<%e 
the  calculations,  b — c=m ;  we  will  have  for  the 
divisor  am+d^  ;  it  is  necessary  to  multiply  all  the 
dividend  a^b-^-ac^ —d^  by  the  factor  m,  for  the 
purpose  of  finding  a  new  dividend  whose  first  tenaot- 
would  be  divisible  b>  the  quantity  am  forming  the 
first  term  of  the  divisor ,  the  operation  will  become. 

Dividend.  Divisor* 


a^bm-^-ac^m — d^m 
^^bm+abd^ 


1  st  rem.    +h(^m — abd^  — d 
+ac^fn.^c^d^ 


^m 


2d  rem.     — abd^—c^d^^--d^m 


am+d^ 
Partial  quot. 


ALGEBRAIC  FRACTIONS.  97 

By  the  first  operation,  the  terms  iDTolVing  a'  are 
taken  away  from  the  dividend,  and  there  remain 
no  terms  involving  a  except  in  the  first  power.  In 
order  to  make  them  disappear,  we  will  at  first  di- 
vide the  term  ac'm  by  am,  and  it  gives  for  the  quo- 
tient c'  ;  multiplying  the  divisor  by  the  quotient 
and  subtracting  the  product  from  the  dividend,  we 
will  have  the  second  remainder;  taking  this  second 
remainder  for  a  new  dividend,  and  cancelling  in  it 
the  factor  d?,  which  is  not  a  factor  of  the  divisor, 
it  will  become 

— ab-"^^  —An ; 
multiplying  by  m,  we  shall  have 

Dividend*  Divisor. 

— abm — c^m-^dm^     am+d* 
— abm — bd^ 


Partial  quot.  — h 


\  • 


rem.  '^bd^—^^m — dm^ 

The  remainder,  M*— c^m— dm^,  of  this  last  di- 
vision does  not  contoin  the  letter  a;  it  follows, 
then,  that  if  there  exist  between  the  two  proposed 
quantities  a  common  divisor,  it  moist  be  independent 
(H  the  letter  a. 

Haying  arrived  at  this  point,  we  cannot  continue 
the  division  with  respect  to  the  letter  a;  but  observ- 
ing that  if  there  be  a  common  divisor,  independent 
of  a,  of  the  two  quantities  hd^ — c^m—dm*  and 
am+d^^  it  may  divide  separately  the  two  parts  am 
and  cP  of  the  divisor ;  for,  in  general,  if  It  quantity 
be  arranged  according  to  the  powers  of  the  letter 
a,  every  term  of  this  quantity,  independent  of  a, 
must  divide  separately  the  quantities  by  which  the 
different  powers  of  this  letter  are  multiplied. 

In  order  to  be  convinced  of  what  has  just  been, 
said)  it  is  suiBcient  to  observe,  that  in  this  case  each 
ot  the  pfopoaed  quantities  should  be  the  product  of 

10 
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a  quantity  dependeDt  on  a,  and  of  a  common  divi- 
sor which  does  not  at  ail  depend  on  it.  Now,  if  wc 
have;,  for  example,  the*  expression 

Afl*+B«p''+Ca»+Da+E, 
in  which  the  letters  A,  B,  C,  D,  E,  designate  any 
quantities  whatever,  independent  of  a,  and  if  we 
multiply  it  hy  a  quantity  M,  also  independent  of  cr, 
the  product, 

MAa*  4-MBa^ +MCa*  +MDfl+ME, 
arranged  according  to  a,  will  still  contain  the  same 
powers  of  a  as  before;  but.  the  coefficient  of  each 
of  these  powers  will  be  a  multiple  of  M. 

This  being  admitted,  if  we  substitute  for  m  the 
quantity  (6 — c),  which  this  letter  represents,  wo 
shall  have  the  quantities 

a{b — c)+d^  ; 
now  it  is  plain  that  b—c  and  d^  bare  no  common 
factor  whatever :  therefore  the  two  proposed  quan- 
tities have  not  a  common  divisor. 

144.  The  greatest  common  divisor  of  two  quanti- 
ties may  sometimes  be  obtained  without  having  re- 
course to  the  general  Rule  :  Some  of  the  methods 
that  are  used  by  Analysis  for  this  purpose,  will  be 
exemplified  by  the  following  Examples. 

Ex.  6.  Required  the  greatest  common  divisor  of 
a«63+a^63+6*c2— a*c»— a'J^'—ft^c*  and  a'b+ 
ab""  +b^  —a^c—abc—  b^c. 

After  having  arranged  these  quantities  according 
to  the  powers  of  the  letter  a,  we  shall  have 

(6— c)fl«  +  (^^— ^c)a+6^  — 6^c; 
it  may  at  first  be  observed,  thiat  if  they  admit  of  a 
.common  divisor,  which  should  be  independent  of 
the  letter  a,  it  must  divide  separately  each  of  the 
quantities  by  which  the  different  powers  pf  a  are 


ALGEBRAIC  FRACTIONS.  99 

multiplied,  (Art.  143),  as  weW  as  the  quantities 
fc*c^ — b^c^  and  6* — 6^c,  Which  comprehend  not 
at  ail  this  letter. 

The  question  is  therefore  reduced  ^o  finding  the 
common  divisors  of  the  quantities  i* — c^  and  b — c, 
and,  to  verify  afterward,  if,  among  these  divisors, 
there  be  found  some* that  would  also  divide  6^ — 
*c^  and  6*— *c,  b*c^ — i«c*  and  b^^b^'c. 

Dividing  6^ — c^  by  b — c,  we  find  an  exact  quo- 
tient b+c;  b — c  is  therefore  a  common  divisor  of 
the  quantities  b^ — c*  and  6— c,  and  it  appears  that 
they  cannot  have  any  other  divisor,  because  the 
quantity  b — c  is  divisible  but  by  itself  and  unity. 
We  must  therefore  try  if  it  would  divide  the  other 
quantities  referred  to  above,  or,  which  is  equally  as 
»  well,  if  it  would  divide  the  two  proposed  quanti- 
ties;  but  it  will  be  found  to  succeed,  the  quotients 
coming  out  exactly, 

{b+c)a^+{b^+bc)a''+b^c^+b^c^', 
and  a^+ba+b^. 

In  order  to  bring  these  last  expressions  to  the 
greatest  possible  degree  of  simplicity,  it  is  expe- 
dient to  iv^  if  the  first  be  not  divisible  by  6+c ;  this 
division  being  effected,  it  succeeds,  and  we  have 
now  only  to  seek  the  greatest  common  divisor  of 
these  very  simple  quantities; 

a'*+6a^+6^c%  and  a^+6a+6^ 

Operating  on  these,  according  to  the  Rule, 
(Art.  141),  we  will  arrive,  after  the  second  division, 
at  a  remainder  containing  the  letter  a  in  the  first 
power  only;  and  as  this  remainder  is  not  the  com- 
mon divisor,  hence  we  may  conclude  that  the  letter 
a  does  not  make  a  part  of  the  common  divisor  sought, 
which  is  consequently  composed  but  of  the  factor 
h — c.   .. 
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Ex.  ?•  Required  the  greatest  common  divisor  of 

(£/«-^c*)Xa«+c*— ii^c»  and  4da*— (2c»+4cd)a+ 

Arranging  these  quantities  according  to  d,  we  have 

(««    ^c^)d'4c*-^a'c\  or  (a^— c«)d>-^(d»—c^)c% 

and  (4a*— 4ac)Xd— (a— c)x2c^; 
it  is  evident,  by  inspection  ^nly,  that  a*  — c^  is  a 
divisor  of  the  first,  and  a — c  of  the  second.  But 
a^ — c*  is  divisible  by  a — c;  therefore  a — c  is  a  di- 
visor^of  the  two  proposed  quantities :  Dividing  bo t^ 
the  one  and  the  other  by  a — c,  the  quotients  will  be 

(a+c)  X(d*  — c*),  and  4ad— 2c* ; 
which,  by  inspection,  are  found  to  have  no  common 
divisor,  consequently  a — c  is  the  greatest  common 
divisor  of  the  proposed  quantities. 

Ex.  8.  Required  the  greatest  common  divisor  of« 
y* — X*  and*^^ — y^x — yx^+x^.  Ans.  v* — x^. 

'     Ex.  9.  Required  the  greatest  common  divisor  of 
a*— i*  and  a«— 6«.  Ans.  a*— i'*. 

Ex.  10.  Required  the  greatest  common  divisof 
ota^+a^—ab^—b*  and  a*+a*6^+6*. 

Ans.  a^+ab+b^, 

Ex.  1 1 .  Required  the  greatest  common  divisor  of  - 
a^ — Slax  +  x^  and  a' — a^x — ooc^+a;®*      Ans.  a — a;. 

Ex.  12.  Find  the  greatest  common  divisor  of 
6a;»— 8yx*+2y*a;  and  12a;*— 15ya;+%*. 

Ans.  X — y. 

Ex.  13*  Find  the  greatest  common  divisor  of 
366*a»  —  186*a«  —  276*a* +96*a^  and  27^*o«--^ 
lab^a^^Wa*.  Ans.  96*a*— 9i*£i». 

Ex.14.  Find  the  greatest  common  divisor  of   . 
(c— d)a*+(26c— 26d)«+(6*c— **d)  and  (6c— 6rf4- 
c*--cd)a4-(6*rf+6c*— 6*c— fccrf).  Ans.  c-d. 

Ex.  15.  Find  the  greatest  common  divisor  of 
i^np^+Sr^o^j*— 2njwjf*— 2n5f*  and  Smp'fl'*— -4f«5p* 
—mp^q+Bmpq?.  Am.  j— ?• 
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Exi  16.  Find  the  greatest  common  iiviaor  of 

«^+-9a?^+27x— 98  and  a?^  +  l2x— 28. 

Ans.  x-r-2. 


§  IIK    METHOD  OP  FINDING  THE  LEAST  COiMMON  MUL- 
TIPLE OF  TWO  OR  MORE  QUANTITIES. 

1 45.  The  least  common  multiple  of  two  or  more 
quantities  is  the  least  quantity  in  which  each  of 
them  is  contained  without  a  remainder.  Thus, 
20abc  is  the  least  common  multiple  of  5a,  4ac,  and 
26. 

1 46.  7%e  least  common  multiple  of  two  numbers^ 
or  quantities,  is  equal  to  their  product  divided  b^f  their 
greatest  common  measure,  or  divisor. 

For,  let  a  and  b  be  any  two  quantities,  whose 
greatest  common  measure,  or  divisor^  is  x,  and  Jet 
a=^mx,  b=nx ;  then  mnx  is  a  multiple  of  a  by  the 
units  in  n,  and  of  b  by  the  units  in  m ;  consequently 
it  is  a  common  multiple  of  a  and  bl 

But  since  x  is  the  greatest  common  measure  of  a 
and  bj  m  and  n  can  have  no  common  divisor  ;  mnx 
is,  therefore,  the  least  common  multiple  of  a  and  i. 
Now  mx=a^  and  nx=^b  ;  therefore mx Xnx=aXb, 

ah 

(Art.  50),  and  mna;=— ,  (Art.  5\ ).   Hence  the  rule 

X 

IS  evident ;  as  for  example : 

Let  the  least  common  multiple  of  18  and  12  be 
required.     Their  greatest  common  measure  is  6  ; 

therefore  their  leastcommonmultipleis — -^ — =3G. 

Every  other  common  multiple  of  a  and  6  is  a  mul- 
tiple of  mnx. 

•Let  q  be  any  other   common  multiple   of  the 
two  quantities,  and,  if  possible,  let  mnx  be  con- 
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tained  in  ;,  r  timeB,  with  a  remaioder  ; 9  which  is 
less  than  mnx ;  then  q-^rrwux^ss^i ;  and  since  a  and 
h  nieasure  q  and  rmnx^  th^  measure  q — rmnx^  or 
s^  (Art.  131);  that  is,  they  have  a  common  multi- 
ple less  than  mMi^  which  is  contrary  to  the  suppo* 
sition. 

To  find  the  least  common  multiple  of  three  quan- 
tities a,  6,  and  c.  Let  m  be  the  least  common  mul- 
tiple of  a  and  6,  and  n  the  least  common  multiple  of 
mand  c;  then  9%  is  the  least  common  multiple  sought. 
For  every  common  multiple  of  a  and  6  is  a  multi- 
ple of  m,  therefore  every  common  multiple  of  a, 
6,  and  c,  is  a  multiple  of  m  and  c;  also,  every  mul- 
tiple of  m  and  c  is  a  multiple  of  a,  6,  and  c ;  con- 
sequently the  least  common  multiple  of  m  and  c  is 
the  least  common  multiple  of  a,  6,  and  c*  Or,  in 
general,  let  a,  6,  c,  d,  &c.  be  any  set  of  quantities, 
and  let  x  be  the  greatest  common  divisor  of  a  and  &  ; 

y        .        .        .        .        of  —  and  c, 

-    ate  J      7 

2f        •        .        .        .       of  —  ana «, 

ojy 

&c.         •  •      &c« 

then  will  — be  the  hast  common  multiplier  o{ a  and  6 : 

a; 

....     oftfji,  andc: 

a?y 

•        •        .      •f  a,  6,  c,  and  c? : 

a;yr  ' 

&C.         •         •         •         &c*         • 
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147.  Hence  llie  following  method /or  jtndtVig-  the 
least  common  multiple  of  two  or  more  quantities* 

RULE.  . 

I.  Fiad  the  least  common  multiple  of  two  quan- 
tities, hy  the  preceding  Article* 

II.  Find,  in  like  manner,  the  lea«t  common  mul- 
tiple of  the  result,  thus  found,  and  the  third  quan^ 
tity. 

III.  Find  also  the  least  common  multiple  of  the 
last  result  and  the  fourth  quantity ;  and  proceed  in 
the  same  manner  with  this  result  and  the  fifth ;  and 
so  on :  the  result  last  found  will  be  the  least  common 
multiple  of  all  the  quantities. 

Ex.  1.  Required tiie  least  common  multiple  of 
a^b^x,  acbx^y  and  abc^d. 

Here,  the  greatest  common  measure  of  a^b'x 

and  acbx^i  is  abx^  and  the  least  common  multiple  is^ 

.,        r        ti^b^xXacbx^ 

therefore, s^a^b'cx'  ;    the    greatest 

common  measure   of  a^b'cx^   and  abc^d  is  aic; 
,            a^b^cx^  Xabc^d       » .       , 
hence, ~ =o*  A*  c*rfa;»  =  the  least  mul- 
tiple required. 

'  Ex.  2.  Required  the  least  common  multiple  of 

2a»a?,  4ax%and6a?3. 

Here,  the  greatest  common  measure  of  2a  x  and 
4aaj«,  is  2aa? ;  hence,  the  least  common  multiple  is 
^a^xX^ax""         ,   ,  .       . 
-^ =4a»a;»  ;  agam,  the  greatest  common 

measure  of  Aa^x^  and  Qx^  is  2aj^  ;  and  therefore 

^  a    "  '  ^l'^a^x^=^  the  least  common  multiple 

required* 
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'Ex*  3.  Required  the  least  common  maltiple  of 
60,  4a^,  and  ISaA.  Ans.  24a^b. 

Ex.  4*  Required  the  least  common  multiple  of 
a'— 5^,  a+b,  and  a^'+b^.  Ana.  a* —6*. 

Ex*  5*  Required  the  least  common  multiple  of 
27a,  156,  9a6,  and  3a^.  Ans.  1350^6. 

Ex.  6«  Required  the  least  common  multiple  of 
a^4.3a^6+3o6»+6=,  a^+2a6+6%  a«— 6^ 

Ans.  a*+2a36— SaJ^— 6*. 

Ex.  7.  Required  the  least  common  multiple  of 
a+b,a—b,a''+ab+b^^  anda^— fl6+6^ 

Ans.  c"— 6^. 


§    IV.    REDUCTION    OP   ALGEBRAIC    FRACTIONS. 

CASE  I. 

To  reduce  a  mixed  quaniily  to  an  improper  fraction. 

RULE. 

148  Multiply  the  integral  part  by  the  denomina- 
tor of  the  fraction,  and  to  the  product  annex  the 
numerator  with  its  proper  sign:  under  this  sum 
place  the  former  denominator,  and  the  result  is  the 
improper  fraction  required. 

Ex.  1.  Reduce  3x+-  to  an  improper  fraction. 

The  integral  part  3^  mnltiplied  by  the  denomi- 
mlor  5«  of  the  fraction  plus  (he  numerator  (26)  is 
equalto  3xX 5a +2i=  1 5aa:+ 26: 

Hence, ~ is  the  fraction  required. 
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3a? 
Ex*  S.  Reduce  5a — r-  to  an  improper  fraction. 

•  ■ 

Here  5aXy^=5ay'^  to  this  add  the  numerator 
with  its  proper  sign,  viz.  —  So; ;  and  we  shall  have 
5«y — 3a?.. 

.  Hence,  -^ is  the  fraction  required. 


Ex.  3.  Reduce  x^ ^  to  an  improper  frac- 

iion. 

Here,  x^  Xx^^x^  ;  adding  the  numerator  a^ — y^ 

with  its  proper  sign  :  It  is  to  be  recollected  that  the 

a^ — w* 
sign  —  affixed  to  the  fraction  — — '—mcan^  that  the 

X  . 

whole  of  that  fraction  is  to  be  subtracted^  and  con- 
6e(|uentljr  that  the  sign  of  each  term  of  the  nnme* 
rator  must  be  changed^  when  it  is  combined  with  x^^ 

x^ — a*+V^ 
hence  the  improper  fraction  required  is ^. 

Or,as-«-l:i2^=-^l±^=?^=^j   (Art.  67), 

XXX 


ihe  proposed  mixed  quantity  x' — 2-ZI3L,  naay  be 

X  ' 

"  8  2 

put  under  the  form  0?^+^  '^-,  which  is  reduced 
as  Ex;   1.     Thus,   x"X.x-{-y'—a*==x'+y*—a^i 


07  X 
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Ex.  4.  Reduce  5a' + ^ ^^  ***  irapnoper 

fractioa. 

Here,  5a'  X2ax  =  10a^a; ;  addiog  the  numerator 
3x^ — a+7  to  thiSf  and  we  have  \0a^x+3x^—a+7. 

•     Hence. is  the  fraction  required* 

2ax  ^ 

Ex.  5.  Reduce  4x* to    an    improper 

fraction. 

Here,  4x*  X2ac=8aci:',  in  adding  the  numera- 
tor with  its  proper  sign  ;  the  sign  —  prefixed  to  the 

Sob  -f*  c 
fraction  — signifies  that  it  is  to  be  taken  nega- 
tively, or  that  the  whole  of  that  fraction  is  to  be 
subtracted;  and  consequently  that  the  sign  of^ach 
term  of  the  numerator  must  be  changed  when  it  is 

combined  with  Sacx^  ;  hence, is 

2ac 

Che  fraction  required.   Or,  as  — =  -f— — '^ 

=  — 2 ^  C-^***'  ^^)  '  heace  the  reason  of  chang- 
ing the  signs  of  the  numerator  is  evident. 
■r>                    a'— x' 
Ex.  6.  Reduce  x to  an  improper"  frac- 

tion.  .  Ans.  ?^l::f!!. 

X 

fl'  I- /* 
Ex.  7.  Reduce  a6— -— ^  to  an  improper  frac- 

tion.  Ajjs^  5abx^a^~c 

5x 
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Ex.  8.    Reduce  ax* to  an  improper  fractioo. 

d 

Ans.  — • 

Ex.  9.  Reduce  a— a;-| to   an  improper 

X 


fraction.  Ans. 


a* — X 


X       • 

Ex.  10.  Reduce  Sa;^ —    to   an    improper 

21ax*  — 4a;+9 


la 


fraction.  Ans. 

Ex.  11.  Reduce  5x *— —    to    an    improper 

fraction.  Ans.  — - — . 

Ex.  12.  Reduce  l+Sa? to  an  improper 

ax 

a;+l0«^+4 

fraction.  Ans. — - — ^ 

bx 

CASE  II. 

To  reduce  an  improper  fraction  to  a  whole  or  mixed 

quantity. 


RULE. 

149.  .Observe  which  terms  of  the  numera(or  are 
divisible  by  the  denominator  without  a  remainder, 
the  quotient  will  give  the  integral  part ;  and  put  the 
remaining  terms  of  the  numerator,  if  any,  over  the 
denominator  for  the  fractional  part;  then  tl\p  two 
joined  together  with  the  proper  sign  between  them; 
will  give  the  mixed  quantity  required. 
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Ex.  1.  Reduce      ■      ^  *^  *  ™*^*  *1^^" 

tjty* 
Here,  ^^'^^^^^  =x+2fl  is  tbe  integral  part, 

and  —  18  tbe  fractional  part ; 

therefore  x+2a+—  is  the  mixed  quantity  required^ 

a?" 

Pt  q    Reduce  fLJl^  ^  "^^^  to  a  whole  quan- 
U.X.  2.  iteouce  ^,^^^^2  +^4  h 

Dividend.  *    Dfwor. 


4««4 


a:*+x'y'+ff* 


Quoftenl 


.8 


8 


1^ 

Here  the  operation  is  perfonned  according  to  tbe 
rule  (Art.  93),  and  the  quotient  x*~x'if'+y*  is 
the  whole  quantity  required. 

Ex.  3.  Reduce *«>  a  o>«ed  quantity. 

X 

Here,  —-a  is  the  integral,  and  —  the  frac- 

tiona>part5  therefore  a is  the  mixed  quantify 

required. 
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Ex.  4.  Reduce — to  a  mised  quantity. 

J  [required. 

^+a)x^ — a^+bCx — a-| — ; —  the  mixed  quantity 

x-f-a  .  * 

x^+ax  . 


— aa; — a® 


*      +6  ' 
"  Here  the  remainder  i  is  placed  over  the  deno- 
minator x+a,  and  annexed  to  the  quotient  as  in 
(Art.  89). 

hx.  5.  Reduce ^ to  a  mixed 

quai)tity.  • 

Here —r — -=ai+2  is  the  integral  part, 

is  the  fractional  part ; 

2  a?— —2c  2  c— —2  a? 

quantity  required. 

1?      n    ry  ji  2iax2— 4a?  +  9^  .      ^ 

Jj|X.  6.  Keduce — to  a  mixed  quan^ 

x-i  A     *  ^  -     4a? — 9 


1?     .^    r>    *         8a?3t/2 —Saa;— 66 

u^x.  7.  Keduce  — =^ — j-^ ^-toamixedquan- 


■  y 


4«^ 


V 

\ 

\ 
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Ex.  8.  JRedace  --rzzi  ^^  »  "^^^^  quantity; 

Aas.  x^ — a*. 

Ex.  9.  Reduce —^ to  a  mixed 

3J2-.4X 
quantity.  Ans.  3a — 1 4*  — ^j^i — • 

Ex.  .10.  Heduce  ^3  J3  2 *<>  »   *»>3ccd 

4ax 
quantity.  Ans.  ^j^+^j ^' 

aj*+3ax^— a«— 6  .  .     / 

.  Ex.  11.  Reduce  ^3  .  ^3 ^^  ^  ™^^* 

*-  3(xx^ 6 

quantity.  '  Ana.  «^— a^+  a:«+a^"" 

„    ,          3a;^  — 12«a;+y— 9a;  ^   *       .      . 
Ex.  12.  Reduce  IJ"^" — *^  a  mixed 

quantity.  *  Ans.  a:-4a— 3+3^- 

CASE.  III. 

To  reduce  a  fraction  to  its  lozoest  terms^  or  most  siiriph 

expression* 

RULE. 

150.  Observe  what  quantity  will  divide  all  the 
terms  both  of  the  numerator  and  denominator  with- 
out  a  remainder :  Divide  them  by  this  quantity,  and 
tlje  fraction  is  reduced  to  its  lowest  terms.  Or, 
find  their  greatest  common  divisor,  according  to  the 
method  laid  down  in  (Art.  141) ;  by  which  divide 
l^tfa  the  numerator  and  denominator,  and  it  will 
give  the  fraction  required. 
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ExAMPLfi  1. 


11) 


Reduce 


2Ja?« 


to  its  lowest  terms- 


The  coefficient  of  every  term  of  the  numerator 
and  denominator  of  the  fraction  is  divisible  bv  7, 
and  the  letter  x  also  enters  into  every  term  ;  there- 
fore 7a?  will  divide  both  th«  numerator  and  denomi- 
nator without  a  remainder. 

Now r— ^ : — =2a?*+aa?+4, 


7x 


21 X 


and  — — =3a? ;  hence  the  fraction  in  its  lowest . 


7x 
terms  is^ 


3^ 


Ex.  2.  Reduce  •- ^^^^^ _  to  its 

lowest  terms. 

Here  the  quantity  which  divides  both  the, nume- 
rator and  denominator  without  a  remainder  is  evi- 

dently  6abc ;  then  — ^  ,    \ =:5ab 

'.  ♦  Gate 

SSabcx  .  '5ab-'C — 2ar 

— c—%ic;  and  -2rr7~=6^  •    Hence 


6abc 
is  the  fraction  in  its.  lowest  terras. 


6x 


Ex.  3.  Reduce 


a^  —h^ 


to  its  lowest  terms. 


Here,  a*— 6*=:(a2+ia)X(a«— 6«),  (Art.  107);   . 
and,  conseq'iently,  a^~b^  will  divide  both  the  nu- 
merator and  denominator  Without  a  remainder :  that 
a»  — fc« 
jj^2_^2=l=  "ew  numerator, 


IS 


and 


(a^+6=')X(a«-^6 


^_^2  ~ — ^=ra2-f62--.  jj^^,  dcnomina- 


n2 
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tor;  hence, 
tejras. 


a^+b 


2 


is  the   fraction  in  its  lowest 

« 

iiiX.  4.   Keciuce  — — - — - — — — ^ 

to  its  lowest  terms. . 

.    Here,  by  proceeding  according  to  the  method  of 
(Art.  141),  we  find  the  greatest  common  measure 
of  the  numeratoV  and  denominator  to  be  x*  -i-^ax  — 
2a«  ;  thus, 


a*-aaa?»-8a*a?«  + 1 8a»a;-8a* 

a;*-  oa?3-8a*a?*"f  6a^x 

•» 

"^ax^  +  l^a^x  -  8a* 


x^-ax'-Qa^x+6a^ 


Partial  quot.  x-2« 


remainder  .  .  ^.  -  '^d^x^-  4a*x+  4c* ; 

« 

— Sa^x*— 4a'x+4a*    .  .       . 

.then,  — — ' — =a?»+2aa;— 2a«=r  the 

Qext  dirisor; 
,a;^+2aa?— 2a»)a?'—  ox* — 8a*x+Qa^(a;— 3a 


— 3«a:^ — 6a»x+6a' 


And,  dividing  both  terms  by  the  greatest  common 
Yoeasure,' thus  found,  we  have  the  fraction  in  its 
lowest  terms;  but  the  numerator,  divided  by  the 
greatest  common  measure,  gives  a?  ^  3a,  as  above^ 
equal  to  the  new  numerator;  and  the  denonupa- 
tor,  divided  by  the  same,  gives  x"-^5ax+4a^  ; 
thus, 


*     ^ 
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a— *■!■«■  !■    I'll      I  — fcwi  «■■«■■ 


— 5ax^ — !0«^ac*  +  16tt»a; 


»2T-5aa?+4a* 


4a»«*+  8a*x— 8a* 


Heoce,  the  fraction  in  its  lowest  terms  is 

X* — 5aa74-4a^.  -  . ' 

■ 

!51.  In  addition  to  the  methods  pointed  out  in 
(Art.  144),  for  finding  the  greatest  common  divi- ' 
fior  of' two  algebraic  quantities,  it  maj  notice  impro- 
pi^rto'take  notice  .here  of  ant>ther  method,  given 
by  SiMPSOir,  in  fai^  Algebra^  which  may  be'nsed  to 
i;reat  advantage,  and  is  very  expeditious  in  reducing 
fisactions,  which  become  laborious  by  ordinary  me^ 
thods,  to  the  lowest  expression  possible.  Thus, 
fractions  that  hate  in  them  more  than  two  different 
letters,  aud  one  of-the  letters  cise^  odly  to  a  single 
dimension,  either  in  the  numerator  or  in  the  denomi- 
nator, it  will  be  best  to  divide  tfa^  numerator  or  de- 
nbmmator  (whichever  it  is)  into  two  parts,  so  that* 
the  said  letter  may  be  found  in  every  term  of  the  one 
«part,  and  be  totally  excluded  ai»t  of  Ihe  otlier :  this 
Iteing  done,  let  the  greatest  commoh  divisor  of  these 
tw6  parts  be  found,  which  will  evidently  be  ff  divisor 
to  the  whole,  and  by  which  tbejltvrslon  of  the  other 
quantity  is  to  be  tried ;  as  in  the  following  example. 

T^     .  ^   ^       a;^+ffa;^+fra*--2a*a?-f»a^-T-2*a* 
Ex.  5.  Reduce : — r — r — :— -^rr^ — "^ 

to  its  lowest  terms. 
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Hert  the  denominator  being  the    l^at    com" 

pounded,  and  6  rising  therein  to  a  single  dimension 

onlj ;  I  divide  the  same  into  the  parts  x^  +^aXf  and 

— 6a; — 2ab\   which,  by  inspection,  appear  to  be 

equal  to  (a;+2a)x,  and  (a?+2a)X — 6.     Therefore' 

x+2a  is  a  divisor  to  both  the  parts,  and  likewise  to 

the  whole,  expressed  by  (x+Sa)  X(x— 6) ;-  so  that 

one  of  these  two  factors,  if  the  fraction  given  c^n 

he  reduced  to  lower  ternis,  must  also  measure  the 

numerator :  but  the  former  is  found  to  succeed,  the 

quotient  coming    out   x^ — ax+bx — a6,    exactly: 

1  •     ^       •      -        ft       <■      X* — ax'\'bx — ob 

whence  the  fraction  is  recniced  to ; • 

X — 6 

which  is  not  reducible  farther  by  x — 6,  since  the 

division  does  not  terminate  without  a  remaind^, 

as  upon  trial  will  be  found. 

Ex.  6.  Reduce  -/fcft/"^"^*'^-^^^  to    its 

a'b+2a*b'  +2a^b^+an* 

lowest  terms*. 

Here,  the  greatest  simple  divisor  of  the  numera- 
tor and    denominator    is    evidently    a^b:    Now,- 

^-2!i±i2^|!±^£!*!=,5,,+  ,Oa.6+.5a6..,    and 

„         *!.  u'-      5a'+l0a'b+5ab* 

Hence  the  result  is  ^a+a^^^+gat'+A" '  *"^  *^ 
greatest  common  measure  of  this  resuH  is  a-^-b^- 
which  is  found  thus ; 
a^+2an+2ab^+b^)5a^+10an+5ab^5 

'  5a^  +  10tt«6+10a6»+563 


remainder    ....   — 5a6'— 66^ 
Ani  — ■■ — Tf =a+65  which  by  another  ppe- 
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Yration  is  fpimA  to  divide  the  numerator  without  a 
remainder;  and  consequently  dividing  both  the 
numerator    and    denominator    of    the    fraction 

m  its  lowest  terms;    that  is,  r-: 

and  ^.±^^i±|^^^W+a6+6.  : 

Hence,    ^  .    ,  .  ,»  is  the  fraction  in  its  lowest 
terms. 

Ex.  7.  Reduce  ^^V" ^>^V    (o  its   lowest 

7x^t/ 

terms*  Ans.  -^^^ ^'. 

X 

'   17     o    r>   J        5la;3- 17x^+340?  ,      ..     , 

Ex.  8.  Reduce r=-z to  its  lowest 

17x* 

.         3x=»— x+^ 
terms.  *  Ans. . , 

X* 

ft     h 
Ex.  9*  Reduce  -~ — r~  to  rts  lowest  terms, 

a^ — 6* 

Ans. 


Ex.  10.  Reduce  -r-; ;: = 1  to  its  lowest 

terms.  ^  Ans.  -  ~ 


x'—a' 


1?     11    »  j  7a2_23fl6+66' 

,  Ex.  11.  Reduce  ^  ^     io.  ai  i  .t  Aa — FIT  *^  ^^ 

Towest  term^.  Ans.  ,  ^    ^J^.  ,  ^  , -- 

da'^T— 3a4+2^* 
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Ex.  12.  Reduce  -r — ry  to  ite  lowest  terms. 

a* — 6 

-    Ana* 


Ex.  13.  Reduce  ^^^^'^Zf^^^^a  to  its  lowest 
(erms.  An**  "7 — T"* 

Es.  14.  Reduce  — a*+an'+b*  '  ''*"'" 

a— ^ 
est  terms.  -  Aas.  -j-^^^^ 

Ex.  15.  Reduce  ?!=??;^±1?^^=^  to  iU  low. 


a* — 2ax+x' 
est  terms.  Ans. ; • 

Ex.  16.  Reduce -?l±!^iV^:^  to  its  lowest 

«-26+36^. 

Lx.  17.  Reduce ---r — r-'""^r^; — r — g  ^o    i  to — 5^ 

9aa;3 — 27acx* — 6ac^aj  +  18ac*' 

10  its  lowest  terias*  Ans.  -;r — ■» 

Ex.  1 8.  Reduce    „^  ~  ^^"^^ — .  to  its  lowest 

a'— a^x — ax^  +x^ 

1 
terms.  Ans.  *  *~7r* 

*  Note. — The  answer  to  Ex,  11,  page  100,  U 
misprinted, /or  o— x,  read  a^  — 2aa:4-^^ 


,8 
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Ex.  19.  Reduce -r-T-TTlTT?  *^  ^^^  ^^^^st  terms. 

Ans. 


a+b 

CASE  IV. 

To  reddce  fractions  to  other  equivalent  ones,  that  shall 
have  a  common  denominator. 

RULE    I. 

152.  Multiply  each  of  the  numerators,  sepa- 
rately, into  all  the  denominators,  except  its  oion,  for 
.the  new  numerators,  and  all  the  denominators  to* 
getker  for  the  common  denominator* 

It  is  necessary  to  remark,  that,  if  there  are  whole 
or  mixed  quantities,  they  must  be  reduced  to  impro- 
per fractions,  and  then  proceed  according  to  the 
rule. 

Ex.  1.  Reduce — ,  — and  -  to  a  common  deno- 
V  4      c  a 

minator* 

,.      SaXcXa^Sa^c  ^ 

.    56  X  4  X  fl=20a4  >  new  numerators ; 

a?XcX4=4ca; 


4XcXa=4ac  common  denominator; 

Sa^c     20a6     *". 
* "  Hence  the  fractions  required  are  -j — ,   ~ — ,  and 

4cx 

Aac 

^x  "4- 1  2<i^ 

Ex.  2.    Reduce  -  ^,    ,  and  —  to  a  common 

3o  X 

denominator..  • 


lis 
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( 


2x+I)X*=2x'»+x>-         numerator- 
2a«  X  3b=6an  J  ^^^  numerator , 


■M  »■<■ 


3bXx<=  Sbx  common  denominator ; 

Hence  the  fractions  required  are  —-7 — ^,  and 

3ox 

Sbx  ' 

3  5x  3x' 

Ex.  3.  Reduce^,   — ,  and  a-] ,  to  a  com- 

4  3  6  ' 

moD  denominator. 

Here  «H = — ■ . 

5  5 

3X3X5=45 

5a:  X  4  X  5 = 1 0Oo;  ^  new  numerator ; 

(5a+3a:3)X4X3=60aH-36x« 


4  X  3  X  5=60  common  denominator ; 
Hence  the  fractions  required  are  — ,  -rrr-,  and 


60flr+36x» 
60 


60     60  ' 


RULE*    II* 

153.  Find  the  least  common  multiple  of  all  the 
denominators  of  the  given  fractions,  (Art.  147),  and 
it  will  be  the  common  denominator  required. 

Divide  the  denominator  by  the  denominator  of 
each  fraction,  separately,  and  multiply  the  quotient 
by  the  respective  numerators,  and  the  products  will 
be  the  numerators  of  the  fractions  required. 
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Ex.  4.  Reduce  ^  and-^^  to  the  least  com. 

moti  denominator. 

Here  fiax*  is  the  least  commoQ  multiple  of  a:^ 
and  4aa:2  .  ^ 

.  then  —  X  3«»6=4«  X  3a»^=  1  Sa'j  1  .^^  ^^^^^^ 
and  lf!^X5ai=5a6  /"**'"•      • 

Hence  -- — r  and  ; — rare  the  fractions reouired. 

^  Or,  as  4aac*  (the  least  common  multiple)  is  the 
denominator  of  one  of  the  fractions,  it  is  only  ne- 
cessary to  reduce  the  fraction  — j-  to  an  equivalent 
one  whose  denominator  shall  be  4ax^  ;   hence" 

^— ~-=4a,  and — --X — = = r.   is   the 

aj«  '     .      aj«       4a      <c^+4a       4ax^  • 

fraction  required. 

Theso   rules  appear  etident  from  (Art.  11 8)* 

For,  let-,   ^,   Til     *>e    the    proposed    fractions^ 

then  ^4^    r^5  tj?'   ^^^  fractions  of  the   same 
bdf     hdf    idf 

value  with  the  former,  having  the  common  denomi- 
natorArf/.     Smce  ^=p  j^^=^;  and  ^^=^. 

Ex.  5.  Reduce  -^,  |^,  and  ^^  to  the  least 
common  denominator. 
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Here,  the  least  common  multiple  o{4cx^^  2x,  and 
8flc«  ;  (Art.  147),  is  8ac«aj«  ;  then, 

4cx' 


^x 
Sac^x^ 


new    numera- 


8ac^  ^ 

Hence — ,   --•  and  * —     are     the 

Ui^    8ac«x«'  Sae^x* 

fractions  required* 

Ex.  6.  Reduce  — -- ,  — —- ,  and  ---,  to  a  com- 

mon  denominator. 

A  30x^        2a^x—2x^  3fl+3a: 

"^"  6aa;+6a;»    6aa?+6x^   ^^    6aa;+6x^  ^ 

2x+3  5x4-2 

Ex.  7.  Reduce  — -!--,  and  — -V  to  a  com- 

X  3ab 

mon  denominator. 

.         6a6x+9«^         J    5x»+2x 

Ans.  — —-4 J  2ind  — —-^ — • 

3aox  Sahx     , 

<jj        X^*  1  X        t 

Ex.  8.  Reduce  -,    — r— ?  and  •— —  to  a  com- 

3        4'  l+x 

mon  denominator. 

.        4x2+4x    "Sx^+Gx+S         ,    12x — 12 
AnSt  • — ,   ■  ■ .   ■  ■  ■«      ■ .  and • 

12j!+12'       12X+12    '  121  +  12 


# 
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Ex.  9.  Reduce  Yi   —^i^vidx^—: (^    ^ 

common  denominator* 

.  -      adx     2fec?a?  ,   SaM 

•IE*  '  bdx^      bdx  '  hdx*^ 

Ex.  10.  Reduce  — ,  a ,  »nd  7-1 — 

by  3a?  2 

to  a  common  denominator* 

Ans.  ——5  — '  '^  ■ '  "^  — ^,  and 
SOo^y       30xy      ' 

GOa?y — 15a;y      - 
30xy 

Ex,  II.  Reduce »,  ' — — —-,  and  -— ^ 

to  other  equivalent  fractions  having  the  letst  com- 
mon denominator. 

Ana.  _Jg.l,    3«6+36«;  2(to.-20x' 

4a2-4a;'*'    4a»-^4x''  4a3— 4^2 

Ex.   12.     Rdduce   — — ,  .  an<l 

.       .  to  the  least  common  denominator. 

a* — x* 


12 
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§  v..    ABSYTION   kUn)   SUBTRACTION  OF  ALGEBRAIC 

^    VRACTIOKa. 

To  add  fracHwial  q%umtit^together» 


*. 


Rt7LE. 


154,  Reduce  tbe  fraettons,  if  necessary,  to  a 
commoTi  denominator,  bjr  the  rules  in  the  last  case, 
then  add  all  the  niunerators  together,  and  under 
their «ain  put^tho^cpmodop  denominator;  bring  tbe 
resulting  fraction  to  its  lowest  tefms,  and  it  will  be 
the  sum*  required. 


Ex.  1.  Add  ^,   — ,  and  -together. 

2a;X7X9=126x"^        126a?+135a:+21a;     282a: 
5;KX3X9=135a?  I  ••• — — — — — '== 

a?K7X3=  21a;  >     ^^^ 

—    ■   I  "4-7;;;^  is  the  saih  required. 

5X7X9=   189j 


189  • 


189 


189 


a    2a 


5b 


Ex.  2.  Add  |,   ^,   and  -  together. 


4a 


^2an+Qan+l5b^ 
1 2a6'^ 


aX3iX4a=12«»n 

56X3&X6=  156»  >       12a6^  ^  ^    ^     ^ 

^ I  20a2  +  1562    .      ,.      ,    . 

Hr.  19     ?-i —    »s    the    sum  re- 

quired. 


&X3iX4a 
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Or,  the  least  coinmoD  multi^e  of  tha  denomina- 
tors may  be  found|  and  ..then  proceed,  as  in  (Art* 

153). 

It  is  generally  understood  that  minted  quantiti«6  * 
are  reduced  to  improper,  fractions,  bjefore  we  per- 
form any  of  the  operations  of  Addilion  and  Sub- 
traction. But  it  is  best  to  bring  the  fractional  parts 
only  to  a  common  denominator,  and  fo  affix  their 
sum  or  difference  to  the  sum  or.  difference  of  the 
integral  part  interposing  the'proper  sign* 


Ex.  3.   It  U  required  to  find  the  sum  of  a— 


3x* 

h  ' 


and  6+- — •  '? 

c 


Here,  a 7-= — 7 — -,  and  b-i = — 1— , — 


b  b 


c  c 


Then,  («^-3x«) Xc=aic^3«^  1^  ; 

{b€+2ax)Xb^b^C'^^abx 5  '^"'"^'^^^O". 

bXc==bcs=i  denominator.      '      .       •      . 
abc—Scx''  +b'c+^2i$bx  _^abc+b^c 

.. ^^ Tb;—''^ 

SaijB— 3cac«  ,  ,   ,  2«JdP---3^« 

oc  be 

is  the  si^n  required. 

*'  «  « 

Or,  bringing  the  Itactidnal  j)lrts  only  to  a  com- 
mon denominator, 


'"'"'•' .rjsa  »>-'?.'»■'. 


.    And  fr'Xc=^  togimon  denominator. 

TOu  "Scx^" ,  .  ,  2abx\      .  -  ,  ^abx-Scx'' 

Whence  a — r-*+4+^^ — =a+oH ; 

be  ^     '     w)  be 

the  sum.     ^ ' 


9. 
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Ex.  4.   It  is  required  to  find  the  sum  of  5x+ 

an<i4x •• 

3  5x  '  . 

^  Here,  (  x— 2)X5a?=5a?*  — lOx)  „„^^r^^^,- 

Aod  3  X  5«  =  ]  5a;  common  denominator. 

Whence  SxH t-4x — —  =9x+ 

15x  15x 

5x^+10x  ,  9— 6j:     ^     ,  5x^—X6x+9     ,^ 

— -+-- ==9a;H —     the    sum 

15a;  15a;  15a; 

required. 
Here,  —^  is  evidently  =^^  (Art.  128) ; 

X 9X  1 OX 

but  we  might  change  the  fractions  into  other  equiva- 
lent forms  before  we  begin  to  add  or  subtract ; 
tkus,  tbe  fractional  part  of  the  proposed  quantity 

2a;  -*-  3 

4a; —  may  be  transformed  by  changing  the 

ux 

signs  of  file  numerator,  (Art.  128),  and  the  quantity 

3— 2a? 
itself  can  be  written  thus,  4x'\ — - —  :  It  is  well  to 

ox 

keop  this  transformation  in  mind,  as  it  is  often  ne- 
cessary to^m^e  use  of  it  in  perfonsing  several  alge- 
braical ofcrations. 

^  ^.,.3a^   2a      ,  Z>  . 

iiX.  5.  Add" -^5  — -jand  r  together. 

.        105a»+28fli  +  106* 
^^- TJol 

ST  nr 

Ex.  6.  Add and  — r-r  together. 

X— 3  x-f-o      ^ 

Ans. 


a;2 
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Ei.  7.  Add r  and  -77  together. 

a — 0         a-f-o 

a* — 6* 

Ex.  8.  Add  2, and 7-  together. 

»  .  Aax 

Ans. 


a^  — x^ 

a; — 2       ,  2x — 3 

Ex.  9.  Add  2a?H — —-  and  3x4 — - —  together. 

A        .       lOx-17 
Ans.  507-+-   — r^ — • 

Ix  X 

Ex.  10.  Add  Ax,  -^  and  2+-  together- 

44tic 

Ans.  4a?+2+"rr- 

45 

Su  Si? 

Ex.  li.  Add  5x — ~  and  -^  —Ax  together. 

17x 
Ans.  0:+— . 

Ex.  12.   It  is  required  to  find  the  sum  of  2a,, 

,    a          ,  a — X                         ^       ^    .  ^  .      ^^ 
,  and  .  Ans.  2a+2-i — ■„ . 


To  subtract  one  fractional  quantify  from  ano^er* 

> 

RULE. 

156.  Reduce  the  fractions  to  a  common  denomi- 
.  nator,  if  necessary,  and  then  subtract  the  numera- 
tors from  each  ather,  and  under  the  difference  write 
the  common  denominator,  and  it  will  give  the  differ- 
ence of  the  fractions  required. 

18* 
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Or,  enclose  ih%  fractional  quantity  to  be  sub- 
tracted in  a  parenthesis ;  then,  prefixing  the  negative 
sign,  and  performing  the  operation,  observing  the 
same  remacks  and  rules  as  in  addition,  the  result 
will  be  the  difference  required* 

The  reason  of  this  is  evident^  because,  adding 
a  negative  quantity  is  equivalent  to  subtracting  a 
positive  one  (Art.  63) :  (hot,  prefixing  the  negative 

sign  to  the  fractional  quantity  ,  it  becomes 

—  ( )  = = 5  to  the  fractional  quao- 

tity it  becomes  —I 1  =-{ 

(Art.  128)-,  to  the  fractional  quantity ,  it 

becomes —( 5~~)~ — T"  >    *^   **^®   mixed 

quantity  507 ,  it  becomes  —I  5a? — I 

3a+6 
=  — 5a:4 ;  and  to  the  mixed  quantity  —  3flf+ 


it  becomes   —(— 3a-i )  = 


c 


=3aH . 

Ex.  1.  Subtract-—  from  — . 

5  7 


Here3a;X7=21a7)     „^^^^.     ^    r      25a:-21a; 
5*X5=25a:}  numerators,  f...  — y^— == 


4a5  . 


5  X  7=35  cQm>  denom.    \^  is  the  differ- 
ence required. 
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Ex.  2.  Subtract  — ^^—  from  -~^. 

5c  36 

Here  (2a— 4a;)X36=6aJ  — 126a;  > 

(x~y)  X 5c=     5cx-  6cy  J  numerators. 

5cX36=156c  common  denominator. 

„,,  5cx—5cy     6ab — 126a?     bcx—5cv 

Whence,     ,^,    '^ -—: — ^= — .   ,      + 

'      156c  156c  156c 

I26a?— 6fl6     bcx — 5cy+126a;— 6a6  ^ 

7T56r"  == ' 156^ '^  *^^  difference 

required. 

Or,  by  prefixing  the  negative  sign  to  the  quantity 

2«--4a;                           2«— 4«     4x— 2a    ,       .       , 
^^ — ,  it  becomes ^—  = — - —  ;  then  it  only 

remains  to  add      ~      and  ~^  together,  as  in  ad- 

mC  3o 

dition,  and  the  result  will  be  the  same  as  above. 

Ex.  3.  From  ^ab-\ — ^  subtract  2a6 Y". 

Here  prefixing  the  negative  sign  to  the  quantity 

a — ^ 

^qj^  5  hence  tap  difference  of  the  proposed  frac- 


a — 30 


tions  is  equivalent  to  the  sum  of  2a6H — r^,  and 

-^2^j-j^- — i;  tut  the  sum  o/  tl|e  fractional  parts 

a — JC.     ,  a+ic  .    2a^44fta:^ 

H^  »?d  — ^.  18  -^-TII^:  Tfaere&rft4he  diibr- 

encB  re«iuired  is  2«6_2«,fr+!?!l±!fL'  :^!?:±^ 
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10a:— 9      ,^         3a?— 5 
Ex.  4.  From  — jt—  subtract  — y-  . 

Here  (If  "?)><  J=^?^-ij5  numerators. 

15X7=105  common  denominator. 

70j;— 63     45x— 75 
Therefore, —^^^3 fo^- - 

70a:— 63— 45X  +  75     25x+12.  .       . 

'^ — = — T-r- —  IS  the  fraction  requi- 

105  105  ^- 

red. 

a+b     , ,      ,  a-—b       .  4aA 

.    Ex.*  5.  From  ^3^  subtract  ^q:^.    Ans. -j^,. 

1  1  2a? 

Ex.  6.  From subtract  — j— .    Ans.  — — -^ 

4a:+2     ^,         2a:— 3    .       4a:«+3 
Ex.  7.  From  -^  subtract  -^  .  Ans.— ^— 

Ex.  8.  From  3a: +1  subtract  x — . 

cx+bx — ab 
Ans.  2x-| — 


be 


2a:+7  .         Sx'^+a^ 
Ex.  9.  Subtract  — ^  from  — ^^ . 

24a?*  +  8a*— 6Ja:— 2U' 
.Ans. . -^ ^. 

'  2a?— 3  X 2 

Ex.  10,  Subtract  4a: ^/rom  5a;H — —. 

f  Ans.  a:+ 7- —  . 

15 

Ex.  11.  Subtract  -7 r  from  g+^.    ,  ^v 

/?(« — a?)  a(a+a:; 

i*  4a; 

'Ans.  a 


a^— cc" 
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Ex.   12.    Required  the  difference  of  3x   and 

3a+t2x                                                    .       3x—3a 
— ! .  Ans. — . 

5x-^-2  4a;+5 

Ex.  13.  From  ^x-^—-—  subtract  3a? ^r— • 

7  b 

16^8+23 


Ans. 


42 


§  VI.      MULTIPLICATION    AND    DIVISION    OF    ALGE- 
BRAIC   FRACTIONS. 

To  multiply  fractional  quantities  together* 

RULE. 

156.  Multiply  their  numerators  together  for  a 
new  numerator,  and '  their  denominators  together 
for  a  new  denominator ;  reduce  the  resulting  frac- 
tion to  its  lowest  terms,  and  it  will  be  the  product 
of  the  fractions  required. 

It  has  been  already  observed,  (AH.  119)?  that 
when  a  fraction  is  to  be  multiplied  by  a  whole  quan- 
tity, the  numerator  is  multiplied  by  that  quantity, 
and  the  denominator  is  retained  : 

mi.        «  ,       ac         ,  2a;      ^     \0x  ,  •  t    . 

Thus,  TXc=-r-,  and  -rX5=-7— ;  or,  which  is 

0  0  0         :  0 

the  same,  making  an  improper  fraction  of  the  inte- 
gral quantity,  and  then  proceeding  according  to  the 

,  ,         a     c     ac       ,  2a7     5     lOa 

rule,  wehaveTXT=sy,  and-7-XJ-=-T-• 
Hence?  if  a  fraction  be  multiplied  by  its  denomi- 
nator, the  product  is  the  numerator 3  thus,  tX6=^ 
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-7~=6.    In  like  manner,  the  result  being  the  same, 

whether  the  numerator  be  multiplied  bj  a  whole 
quantity,  or  the  denominator  divided  by  it,  the  lat- 
ter method  is  to  be  preferred,  when  the  denomina- 
tor is  some  multiple  of  the  multiplier :  Thus,  let 

nd  ad 

7-  be  the  fraction,  and  c  the  multiplier ;  then  t-  X 
oc    •  be 

adc     ad         .ad  ad       ad       .    ^ 

c=-7--=-7- ;  and  j-  xc  =r =-r"5  as  before. 

be       0  ^  be  6c-2-c      6 

Also,  when  the  numerator  of  one  of  the  fractions 

to  be  multiplied,  and  the  denominator  of  the  other, ' 

can  be  divided  by  some  quantity  which  is  common 

to  each  of  them,  the  quotients  may  be  used  instead 

of  the  fractions  themselves:   thus,  jX — rT= 

a— 6     a+b 

-—7 ;  cancelling  a+b  in  the  numerator  of  the  one, 

and  denominator  of  the  other. 

Ex.  1.  Multiply  —  by  y. 

3a X 4a =12«^=  numerator,)     .    .,^  f^^^i:^^\^ 
5X7=35-  denominator;  S    '  '  ^^"^  ^'^''^'''"  '^^' 

12a^ 
quired  is  -rr— 

Ex.  2.  Muliply  ^-  by  y. 

Here,  (3x+2)X8a;=24jc2-f  I6a:=  numerator, 
and  4X7=28=  denominator; 

Therefore,  ~ =  (dividing  the  numera- 

fi  JJ  *  Jim  A(JQ 

tor  and  denominator  by  4) r — -  the  product  re- 
quired. 
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,  Ex.  3.  Multiply  5^-  hy-^. 

'Here,  (a«— a:»)X7a;2==(a+a?)x(«— a;)x7a:2  = 
numerator  (Art*  106),  and  3a  x  (a— a:)=:  denomina- 
tor; see  Ex.  15,  (Art.  79). 

Hence,  the  product  i.  (j+^{^-^)^7x- _ 

SaX{a—x)         ■" 

(dividing  the  numerator  and  denominator  bv  a x) 

7x^a+x)     7ax*+7x^  ^  ^ 

3a  3a 

Ex.  4.  Multiply  o+^  by  a—-. 

5  3 

uL^^  ^_i_^     5a+a;  x     3a— x 

Here,  a+~5=——-,  and  a---= • 

5        5     \  3         3 

Then,  (5a4-a;)X(3a— x)  =  l5fl«-2aa;-~a?*=  new 
numerator,  and  5X3=15=  denominator:  There- 

*^^®J        -^-^ -^f j^—  IS  the  product 

required. 

.  ^^*  ^**^*  when  mixed  quantities  are  to  be  mul- 
tiphed  togethec,  tt  is  sometimes  ihore^  convenient 
/  to  proceedj  as  fn  the  multiplkation   of  integral 
quantities,  without  reducing  them  tt>  improper  frac- 
tions. .  ^    *-    . 

*"*  Ex.  S.  Multiply  aj2— ^07+1  by  |a;+2. 

•  _      r 


i«*+Va!»-r*a;+f 
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3x* — 5x  ,  7a 

Ex.  6.  MalUply  — jj-  by  g^^rnj^' 

Sax — 5« 

Ana.  -43JJ-6'- 

Sx'      ,     15a— 30    ' 
Ex.  7.  Multiply  ^^^-j-jj  by  — ^— . 

.         9a; 

2 

,  .  ,     2a — 2x   *        Sax 
Ex.  8.  Multiply  -3^  by  ^^-^. 

Ans.  — . 

oo 
Ex.  9.'  It  is  required  to  find  the  continual  pro- 

.3a     2a;^  ,  a+b 

•duct of-,  -3-,  and—. 

.        2ax+2ab 
Ans.  — • — • 

o 

Ex.  10.  It  is  required  to  find  the  continued  pro- 

duct  of  ^— ^,   -jx5^'  ^^  ^' 
a  -^y      a'''T'X  a^*iv- 

Ans.  a+ai- 
Ex.  11.  It  is  required  to  find  the  continued  pro- 

Ans. . 

.    a?  ^ 

Ex.  12.  Multiply  jc» -la: +1  by  x*— ix. 
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To  divide  one  fractional  quantily  by  anothen 

RULE. 

I52u  IliaUipIy  the  dividend  by  the  reciprocal  of 
the  divisor,  or  which  is  the  same,  invert  the  divisor, 
and  proceed,  in  every  respect^  as  in  multiplication 
of  algebraic  fractions ;  and  the  product  thus  found 
will  be  the  quotient  required. 

When  a  fraction  is  to  be  divided  by  an  integral 
quantity ;  the  process  is  the  reverse  of  that  in  mul- 
tiplication ;  or,  which  is  the  same,  multiply  the  de- 
nominator by  the  integral,  (Art.  120),  or  divide  the 
DUi^enttor  by  it.  The  latter  mode  is  to  be  pre- 
ferred, when  the  numerator  is  a  multiple  of  the 
divisor* 

Ex.  1.  Divide  —  by  ~.  . 

a         c 

The  divisor  ^inverted,  becomes r-  hence  — X  • 

c  h  a     0 

5cx 

is  the  fraction  required* 


ah 

Ex.  2,  Divide  ^^~^^   by  ^^?^. 

a+b       "^    a+b 

The    divisor     (    ^Tf ^  I      inverted,    become^ 

\    a+b    / 

^+*            i,^««-       3« — 3^  w   «+*       3a— 3x 
;      nence X — ■ — =     ■    ■  ..  =: 

da'^dx  a+b        5a^bx  .  di — 5a? 

$fa-rx}^  *^      *  quotient  required. 


13 
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Ex.  3.  Divide  — — -  by  a+b. 

I 

The  reciprocal  of  the  divisor  is  ^^ ;   hence 

^^  -6'  y  _L=<^+*)^^-^)=g=^  is  the  quotient 
X         a+b       X   +{a+b)       x 

required. 

Or  5lll^=a— 6  ;   hence   ^^^  is  the  iraction 
a+6  X 

required. 

Ex.  4.  Divide  — p—  by  aH 3- — • 

a+c  a 

Here,  a-^ = —  >    ^^^^^  ^"^ 

fraction  UZ^  divided  by  ^,  becomes        .      X 


.T^     ax*  +CX 


— =  the  quotient  required. 


- 159.  But  it  is,  however,  frequently  more  simple  in 
practice  to  divide  mixed  quantities  by  one  another, 
without  reducing  them  to  improper  fractions,  as  m 
division  of  integral  quantities,  especially  when  the 
division  would  terminate. 

.     Ex,  5.  Divide  x*— fx^+Va?^— ^a;  by  x^—^x. 
,x^  -ix)x*  -|x3 + Ya^"  -ix(x*— |x+ 1 


X*— ^x' 


-  .  .  ;  a?*— ^ 


mm0t» 
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Ex.  6,  Divide  —  by  — .  Ans.  — . 

Ex.  7.  Divide    ^7"     by  —7 — .  Ans.  2«. 

5  ox 

Ex.  0.  Divide —  by   --.        Ans. ^. 

00  X 

Ex^  9.  Dmde  ^,_a^^^^,    by  -_^. 


J2 

Ans.  x-l — . 


Ex.  10.  Divide  -  by 


2a; 


Ans. 


x^—ax+a^ 


fl3_^3  a— a; 


Ex.  11.  Divide  — ; —  by 


o+a?       •;   a^4-2ax+a;^* 

Ans.  a3+2fl^a?+2aa;2^^3^ 

Ex.    12.     Divrde    a;* — ---a5«+a?^+!la; — 2  bv  ix 

6  3-^3 

•2. 

3  1 

Ans.  -a; 3 — ^~a?^  +  l. 

4  2 


§  TIL   BESOLUTION  OF   ALGfiBRAIC   FRACTIONS    OJl 
QUOTIENTS    INTO    INFINITE    SERIES. 

♦ 

160.  An  infinite  series  is  a  continaed  rank,  or  pro- 
gression of  quantities,  connected  together  by  the 
signs  +  or  — ;  and  usually  proceeds  according  to 
some  regular,  or  determined  law. 

Thus,  |+*+i+4+^+TV+.  &c. 
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In  the  first  of  which,  the  seTera]  terms  are  (be 
reciprocals  of  the  odd  numbers  1,  3,  5, 7,  &c. ;  and 
in  the  latter  the  reciprocals  of  the  even  numbers, 
2,  4,  6,  8,  &c.,  with  alternate  signs. 

16!.  We  have  already  observed  (Art*  96),  that 
if  the  first  or  leading  term  of  the  remainder,  in  the 
division  of  algebraic  quantities,  be  not  divisible  by 
the  divisor,  the  operation  might  be  considered  as 
terminated  ;  or,  which  is  the  same,  that  the  inte- 
gral part  of  the  quotient  has  been  obtained.  And, 
it  has  also  been  remarked,  (Art.  8D),  that  the  divi- 
sion of  the  remainder  by  the  divisor  can  be  only 
indicated,  or  expressed,  by  a  fraction  :  thus,  for 
example,  if  we  have  to  divide  a^by  a+1,  we  write 

for  the  quotient  — ~-  :    This,  however,  does  not 

prevent  us  from  attempting  the  division  according 
to  the  rules  that  have  been  given,  nor  from  con- 
tinuing it  as  far  as  we  please,  and  we  shall  thus  not 
fail  to  find  the  true  quotient,  though  under  different 
forms. 

162.  To  prove  this,  let  us  actually  divide  a®  or 
1,  by  1 — a,  thus  ; 


1 


remainder     a 


1— a 


Quoi,  1  + 


1—a 


Therefore  ; =  I  +  - —  ;  but =a-t 

I' — a  1—a  1— "« 

l_a'  1—a      '"^I— fl'  1—a         ^1-ff'    i— « 

1 — a 
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t 
\ 

This  shows  that  the  fraction  j-^ —  may  be  exbi- 
ibited  under  aJl  the  following  forms  : 

1 — a  1— a  1— a 

J  — a  1  — a 

1 — a 
Now,  by  considering  the  first  of  these  formulae, 

which  is  IH ,  and  observing  that  1  = ,we 

I— a  I— a 

have  1+ =:; hz == —  =^z • 

]^a     1— a     1— a        1— a        l—o 

If  we  follow  the  same  process  with  regard  to  the 

second  expression,  that  is  to  say,  if  we  reduce  the 

integral  part  l+a  to  the  same  denominator)  1  —a^ 

we  shall  have  the  fraction ,  to  which  if  we  add 

-  «'  will,        l~a«+a«  J    1 

we  sBatl  have 


y 


.1— a  I— a  I— a 

In  the  third  formula  of  the  quotient,  the  integers 

l+a+a^ reduced  to  the  denominator  1— a  make 

^— ^,   and  if  we  add    to  it  the    fraction:; 

.1 — a  .  ^"~fi^ 

the  'sum  will  be • 

1 — a  , 

Therefore  each  of  these  formulae  is  in  fact  the 
value  of  the  proposed  fraction  7-3" • 

163.  This  being  the  case,  we  may  continue  the 
%tx\^  ^%hx  as  we  please,  without  being  under  ^e 


•      * 
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necewity  of  perferming  any  more  calcalattons ;  by 
observipg,  in  the  first  place,  that  each  of  these  for- 
mulae is  composed  of  an  integral  part  which  ia  the 
sum  of  the  successive  powers  of  a,  beginning  with 
a«  =  l  inclusively; 

Secondly,  of  a  fraction  which  has  always  for  the 
denominator  1  —a,  and  for  the  numeratorthe  letter 
a,  with  an  exponent  greater,  by  unity,  than  that  of 
the  same  letter  in  the  last  term  of  the  int^ral  part. 

This  constant  formation  of  the  successive  for- 
mulae, is  what  Analysts  call  a  law.  And  the  man- 
ner of  deducing  general  laws  by  the  consideration 
of  certain  particular  cases,  is  usually  called  induc- 
tion ;  which,  though  not  a  strict  method  of  proof, 
says  Laplace,  has  been  the  source  of  almost  all  the 
discoveries  that  have  hitherto  been  made,  both  in 
analysis  and  physics,  of  which  all  the  phenomena 
are  the  mathematical  results  of  a  small  number  of 
invariable  laws.  It  is  thus  that  Newton,  by  follow- 
ing, the  law  of  the  numeral  coefficients,  in  the 
square,  the  cube,  the  fourth  power,  &c«  of  a  bino- 
mial, arrived  soon  at  the  general  law  that  bears  his 
name,  and  which  will  be  demonstrated  in  one  of  the 
following  Chapters :  This  Geometer  has  carefully 
added,  that  in  following  this  mode  of  investigation^ 
we  must  not  generalize  too  hastily ,  as  it  oA^  hap- 
pens, that  a  law,  which  appears  to  take  place  in  the 
lirst  part  of  a  process,  is  not  found  to  hold  good 
throughout.    Thus,  in  the  simple  instance  of  re- 

531251 
ducing  g  Q     ,    to  a  decimal,  its  equivalent  value 

is  17174949,  &c*j  of  which  the  real,  repeating  pe- 
riod is  49,  and  not  Hj^aa  might,  at  firsts  be  ima- 
gined* 


• 
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i64f«  Kroai  irbfttbas  been  observed  with  regard 
to  tte  successive  quotients,  (Art.  163),  we  can,  in 
general,  put 

n  being  a  whole  positive  number,  which  aagmeHted 
by  unity,  gives  the  place  of  the  term.  In  fact, 
making  n=3y  a**  become?  a^,  which  is  the  fourth 
term  of  the  quotient;  for  n=4,  a*  becomes  aS 
which  is  the  fifth  term.  But  as  nothing  hinders  us 
from  removing  indefinitely  the  fractional  term 
\yhich  terminates  the  series,  that  is,  of  adding 
always  a  term  to  the  integral  part;  so  that  we 
might  still  go,  on  without  end ;  for  which  reason  it 
may  be.  said  that  the  proposed  fraction  has  been 
resolved  into  a.ii  infinite  series ;  which  is,  1  +a+ 

'  ^  + ,  &c.  to  infinity :  and  there  are  sufficientgrounds 
to  maintain  that  the  value  of  this  infinite  series  is 

(he  same  as  that  of  the  fraction  -. — - 

1 — a 

i 

Or  that, --— =l+a+a*+o^+o*+ ;  &c. 

\%5\  What  has  just  beisn  observed  may  at  first 
^pear  strange ;  but  the  consideration  of  some  par- 
ticular, cases  will  make.it  easily  .understood* 

Let  us  suppose,  in  the  first  place,  a^  1 ;  the  ge- 
neral quotient  above  will  become  a  particular  quo^ 

tient  corresponding,  to  t^ko  fmelion  j^  The 
series  taken  indiefinitely,  shall  be 


* 
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In  order  to  see  clearly  the  roeaniog  of  this  re- 
sult, let  us  suppose  that  we  baye  to  divide  uoity  or 

1  successively  by  the  numbers  1,  -r,   -r;:,   77:7;^, 
^    ^  '10     100     1000 

■     ■     ,   &c.  we  will  have  the  quotient  1,  10,  100, 

1000,  10000,  &c.  continually  and  indefinitely  in- 
creasing, because  the  divisors  are  continually  and 
indefinitely  decreasing ;  but  these  divisors  tend  to- 
wards zero,  which  they  cannot  attain,  although  they 
approach  to  it  continually,  or  that  the  difference  be- 
comes  less  and  less ;  and  at  the  same  time  the 
value  of  the  fraction  increases  continually,and  tends 
io  that  which  corresponds  to  the  divisor  zero  or  0': 
and  it  is  as  much  impossible  that  the  fraction  in  its 

1  ^ 

successive  augmentations,  attains  -,  as  it  is  that  the 

0 

denominator  in  its  successive  diminutions  arrives 
at  zero.  Thus  --  u  (he.  last  term  or  limit  of 
the  increasing  values  of  the  fraction  ;  at  this 
period,  it  has   received  all  its  augmentations  :  g 

is  not  therefore  a  number,  it  is  the  superior  limit  of 

jiambers  :  such  is  the  notion  that  we  must  have  of 

I 
this  result  --  wiiich  the  analysts  call  for  abbrevia- 

tion,  infinUyj  and  which  is  denoted  by  the  charac- 
ter 05  (Art.  35).  It  is  frequently  given  as  anan- 
/swer  to  an  impossible  question,  (which  will  be  no- 
ticed in  a  subsequent  part  of  the  Work,)  and  in 
:  fact,  it  is  very  proper  to  announce  this  circumr 
stanoe,  since  that  we  Canitot  wskpK  tt^  iiTimber<ii> 
npted  by  this  sign.  „  '  -    ,  .' 


i  • 
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^t  may  still  be  remarked,  that  if  we  would  take 
but  the  first  six  terms  of  the  series*  we  must  close 
the  developemeat  by  the  corresponding  remainder 
divided  by  this  divisor,  which  gives, 

-J--=l=:l+l  +  l  +  l +  1  +  1+1;       . 

this  eqaality,  absard  in  appearance,  proves  that  six 
terms  at  least  do  not  hinder  the  series  from  being 
indefinitely  continned.  And  in  fact,  if  after  having 
taken  away  six  terms  from  this  series,  it  would 
cease  to  be  infinite,  or  become  terminated,  in^  re- 
storing to  it  these  six  terms,  it  shoold  be  composed 
of  a  definite  or  assignable  number  of  terms,  which 
it  is  not.  Therefore  the  surplus  of  the  series  mast 
bave  the  same  sum  as  the  totdl.    We  can  yet  say 

that  ~,  inasmuch  as  it  is  not  a  magnitude,  can 

receii^  no  augmentation,  so  that  1  +  1 +  1+,  &c. 

+~  mu^t  remain  equal  to  -• 

Hence,  we  might  conclude  that  a  finite  quantity 
added  to,  or  subtracted  firom  infinity,  makes  no  al- 
teration* 

That,  CO  ±aczo». 

However,  it  may  be  necessctry  in  this  place  to 
observe,  that,  although  an  infinity  cannot  be  ip- 
creased,  or  decreased,  by  the  addition,  or  subtrac- 
tion, of  finite  quantities  ;  still,  it  may  be  increased 

pr  decreased,  by  multiplication  or  division  ;  in  the 

1 
game  manner  as  any  other  quantity;   Thus,  if- 

be  equal  to  infinity,  -  will  be  the  double  of  it,  - 
thrice;  and  so  on.    See  Eutca's  Algebra^  Vol.  h 
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Ill         1 

^    Note. — 7,   —i  — r-,    — ; — ,  &c.  are  considered 

*      IT     TTfT     TVTnr 
to  be  the  fractions,  in  which  the  denominators  arc 

Now,  as  1  divided  by  anj  assignable  quantity,  how- 
ever great  it  may  be,  can  never  arrive  completely  at 
0,  consequently  the  fractions  in  their  successive  aag- 
mentations  can  never  arrive  at  infinity,  except 
thst  unity  or  1,  be  divided  by  a  quantity  infinitely 
great ;  that  is  to  say,  it  mast  be  divided  by  infinity  ; 

hence  we  may  concltide  that  ^  is  in  reality  equal 

1 

to  nothing,  or  ^=0- 

166.  It  may  not  be  improper  to  take  notice  in 
this  place  of  other  properties  of  noiigAi  and  infinity. 

I.  That  nought  added  to  or  subtracted  from. any 
quantity,  makes  it  neither  greater  nor  less ;  that  is, 

a+0=a,  and  a — 0=a. 

II.  Also,  if  nought  be  multiplied  or  divided,  by 
any  quantity,  both  the  product  and  quotient  will  be 
nought ;  because  any  number  of  times  0,  or  any 
part  of  0,  is  0 :  that  is, 

0  X  a,  or  a  X  0=0,  and  -=0. 

a 

III.  From  the  last  property,  it  Hkewise  follows, 
that  nought  divided  by  nought,  is  a  finite  quantity, 
of  some  kind  or  other.  For  since  OXa=,  or  0=^ 
OX  a,  it  is  evident  from  the  ordinary  rules  of  divi% 
sion,  that 

0 
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IV.  Farther,  if  nought  he  inaltiplied  hy  infinitj, 
the  product  will  be  some  finite  quantity.    For  since 

la  t  n 

-  or  ~=  <» ;  therefore,  0  X  oo  =^a» 
0      0' 

167.  It  may  be  also  remarked,  that  nought  inul- 
tiplied  by  0  produces  0 ;  that  is, 

0X0=0. 

For,  since  OX  a=0,  whatever  quantity  a  maybe, 
then,  supposing  a=0,  0X0=0. 

From  this  we  might  infer,  according  to  the  rules 

0 
of  division,  that  the  value  of-=0,  or  that  nought 

divided  by  nought  is  nought,  in  this  particular  case: 
Also,  that  0,  raised  to  an^  power,  is  0;  that  is, 

0"'=0 ;  it  follows  that  ^=^ ;    but  if  iri  a"^  =^ 

.  0*"    0  a"* 

(Art.  86),  we  suppose  a=0,  which  may  be  allowed, 
since  a  designates  any  number,  we  have  0®=7;- 

If  we  really  effect  the  division  of  0  by  0,  we 
could  put  for  the  quotient  any  number  whatever, 
since  any  number,  multiplied  by  zero,  gives  for  the 

I  product  zero,  which  is  here  the  dividend. 

'  ■    This  expression,  0^  appears  therefore  to  admit 

of  an  infinity  of  numerical  values  *,  and  yet  such  a 

r  0  .  * 

resuUas  -  can,  in  many  cases^  admit  of  a  finite  and 

.  determined  value.     It  is  thus,  for  example,  that  the 

fraction  — ;p-,  in  the  hypotbesi?  of  ap^O,  becomes 

..0      ,0" 

But,  if  at  first  we  write  this  fraction  under  the 
form  Ka***";  |ihd  that  we  put  «==Q^  we  find  that  it 
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liecoineB  K  X  O*""*,  which  is  0  lor  fli>n ;  in  case  of 

K    K  • 

m<nf  or  m^n-^d,  we  shall  have  (Art,  86),  ^5=— ; 

which  is  equal  to  infinity,  as  has  been  already  ob- 
'  served ;  finally,  for  m=^ny  we  can  divide  above  and 
below  by  a"*,  and  the  fraction  is  reduced  to  K^ 
which  is  a  finite  quantity. 

1G8*  If  we  suppose,  in  the  fraction  (Art.  164), 
(1=2,  we  find 

r^=  — 1=1+2+4+8+16+32+64+,  &c., 
1 — 3 

which  at  first  sight  will  appear  absurd*     But  it  must 

be  remarked,  that  if  we  wish  to  stop  at  any  term  of 

the  above  series,  we  capnot  do  so  without  joining 

the  fraction  which  remains*    Suppose,  for  example, 

we  were  to  stop  at  64;  after  having  written  1+2 

+4+8+16+32+64,  we  must  join  the  fraction 

— -,  or  "7?  or  —128;  we  shall  therefore  have 
for  the  complete  quotient  127—128,  that  is  in  fact 

Here,  however  far  the  fractional  term  may  be 

extended,  its  numerical  value,  which  is  negative, 

will  always  surpass,  by  a  unit,  that  of  the  integral 

part,  so  that  this  is  totally  destroyeft ;  and  as  in  the 

hypothesis  of  a>l,  we  shall  always  subtract  more 

than  what  we  will  add,  we  shall  never  meet  with 

1 
the  result  ^  *  * 

-     169*  These  are  the  consid^nation^  wl|icb  are  ne- 
cessary when  we  assume  for  a  numbei:^  greater  than   ] 
unity;  bat^if  we  now  suppose  .a  less  than  1,  th^' 
whole  becomes  more  intelligible ;  for  example,  let 


-  AlaGEbRAlC  FRACTIONS.  14 


5 


ijf=i,  and  ire  shall  have  - — -»=- — r=T=2,  which 

*  will  alsabe  equal  to  th^  fo]k5wiDg  series,  l+j-j-i. 
*f  i+iV+iV+?V+Tfe*  &c.,  to  infinity  (Art.  164). 

•  .KoW}  i(  we  take  only  two  terms  at  the  series,  we 

shall  (lave  J  +i^  and  it  wants  i  of  being  equal  t6  2 ; 

,  if  tv^e  take  thnee  jterms,  it  wabts  |,  for  tke  spiim  is 
.-<  J|;  if ^e  take  four  terms,  we  hay6  J^fji  and  the  de« 

'"'  ficiency  is  o«ly  i  :  ^Therefore,  we  see  very  clearly 
feat  the  mco-e  terms  of  the  quotient  we  take,*  the 

.less  the  difference  bj^comes ;  and  that,  consequent- 
ly^ If  we  Continue  to  take  successive  portions  of  this 
series,  the  difierefices  between  these ^cohseoitiye 

-         .    *  •  '1  *         . 

''  sums  and  ithe  fraq^i^n  -z — ^===2,  decr^se^  and  end 

lyy  becoining  less  than  ^j  givenniufober,  however 
*  ^mall  it  may  bei     The  number  2  is  there/ere  still  a 
^   Hmit^  according  to  the  acceptajtion  orthi?  word* 

^  Now,  it  may  be  observed,  thdt  if  the  preceding 
series  be  continued  to  infinity,  ihere  will  be  no  di^ 
ference  at  all  between  its  sum  and  t^e  yalue  of4he 

1 

fraction  — -7-5  ®^  ^* 

.     '  .  ...  .  "    .    ' 

1 70«  ^  limity  according  to  the  noddn  of  the  ancients  ^ 
is  sorhe  fixed  quantity !i  io  which  another  of  vari'able 
maginitude  can  r^ver  become  equal,  though,  in  the 
course  of  its  variation,  it  may  approach  nearen  to  it 
than  any  difference  that  can  be  assigned  ;  always  sup- 
posing that  the  change,  which  the  variable  quantity  un- 
dergoes, is  one  of  continued  increase,  or  continued  dimi- 
nution* Such,  for  example,  is  the  area  of  a  circle, 
with  regard  to  the  areas  of  the  circumscribed  and 
inscribed  polygons ;  for,  by  increasing  the  number  of 
sides  of  these  figures,  their  difference  tiiay  be  made 

}4t  . 
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)es9  than  any  assigned  area,  however  smaU^  an^ 
since  the  circle  is  necessarily  less  than  the  first,  and 
greafer  than  ike  second,  it  must  differ  from  either 
of  th^Tn  by  a  quantity  less  than  that  by  which  thoff 
diflfe'r  from  each  other.  The  circle  will  thus  an^irer 
all  the  'conditions  of  a  Hmit,  which  is  included  ill 
the  above  definition. 

1 71.  The  (preceding  considerations  are  very  ^fo- 
per  to  define  the  nature  of  the.word  limit  i  but  as 
Algebra,  which  i3  the  subject  we  are  treating  of 
^ere,  needs  no  foreign  aid  to  demonstrate  its 
principles,  it  is  necessary,  therefore,  to  explain 
the  nature  of  the  word  limit,  by  the  contidera- 
tj^on  of  algebraic  expressions.  For  this  pj4r- 
pbse,  let,  in  the  first  place,  the  vary  simple  fraction 

be  —77-'  ^^  which' we  8upp*ose  that  x  may  be  posi- 
tive,  and  augmented  indefinitely ;  in  dividing  both 

t 

terms  of  this  fraction  by  ap,  the  result,  73-^5  evidently 

shpws  that  the  function  remains  always  less  than  a, 
but'  that  it  approaches  continually  to  a,  since  that 
the  part  f,  of  its  denominator,  diminishes  more  and 
more,  and  can  be  reduced  to  such  a  degree  of  smali- 
ness'as'we  would  wish. 

The  difference  between  a  and  the  proposed  frac- 
tion being  in  general  expressed  by  a T"=='"Ii7  » 

becomes  so  much  smaller,  according  as  x  is  larger, 
and  can  be  rendered  less  than  any  given  magnitude, 
however  small  it  may  be ;  so  that  the  proposed 
fraction  can  approach  io  a  as  near  as  we  would 

wish :  a  is  therefore  the  limit  of  the  fraction  — — , 
•  x+a 

relatively  to  the  indefinite  augmentation  which  x 


■^ 


t  * 


** 
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<^an  receive.     It  is  In  tlje  charactei^s  which  we  hare 

5ust  expressed,  that  the  true  ^cceEtatiofl,*which  we 

must  give  to  the  word  limit,  coaaists,  in  order  ta 

,  eomprebend  every  thingwhich  can  relate 'to  it* 

''  •   If  we  h^d  remarked  in  the  preceding  example, 

that  by  carryir^  on,  as  far  as  we  would  wisb^  the 

»  augmentation  of  x,  we  could  never  regard,  as  no- 

*  •  *       a** 

thing,  the  fraction  — p- ;  therefore  we  would  re|i- 

sonably  conclude^  that  th^  fraction  -— -^  thoagh  it 

•would  approach  indefinitely  to  the  limit  a,  could. 

never  attain  a.  And, trons'equently, '^nnot  stirpass  it ; 

'    but  ilpwquld  be  wroqgto  insert  this  circumstance  as  a 

'  cojndition  in  the  eeaeral.deiinition  of  the  wofd  limiH : 

we  would  thereby  exclude  the  ratio^of^vftjofdhiiig 

quantities^  raties  whqse  existence  is  iacQ|it^stable, 

'  and  from  which  we  <lcriye  muchjn  aYialyeas. 

•  172.  In  fact,  ^hen  we  CQii|ipare  the  functions  ax  ^ 
and  0x4-0?^)  we  find  |^at  their  ratio^  re4uc<)j^  to  it» 

most  sin^ple-  expression,  is.'"— r— i*and  rtiat  it  ap- 

pj^af  he9  neaiier  and  neacer  to  unity,  s^ccoiulii^  as 

'  a>  diminishes*    It j  becomes  exactly  1/  wheA  a;=0; 

but  the  quaiititfes  gx  and  ax-i-x^/ which  are  then 

Tig6rottsly  n^^thing,  can  they  have  a  determinate 

.  ratio  ?  *This  is  what  appears  difficult  to  conceive  ; 

.  -^nd  we  cannot  give  a  clear''  idea  of  it  but  by  pre- 

sehtipe  tiie  quantity  .1  as  .9»Iimit  to  which  the  ratio 

ofthe  functions  ax  andotc+o;^  gan  approach.as  near 

iis  Wi5  ivould  vishi  since  the' difference,  l^-rr-=^ 

^  ^'TT'^  can  be  rendered  less  than  any -assigA'able  mag- 
ni|ud^.howe][er  small  this  onagnitud^  may  be. 
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a  *    ^ 

On  the  Qtbertend.  the  ratio,  —7—,  o£the  quant x-  ^ 

ties  ax  and  aa;+^^  can  not  only  attain  unity  when 

vre  nake  x^O^  but  surpass  it  when  w^  suppose  a   . 

ft 
negative,  sin^e  it  becomes  then ,  a  ({uahtity* 

which  is  greater  than  1,  when  x<a^    Tti\s  clVcum- 
'    stahce  appears  not  at  all  contrary  to  th6  idea  of 
linvit;  for  we  can- regard  the  value  1,  which  an< 
swers  tb  xkQ,  as  a  terifl  towards  which  the^ratio 
of  the  functions  ax  and.  0x4-^  tends,  by  the  di^ni- 
nutions  of  Ihe  values  of  o^^idiether  positiva^of  ne^-'; 
.  tive.    For  .further  iflustrations, of  ibe^  w%>rd  Hito if; ' 
add  wbat  is  meant  by  infii^ityV  and  infinitely  «mall 
quantities  or  infinitessimals^  the  intelligent  reader 
is  referred  fo  Lac^'ROix's  IntrodHctihn  to  the  Traitfr 
du.  Calcul  %)jfferentiei  ei  du  Caleul  Integral j  ^t;o«r 
where  th^se  4i|bjeets  ate  clearly  elucidaiedk''^  ^  \y:  * 

'   "^    1 73.  'Now,  let  tf =^,  in  the/n^ition jand ^e 

j^=i|===l'+i+*+^+8V+H3  4-,&c.  ^ 

If  we  tike  two  terms,  we  find  1  +iu  and  the  tBflfe*^, 
ence  =si',  tbt^e  tcitns  give  1+*^  the  erro*^^- 
for  four  terms  the  error  is  notnoi^  t^an  j?-  JSii^ce,^ 
therefore,  the  error  always  becomes  three  time«* 
le^,  it  tends  toward  zejo,  jvhicb  if  cannot  attain^- 
and  the, sum  tends  toward  §,* which  is  the  limit.  ,    \ 


*  . 


shall  have 


> 


.r 


^    4 


4 


» ,    • 
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174.  Again,  let  as  take  a=f,  ^d  we  shall  ha^e 

.'  the  first  place,  the  sum  of  two  terms,  which  r^  1  +|i, 
is  less  than  3  by  1+^;  taking  thr«e  terms,  whidi 
make  2|,  thje  error  is  f ;  (ot  four  terms,  whose- sum 

is- 2U,  the  error  IS  J4.. 

'  ''1 

•  175.  finally,  for  a^J,  we  find  ;-3j=l+J=l 

•  * 

+J+TV+TV+2iT+/&c.;  the  two  first  terms  are 

equal  to  1  J,  which  gives  iV  for  the  error;  ^aad  taking' 

one  term  more,  we  shall  only  have  an  error  of  ^V* 

176.  From  the  preceding'considerations  we  may 
readily  oonclude,  that  any  fraction  haviijg  a  com- 
pound denominator  may  be  convertcc)  into  an  inft- 
nite  seriM  by  the  following  rule  ;  and  if  the  deno« 
9iinator  be  a  simple  quantity  it  ma^be  divided  intp 

*  two  or  .more  parts. 

RULE. 

177.  Divide  the  numerator  by  the  denominator, 
r  JA3  in  the  division  of  integral  quantities,  and  the  ope- 
ration, continued  as  far  as  may  be  thought  necessa- 
ry, will  give  the  series  required. 


14# 
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ax 


Ex.  1.  U 18  required  to  reduce  ^^  into  an  infi-- 
nite  series*  .        « 


ax 


a — a; 


« 

• 

•■% 

• 

ft 

«'- — * 

Quotienf. 

'  X*     ac?  ,  X* 

« 

1st  rem. 

• 

•  *  •   «   • 

a 

a 

1  . 

.    X* 

2d  rem. 

a;* 

-ikiU    AVlU. 

f 

a^     a= 

- 

a^     " 

The  tenna  io  the  quotient  are  found  thus;  divi- 
ding the  first  remaiiider^  x^,  by  «,  the  first  term  of 

the  divisor  a — x.  we  shall  hare  —  for  the  second 

'  a 

term  of  the  quotient,  because  the  division  can  onl j 

x^ 
be  indicated;  multipljing  the  divisor  by  —-9  and 

subtracting  the  product  from  x^j  the  remainder  is 

sac* 
— ;  again,  divi^Iing  this  remainder  by  a^  (he  restfit 


f. 
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.*     will  be  -^-  which  is  the  third  t^nn  it^lhe;  quotient  9 

'^and,  in  likB  manner,  we  might  continue  the  opera- 
'  ^  rtioB  as  fariTs  we  please :  Bbt. the  l^w  gf  co^nXmrn- 
^  V  ^tVii  is  evident,  fiecaust^the  powers  of  x.  iscilEiase  by  * 
.  ^  unity  in  each  sa^eessivib  Jterm  of  tbs  quotieol,  aod. 
the  powers  i^f^tz  lacrease^f  «mity  in  the  denooiiha- 
^  c  tor  of  each  of  the  tenns  after  Ae  first,  t 

,  .  And  thd^sam-of  the'terms  infinitely  C9ntin\^is 

' «    said  to  be  equal  to  flie  originarrfaction  — ^  •    Thus 

*  we  sa^  that  the  numerical  fraction  |,  when  reduced' 
to  a  deciia^b  is  «qual  to  .66664  &c.,  confmued  to 
infinity. 

&•  2.  It  "is  required  to'convert' into  sfn 

.     Infinite  series^ 


a 

a — X 


fl-^a? 


4» 


a;- 


a 


mtm 


x» 


QifOtienU 


xM        OP  .  X*  .  x^ 


In  this  sample,  if  x  be  less  than  a,  the  series  h 
cmverg$mt^  ^n  the  irafae  of  Ibe  4€rm<  eo&tinoally 
diminished  1  but,  when  x  is  greater  than  a,  it  is  sm 
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ft 

to  divtrge:  Thus,  let  «=S  and  a;=2,  then  1  + 

^^.^+^4^&c.  =1+1+*+^+,  &c.;   where  . 

the  fractions  ojT  terms  of  the  series  gr6w  less  and  ! 
less,  and  the  farther  they  are  extended  the  more 
they  eonverge  or  approximate  to  0,  which  is  sappo- 
sed  to  he  the  last  term  or  limit*  , 

Butifa=^2,anda;=3,  then,l+-+^+^+}&c. 

:=:|-|.|-|-j-{-a^-^j  &0,^  in  whith  the  terms  bedbme 

larger  and  larger.    This  is  called  a  diverging  series. 

I 
Ex.  3.  It  is  required  to  convert  jtj-  into  an  in- 
finite series. 


1 
1+a 


a« 


t+a 
Quotient* 

1— fl4.ft3_^3^fl^4^^S^^6^^^C. 


fl«  +a* 


— flS 


a^^a"^ 


a* 


a^+a 


V 

5 


Wiience  it  follows^  that  the  fraction  r-x**  ^^  equ^ 

to  the  series,  1— a+a* —»'+»♦— a* -fe^—a'-f-:, 
<&c* 


'■^ 


I- ' 
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•    178.  If  we.  make  a=l,  we  bave  this  remarkable 

comparison:  r3j-=l*^l  +  l  — 1+1  — l  +  l--,&c. 

to*  infinity ;  which  appears  rath<?r  contradictory  •, 
far,  if  we  stop  at  -M,  the  series  gives  0;  itnd^f  wc 
ffnish  aJt  + 1 ,  ie^i ves  + 1 .  The  real  questioo,  how- 
ever, results  from  the  fractional  parts,  w)tteh  (by  di- 
vision)  is  always  +i  when.the^um  ofthe'terms  is  d, 
.jH3d  ^1  wh^n  the  sum  is  4-1 :  because  the  oompl^te 
quotient  is  found  by  placing  the  remainder  over  the 
aiyisot*,  in  the  form  of  a  fraction,  and  annexing  itlto 
the  terms  in  the  quotient  with  its  proper  sign ;  H)ut 
.the  remainder  in  the  present  case  is  +1,  or  — i  • 
Jlfejtioe  the  fraction  to  be  added  is  -|-|,  or  — ^ ;  and. 
Cipnsequent^,  4  i^  ttie .  true  quotient  ini  (hf  former 
case,  and  1  —^  or  \  in  the  other.  This  will  appear 
evMent(  by  taking  successive  portions  of  tile  series  i 
thflis,  for  six  temiM,  we  shall  have  1  —1  + 1  —  1  + 1 
1- 1 4.^s*=  J,,  and  for  seven  terms,  1'—  1  + 1  —  1  + ' 

'^1  +  1^'i^i*  --     .. 


\  ScaoiiiuM.    HerQ  we  might  infer,  by  conversiion. 

I  ::  that  the flumof  an.infinfte  series  ia'foiind,  wiien  wc 

I  '  know  the  fraction  which  wo«fd  produce  flttch-a  series^ 

'  by  actual  division  $  but,  aithou^  it  is  a  ihct  that 

the  fraction  is  a  v^ue  of  tlif  series,  still  tt  may  not 

4»be  the  only  one  whkji  would  n^q^uce  the  same 

;  series :  Thus,  the  above  series,  I  -^I +1—1  +  1 — 1 

4    ^  1 — ,1  +^  &lr.,  to  infiiiaty,  can  be  produced  by  seve- 

*     '  .raLptb^r  fDaj[;jtions  besides  the  fracti|^.{.      ^ 

I  . .     Let,  for  example,^  be  converted  mto'an  infinite^ 

f  ^    ^  sefies  by  tdtual^fti vision :  Iff ow,  itf  is  plain  that^^= 

*  rXTuTT'  5^^f  tfi^  operation  will  staftd  thus ;    , 
l  +  i  +  i  •■.'  *-. 


r 


'» . 


•  .        -.  .         .      ♦  -     _ 
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1 

1+1+1 

—    1—1 
^1    —    1—1 


1     +     1+1 

Quotient. 

1-1+1  — l+l-l+,&c.; 


+  1 

+  1  +  1  +  1 


—  1  — I 

— 1-1-r 

+  l,&:c. 

in  like  manner,  i  will  produce  the  above  series^ 
aud  90  on. 

179.  Let  us  now  make  a=|^,  and  the  preceding   . 
devi^opeiDent  fball  he  . 

TXT=f =l>-*+i-~T+TV-^V+,  &c. : 

The  sum  t)f  two  terms  is  |,  which  is  too'  snt^U  by 
i ;  three  terms  give  ^,  wfach  is.  too  much  by  iV  r  ■ 
for  the  aum.of  four  terms,  we  have  ti  which  isioo  ^ 
sm^l  by  ^V»  &c. 

We  see  here  that  the  successive  portions  of  the 
series  are  alternately  greater  and  less  than  the  frac-  ^ 
tion.§>)  which  represent  it;  but  that  the  difTerence, 
whether  it  be  in  excess  or  deficiency,becomes  less    ^ 
a^l^s.  ^  .     , 

180.  Suppose  again  a=^,  and  we  shall- have  .^ 

•Now,  bjT considering  only  two  terms,  we  have  ?, 
which  is.  too  small  by  ^V  5  three  terms  make  |^  which 


^  I 

•^ 


•   •       *  .  -* 


.f  •  "       ^ 


.1        . 


t 
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's§  too  much  by  -^ ;  four  terrps  gii^e  H,  which-  is 
it^Q  small  by  jVt^  ^^^  so  on. 


'1 
181.  The  fraction  77—  may  also  bertesolved  into 

'  *an.  infinite  series  another  way  ;  namely,  by  dividipg 
'« 1  by  a -^-    I^as  follows  :  ... 


.-4-." 


1+1 


a+1 

t»    i.+  i 


c. 


1     a^  a*     a^     a 


^"rr'-j  &c; 


a^ 


1     1 


a     a- 


1 


•■r 


rt»" 


It  IS  however  unaecessary  to  carry  the  actual 
divifiioii  any  fareher,  as  we  are  enabled  already  to 
^^*^nue  the  series  to  any  length,  from  th&  law 
k/ •  ?*^  ^^  observed  in  those  terms  we  have 
^obtained ;  the  signs  are  alternately  plus  and  minus'^ 
and  each  term  ijs  equal  to  the  preceding  one  multi- 
plied by  -.       , 


a 


,% 


Id6 
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*It  is  thus  thfit  bj  chaiigiog  the  order  of  tbe  terms 
of  die  denominator,  we  obtain  the  quotient  under 
diflfercnt  forms,  and  that  vte  pass  froto  a  diverging; 
series,  for  certain  values  of  a,  to  a  converging  se- 
ries for  the  same  values.  .      .     x 

.It  may  also  be  here  observed^  that  in  the  divi^oif 
of  the  two  pljnomiak,  if  we  deviate  Yrom  the  esta*  * 
blished  rule    (Art.   93),    wo  arrive  at  qnotienis 
'vrtiioh  do  npt  terminate  :.  '^ 

Thus,  for  example,  a^*-5^.,  divrded  bj  a^bj  ac-  \ 
cording  to  the  rule  above  fueled,  gives  for  the  quo- 
tient a — 6;  but  if  we  divide  fl^—fc^  byj  6+a,  we  • 
shall  arrive  at  a  quotient  which  doeft  not  Wmiqate  :. 
thus,  -  **       '  -  ■' 


H-a 


Qupt.  = 


-r 


'm 

^     a? 

-b' 

b 

• 

a". 

a* 

* 

b 

b' 

■ 

f-»' 

6" 

a*     a' 

* 

b'  "^b'' 

s 

^ 

-^.^. 

fr   b*-p 


a'  * 


<:>V 


3 


&c. 

HerCf  we  can  clearly  see  that  the  quotient  wjU 
not  terminate,  however  far  we  may  continue  the 
opetatieii,  be^of e  we  have  always  a  remainder. 


V       ^ 
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lo  ibis,  case,  by  taking  b+a  for  a  divisor,  we 
must,  in  order  to  find  the  quotient  a — 5,  divide  the 
whole  dividend  by  all  the  divisor^  that  is  to  saj, 
a*— 6«  or  (a+6)X(a— 6)  by  a+b. 

1 82.  When  there  are,  more  than  two  terms  in  the 
divisor,  we  may  also  continue  the  division  to  infi- 
nity in  the  same  manner. 

Ex.  4.   It  is  required  to  convert  ;: : — r  into 


an  infinite  series* 


1— a+a' 


a 


a—a^+a^ 


f    III  ■■    , 


o^Mb 


1 — a+a^ 


1— a+a^ 


QuoU 

I  +a — a^  —a*  +a'  +a^,  &c. 


a' 


a^—a'^+a'' 


a 


7 /.8 


at^a^+a^ 


—a" 


We  have  therefore  : ; — -=l+a— a' — a*  + 

1— a+a« 

+c("4'A^9  &c.  to  infinity :  where,  if  we  make  a=sl, 

15 


158  ALGEBi^lC  FRACTIONS. 

we  have  , — p--=pl=:l+l— 1— l+l  +  I,    &:c., 
1 — l-ri 

which  series  contains  twice  the  series  fotmdi  (Art. 

178),  1—1+1— 1+1,  fee.   Now,  as  we  have  found 

^is  to  be  equal  to  ^,  it  is  not  extraordinary  that  we 

should  find  |,  or  1,  for  the  value  of  that  which  we 

have  just  determined. 

By  making  a=i,  we  shall  have  -=i=l+i— I 

-tV+A+t1t— tHi  &c- 
If  a=i,  we  shall  have 

i=i  =  l-4-i. \ — ^,^4-».J^  fee. 

t 

And  if  we  take  the  fodr  leading  terms  of  tim  se- 
ries, we  have  VV?  wliich  i^  only  j^^  less  than  <$. 
Let  OS  suppose  again  a=|,  and  ws -flhallbave 

-==|=l+f— ^V— H+TiV+j' &c.  this  series  is 
i  ■ 

therefoi^  equal  to  the  preceding  one,  and  hy  sub- 
tracting one  from  the  other,  we  obtatn  l^—- /T"~if 
+^,  &c«,  which  is  necessarily  e=.0» 

1 83.  The  method  which  has  been  here  explained, 
serves  to  ro^olve,  generally^  all  fractions  into  infi- 
nite series;  which  is  often  found,  as  has  been  ob- 
served by  EuLER  rn  his  Aigehra^  to  be  of  the  great- 
est utifity  ;  it  is  also  remarkable,  that  an  infinite 
series,  though  it  never  ceases,  may  have  a  deter- 
minate value.  It  shouM  likewise  be  observed,  that 
from  this  branch  of  Mathematics,  inventions  of  the 
utmost  importance  4}ave«been  derived,  on  which 
account,  the  subject  deserves  to  be  studied  with  the 
greatest  attention. 
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Ex.  5.  It  is  required  to  convert  ^-—  into  an  in- 


fifiite  series* 


X  .  x^     x^ 


X   .  X  *      •       e' 


a  '  a^     a^ 


Ex*  6.    It  is  required  to  convert   ^^r^  into  an  ' 
infinite  series^ 

a     a^      a*       a* 
Ex.  7.    It  is  required  to  Convert  — -^  into  an 
infinite  series.  . 

.  h,.  X    ,    X*  X^  n 

Ans.  -iX-^ — h-r — 7+)  ^c* 
a        a.    a*     a' 

Ex.  8.    It  is  required  to  convert   — ^  into  an 
infinite  series. 

a        a    a'     a' 
Ex^  9.    It  is  req4iired  to  convert into  an 

1 — X 

infinite  series.  '      ' 

Ans.  14.2a?+2a?3+2«*+2a:«+5&c. 


a» 


Ex.  10.  It  is  required  to  convert  ^.  into 

an  infinite  series. 

Ans.  1 — r-^ — +,  ozc. 

a       cr       Or 
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Ex*  11.  It  is  required  to  conyert into  au 

c — a? 

incite  series. 

c     c^       c*       c* 
Ex.  12.  It  is  required  to  convert    ;  ;     •  iato  an 


ioiaite  series. 


Ans. 


1         X*  \  X 


a' 


T+-^ 


X^^    ,  X^^  0 


a'*     a 

6  6 

Ej^.  13.  It  is  required  to  convert  -,  or  — — - ,  in- 
to an  infinite  series. 

I  -  I       * 

Ex.  14.    If  is  required  to  convert  -  or  —-^  into 

4       o — 1 

an  infinite  series. 

l\   I    ,1    .    1 
6     5"  '  5»     5 


(101) 


CHAPTER  III. 


ON 

SIMPLE  EQUATIONS, 

INVOLVING  ONLY  ONE  UNKNOWN  QOANTItY, 

184.  In  addition  to  what  has  been  already  said, 
(Art.. 34),  it  may  be  here  observed,  that  the  ex- 
pression, in  algebraic  symbols,  of  two  equivalent 
phrases  contained  in  the  enunciation  of  a  question^ 
IS  called  an  equation,  which,  as  has  been  remarked 
by  Garnicr,  difiers  from  an  equality^  in  this, 
that  ^be  first  comprehends  an  unknown  quantity 
combined  with  certain  unknown  quantities ;  wh^e- 
as  the  second  takes  place  but  between  quantities 

s    dL 
that  are  known.    Thus,,  the  expression  a=~+^, 

(Art.  102),  according  to  the  above  remark,  is  called 
an  equality;  because  the  quantities  a,  s^  and  df 
arejiupposed  to  be  known.  And  the  expression 
x'^x — e{=^,  (Art.  103),  is  called  an  equation,  be- 
cause the  unknown  quantity  x,  is  CMnbined  with 
the  given  quantities  d  and  s*  Also,  x — a^s^O  is  an 
equation  which  asserts  that  x — a  is  eqtfal  to  nothfng, 
and  therefore,  that  the  positive  part  of  the  expres* 
sion  is  equal  to  the  negative  part. 

18d.  A  5u/tj»i?e equation  is  that,  which  contains  only 
the  fir&t  power  x>f  the  unknown  quantity,  or  the  un- 
known quantity  merefy  in  its  simplest  form,  afi^ 
the  terms  of  the  equation  have  been  properly 
arranged : 

15* 
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X 


ThuSj  x+a^b\  aa?+6«=c;  or -+-=<?,   &c. 

where  x  denotes  the  unknown  qoantity,  and  the 
other  letters,  or  nambers,  the  known  quantities. 

§   L  REDUCTION  OF   SIMPLE   E^UATIOfNS. 

186.  Anjf  quantity  may  he  transposed  from  one 
side  of  an  equation  to  the  other^  by  changing  its  signm 
Because,  in  this  transposition,  the  same  quantity 
is  merely  added  to  or  subtracted  from  each  side  of 
the  equation ;  and,  (Art.  48, 49,)  if  equals  be  added 
to  or  subtracted  from  equal  quantities,  the  sums  or 
remainders  will  be  equal.  Thus,  if  x+5===12 ;  by 
subtracting  5  from  each  side,  we  shall  have 

x  +  5— 5  =  12 — 5; 
but  5—55=0,  and  12 — 5=7  ;  hence  a?=7. 
Also,  if  x+a^b — 2a; ;  by  subtracting  a  from  each 
^ide^  we  shall  have 

a?+« — a=6— 2a? — a; 
aad  by  addii^  2x  to  each  side,  we  shall  have 

x+a — a+^x^^b — 2a; — a+2x; 
"but  a-— a=0,  and  — 2x+2aj:a:0 ;  therefore 
a:+2a?=6-^a,  or  Sx=b — a. 
Again,  if  ax^ — c=J,  and  c  be  added  to  each  side. 
ax — c+c=d+c,  or  ax^=d'\'C* 

Al^,  if   5x — ^7=2x+12;     by  subtracting   2x 
from  each  side,  we  shall  have 

5a?— 7— 2a;^2a?+12 — 2a?,  or  3a?— 7=12  ; 
subtracting  —  7,  or,  which  is  the  same  thing,  add- 
ing +7  to  each  ade  of  this  la»t  eqiiati^,  and  we 
shall  have  3a?— 7+7=12+7; 

but  7—7=0,  .••  3x=:i:|9. 
Finally,  if  a?— a+6=c— 2a?+rf;  then^  by  sub- 
tracting b  from  each  side,  we  shall  have 
X — a+6— i5=c — 2x'jrd — i  ; 
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and  adding  a+^x  to.eacb  side,  it  becomes 

bat  a— a=0,  6— A=d,  and  — ^2a;+2a?=0; 
therefore,  x+2a?=c+a—6+rf,  or  3a; =c+a—6+rf. 

Cor.  !•  Heiice,  if  the  signs  of  the  terms  on  each 
side  of  an  equatioii  be  changed,  the  two  sides  still 
remain  equal :  because  in  this  change  every  term 
is  transposed:  Thus,  if  ^x+b — c=a— 9+a?} 
then,  a— 6H-c=9— a — x ;  or,  (which  is  the  same 
thing)  by  tvan^posing  the  rig^t-band  side  to  the  left 
and  the  reverse,  we  shall  have  9^a— cf=:x — b+c. 

Cor.  2.  Hence,  when  the  known  and  unknown 

quantities  are  connected  in  an  equation  by  the  signs 

'  +  or  — ,  iJief  may  be  separated  by  transposing  the 

known  quantities  to  one  side»  and  the  unknown  to 

the  other. 

Thus,  if  Soj— 9— a=l2+6— 4aj«  ;  then,  4x'  + 
Sx=a+b+U^ 

Also,  if  3a;^*-2+x=*— 4»»— 3«*5  then,8«*  + 
4x^ +Sa;»  =»A4-2. 

Hence  also,  if  any  quantity  be  found  on  both 
sides  of  an  equation,  it  may  be  taken  away  from 
each  5  th^^of  x+a^a+5f  tten  ac=5  ;  if  x — 6= 
c+d— 6,  Wen  ap=c+d;  because,  by  adding  6  to 
each  side,  we  shall  have  a? — 6-(-6^=^+d— 6-f'ft ; 
but  6— JssO,  ••.  «s=c+rf. 

187.  If  every  term  on  each  side  rf  an  equation  he 
^$mdiwHed  by  the  same  amntity,  the  results  will  be 
tquat :  because,  in  multiplying  every  term  on  each 
side  by  any  quantity,  the  value  of  the  whole  side  is 
multiplied  by  that  quantity ;  and,  (Art  50),  if  equals 
be  multiplied  by  the  same  quantity,  the  products 
will  be  equal. 
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Thos,  if  «»fl+a,  then  6a»aO<f ««, .  ky 
pljing  erery  term  by  6.    A»d,  if  ^=4,  (hen,  toul- 

tiplyiog  each  Bide  by  2,  we  have  ~X2ss4X2,  or 

z 

3? 

a?=ss8,  because,  (Art.  15B%  -x^sao;. 

«^ 

Also,  if  J — 3=a — ft,  then,  by  rouItipJyiDg  c^ry 

term  by  4,  we  shall  have  x— 13=;4a-*-4^.   . 

3 

Again,  if  2x— -+I==^ ;  then,  4a; — 3+2=:2ar ; 
and  4x— 2«s=3 — 2,  or  2a;=»l. 

Cor.  1.  Hence,  an  equation  of  which  any  part  is 
fractional,  may  be  reduced  toaneqnatioD  expsasaed 
in  integers,  by  multiplying  every  term  by  tbedeiso- 
minator  of  the  fraction^  but  if  there  be  more  ftSLC- 
tions  than  one  in  the  given  equatton,  it  may  be  so 
reduced  by  multiplying  every  term  by  the  product 
of  the  denominators,  or  by  the  least  eontmoi^  mol- 
tiple  of  them ;  and  it  will  be  of  more  advantege. 
to  multiply  by  the  leart  common  taultiple,  as  then, 
the  equation  will  be  in  its  lowest  term&» 

I   Let  1+^+7=^^5  then,  if  every  Wrm  be  mul- 

2     3     4 

tiplied  by  24,  which  is  the  product  of  all  the  dead- 
minators;  weliave  |x24+|x24+|  X  24  =11  X 

24  ;  and  12a;4-8a:+6a?=364  ;  of,  if  eveiy  terai  «f 
the  proposed  equation  be  multiplied  by  12,  which 
is  the  least  common  multiple  of  2,  3,  4,  (Arf«  147); 
we  shall  have  6x+4a:+3x=l32.  an  equation  in  its 
lowest  terms. 
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Con  2*  Heace  also,  if  every  term  oa  both  sides 
have  a  common  divisor,  that  common  divisor  may 

be  taken  away ;  thus,  if  ^4.?±?=?^,     then, 

5  5  6 

multiplying  every  term  by  5,  we  shall  have  3x+a 

+6=2a;+7,  or  a;:s=I— a. 

'      "^       c^ ~^  ^^^^  multiplying  by  c, 

we  shall  have  aa?— 6+3=7— x,  or  ax+x=b+4. 

jj'  ^'^'jF  ¥  ^^^^  *^^^  ^^  ^^^  **^^  ^f  ^^  equation  be 
divided  by  the  same  quantity,  the  results  will  be  equal : 
Uecause,  by  dividing  every  term  on  each  side  by 
any  quantity,  the  value  of  %e  whole  side  is  divided 
by  that  quantity  J  and,  (Art.  51),  if  equals  ^e  di- 
vided  by  the  same  quantity,  the  products  will  be 
equaL 

^htts,  if  6a«  +3a;=9 ;  then,  dividing  by  3,  2a»  + 

Ako,  if  aaB«  +6«=aca; ;  then,  diiy ding  every  term  by 
the  common  multiplier  a?,  we  shall  have  — +^=: 


acx 

-— ,  or  aa?-Jrft=3ac. 

a? 

Cor*  1.  Hence,  if  every  term  on  both  sides  have^ 
a  common  multiplier,  that  common  multiplier  may 
be  taken  away* 

Thus,  if  ax-^ad=^ab,  then,  dividing  every  term 
by  the  common  multipliers,  we  shall  havea;+rf=6. 

Also,  if  Y+— =-—  5  then  dividing  by  the  com- 

a 

mon  muRiplier  -,  or  (which  is  the  same  thing)  multiv 
plying  by  ~,  we  shall  have  x-^-b^^ax. 
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Cor.  2.  Also,  if  ctffb  member  of  (he  ewafion 
have  a  common  dirkor,  the  equation  may  be  re- 
duced by  dividing  both  sides,  by  that  common 

divisor.  ,  .  ,. 

Thus,  if  ax*— «»a;=a6x— ^6,  or  («—«*)»  = 
(ax— a«)6 ;  then,  it  is  evident  that  each  aid<s  i& divi- 
sible by  ax—a^^  whence  x=s6. 

Again,  if  x^-^a^^x-^-a^  then,  because  «»— a^ 
=(a;+a).(x— a),  it  is  evident  that  each  side  is  divi- 

/ible  by  x+a  ;  and  hence  we  have  ^ ^^^  "^^J^a' 
or  X— a=l,  and  «=flr+l» 

1 89.   The,  unknoum  ^mniU]/  may  be  disengaged 
from  a  divisor  or  a  coefficient,  by  mvliiplying  or  rfiri- 
ding  the  remaining  terms  of  the  equation  by  that  di- 
T^isor  or  coefficients 

Thus,  if  2x+4=^  then  aj+2=-  and  x=g— 2. 
Also,  let  ^+9*17;  then,  multiplying  by  2,  we 

diaUhave|x2+18=17X2, 

or  x  +  18=34,  .*.  a;a=34— 18. 
Again,  let  ax+6x==c-r-d,  or,  which  is  flie  same, 
let  (a+&)a:===c — d;  then,  dividing  both  sides   by 
a+6,  the  coefficient  of  x,  and  we  shall  have 

c — d 

x= , 

X        X 

Finally,  let  — T=c+rf;  then,  the  equation  may 
be  pat  under  this  form, 
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aud  dividing  each  side  by  — ^-,  wc  shall  have  a;= 
°  a  ■  b 

(c+d)H-f — t)  3  which  may  be  still  farther  re- 

dOT6d|  because  — t'^^ — t  I  therefore 

a     b       ab 

a  =c  (c + d)-4-^-*-r-i 

nh 

o — a 


•  •- 


*~a 


190.  Any  ffoportion  may  be  canverted  inio  au 
tqfu^ion ,'  jw  the  product  of  the  extremes  is  equal 
to  fhepfdduct  of  the  means. 

*  ax 

Becftttfie,  i{  a:b  :  i^x^d  j  thea  t==5,^  (Art.  24), 

and  «*•  (Art.  187),  ait^bx^  by  clearing  of  fractions. 
liei  3x  :  5x  :  :  ^x  :  7  i  then  7  X  ix=:2x  X 5a?, 

or21j?==lba;»  ;  and  .*.  21  =  10a:. 
Again,  let  5x+20:  4a5+4  :  :  5  :  a?+l^  then^ 
(5a?+20)X(a?+i)=5x(4a:+4); 
or,  5a?^+55aj-f  20=20a?+20 ; 
and  (Art.  186),  5**+25a?=20x ;  ' 
(Art.  188),  5x+25=20. 


•    • 


1,01.  WbeD  an  unknown  quantity  enters  into,  or 
forms  a  part  of  an  equation  ;  and  if  the  equation 
can  be  so  ordered,  that  the  unknown  quantity  may 
stiind'  by  itself  on  one  side^  witb  its  simple  ^or  first 

S>wer,'and  only  knotvn  quantities  on  the  other, 
e  quantity  that  was  before  unknown,  will  then 
become  known. 
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KULE    I. 

When  the  unknown  quantity  is  only  connected  with 
known  quantities  by  the  signs  plus  or  mtmi«. 

195.  Transpose  the  known  quantities  to  one  side 
.of  the  equation,  so  that  the  unknown  may  stand  bj 
itself  on  the  other ;  and  then  the  unknown  quan- 
tity becomes  known. 

Ex.  !•  Given  jc+S^^t  to  find  the  value  of  x^ 
By  transposition,  ac=9 — 8,  .•.  aj=»=l, 

Ex.  2.   Given  3a?— 4=2x+5,  to  find  the  value 

of  X. 

Bf  transposition,  3a?  —  2a:=5+4,  .*.  a:=e=9. 
Ex,  3.  Given  x+at^a+5,  to  find  the  value  of  x. 
By  taking  a  from  both  sides,  we  have 
x==^5  ;  or  by  transposition, 
x=za — a+5  ;  bwt  a — «=0,  .*•  a?=5. 
Ex.  Given  9— x=25  to  find  the  value  of  x. 
By  changing  the  signs  of  all  the  terms,  we  have 

— 9+a;=— 2, 
by  transposition,  a:=9 — 2,  .•.  x=7. 
It  may  be  remarked,  that  it  is  the  general  prac- 
tice of  Analysts,  to  make  the  unknown  quantity 
appear  on  the  left-hand  side  of  the  equation,  which 
is  principally  the  reason  for  changing  the  signs. 

Ex.  5.  Given  6— a;=a— c,  to  find  x  in  terms  of 
(ty  6,  and  c. 

'  (166.  Cor.  1),  by  changing  the  signs  of  all  the 
terms,  we  have  fc+a;=c— a;  .*.  by  transposition, 
a?=C'— 6— rfl. 

Ex.6.  Given^ac  — 4+7=3a?— 2,tofindthevalue 
of  a?. 

*  (186.)  by  transposition,  2x— 3ii:=4— 7-r-2,  and 
(186.  Cor.  l)i^by  changing  the  signs,  3a?— 2a;=7+ 
2—4;  but  3a?-^2a?=a?,  and  7+2—4=5;  •%  a?=5. 
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Ex.  7.  Given  7a?+3— 5=6«— 5+7,  to  find  the 
value  of  X.  Ana.  «=7. 

Ex.8.  Given  3a;+5  — 2— 2a?— 7=0,  to  find  the 
value  of  07.  Ans*  x=34. 

Ex.  9.  Given*— 3+4— 6=0,  to  find  the  value 
of«.    ;  •  •         Ans.a;=6. 

Ex.  10.  Given  7+x=::2a?+12,  to  find  the  value 
o£  Xm  Ans.  XS3 — 5. 

Ex.  11.  Given  12— 3a?=9 — 2a[;,  to  find  the  vaJiie 
of  a:.  »  Ans.  a;=3. 

Ex.  12.  Given  a;— a+6— c=0,  to 'find  the  value 

of  a;  ia  terms  of  a,  6,  aad  c.  Ans.  a;=a— 6+€. 

^Ex.  13.  Given  x — a+6=2x— 2a+6,  to  find  the 

value  gf  a;  in  terms  of  a  and  6.  Ans.  x^s^a. 

Ex.  14.  Given  2a;+a=x+J,  to  find  a;  in  terms 
of  a  and  b.  Ans.  x=^b--a> 

RULEiL 

196.  iTranspose  the  known  quantities  to  one  side 
of  the  equation,  and  the  unknown  to  the  other,  as 
in  the  last  Rule;  then,  if  the  unknown  quantity  has 
a  coefficient,  its  value  majr  be  found  by  dividing 
each  side  of  the  equation  by  the  coefficient,  or  by 
the  sum  of  the  coefficients. 

Ex.  1.  Given  3a?+9=18,  to  find  the  value  of  a:. 

By  transposition,  3a:= 13— 9,  #r  3a;=9 ;  dividing 
both  sides  of  the  equation  by  3,  the  coefficient  of 

3a;     9 
a?,  we  have  -J"  =3)  .•.  a:a=:3. 

Ex.  2.  Given  2a;— •3=9— a?,  to  find  the  value 
of  ». 

By  transposition,  2a;+«=9+3, 
by  collecting.  Che  terms,  3a; =12, 

1_  !•        •      •  *^X  1  -* 

by  division,  —  =—  ;  .•.  ai=4. 
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Ex.  3.  Given  7 — 4«=3«— 7,  to  fiDd  the  value 

of  ». 

By  transposition,  — 4x — 3x=^ — 7 — 7, 

by  collecting  the  terms,  — 7a: =  — 14, 

bj  changing  the  signs,  7xs=l4, 

7a;      14 
by  division, —=— ;  .*.  x=2. 

Ex.  4.  Given  6a;+ 10=3x+22,  to  find  the  vahie 

of  a;. 

By  transposition,  6x— 3x=22 — 10, 

by  collecting  the  terms,  3x=  12, 

3a?     12 
by  division,  — =-~- ;  .•.  a?=4. 

Ex.  5.  Given  oa;+6=c,  to  find  the  value  of  a:  in 
terms  of  a,  6,  and  c. 

By  transposition,  ax^^c — 6, 

-      ,.  .  .       ax     c — b  c—b 

by  division,  -^= ;    .*.  a?= • 

•^  a         a  a 

The  value  of  a;  is  equal  to  c— 6  divided  by  a, 

which  may  be  positive  or  negative,  according  as  c 

is  greater  or  less  than  b  ;  thus,  if  c=9,  6=5,  a=2, 

iheti  a;=^^=2;  if  c=JL2,  fc=16,  and  a =2,  then 

2  2  ' 

Ex.  6.  Given  3a?— 4=7a;— 16,  to>  find  the  value 

of  X.  Ans.  x'^o% 

Ex.  7.  Given  9— 2a?=3x— 6,  to  find  the  value 

ofx.  Ans.  a? =34 

Ex.  8.  Given  ox"  +6x=9x*  +cx,  to  find  the  value 

c— & 
ofx  in  terms  of  a,  6,  &c.  Ans.  Jg=^ — ^' 

Ex.  9.  Given  x— 9=4x,  to  find  the  value  ofx. 

Ans.  x=s — 3. 
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Ex.  10.  Given  5aac— 'C=ft— .Sox,  to  &nd  the  value 

of  0?  in  terms  of  a,  6,  and  c.  Abs.  x=-- — . 

8a 

Ex.  11.  Given  Sop  — 1+9— 5a? =0,  to  find  the 
value  of  07.  Ans.  x=2. 

Ex.  12.  Given  ax=^ab—ac^  to  find  the  value 
of  a?.  Ans.  a?=6 — c. 

Ex.  13.  Given  x^+2x^{x+ay,  to  find  the  va- 


a« 


lueofx*  Ans.  0;=^     ^- 

2 — 2a 

Ex.  14.  Given  {x^iy=:x+l^  to  find  the  value 
of  0?.  Ans.  a?=3. 

Ex.  15.  Given  a?3+2x^+x=(a?*+3a;)x(a;  — 1) 
+  16,  to  find  the  value  of  a?.   _  *  Ans.  a?=4. 

RULE  IIL 

197.  If  in  the  equattion  there  be  any  irreducible 
firactions,  in  which  the  unknown  quantity  is  con- 
cerned, multiply  every  term' of  the  equation  by  the 
denominators  of  the  fractions  in  Succession,  or  by 
their  least  common  multiple;  and  then  proofed 
according  to  Rules  I.  and  II. 

Ex.  U  Given  — +  1=«— 9,tofindthevalueof:r. 

Multiplying  by  4,  2a?+4=4x— 36, 

by  transposition,  2a;— 4xr=-^36— 4, 

by  collecting  the  terms,  — -2J=— 40, 

by  changing  the  signs,  2a? =40, 

a?     40      *  - 
by  division,  ^^-J  5  •*.  a;=20. 

X       X  y 

Ex.  2.  Given  ^-"3+5=^5— ~,  to  find  the  value 

of  a;. 

16* 
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Multiplying  by^,  x — — +6=10— — , 

6x  i 
bj  3,  3x— 2x  + 18=30— -T-, 

....  by  4,  12a;— 8x+72=120— 6a:, 

by  transposing,  and  collecting,  10a:=48, 

\0x     48 
by  division,  —=—j  •'•  ^=H* 

Or,  it  is  more  concise  and  simple  to  multiply  the 
equation  by  the  least  common  multiple  of  the  de- 
nominators ;  because,  then  the  equation  is  reduced 
to  its  lowest  terms ;  thus, 

Multiplying  by  12,  the  least  common  multiple  of 

2,  3,  and  4,  we  have,  6x— 4x+3G=60— 3a?, 

by  transposition,  5aj=24, 

5x     24 
by  division,  'T-="r  5  •*•  ^=4|. 

Ex.  3.  Given  a:— -  — 1=='t+^,  to  find  the  value 

of  wT, 

liere  30  is  the  least  common  multiple  of  3,  5^ 
4ind  6 ; 

30a;  30x     30a; 

Multiplying  by  30,  30a; 5 3^^="~r+~A~» 

.*.  30a;  — 10a;— 30==6x+5x, 

by  transposition,  9x=30, 

^     ,.  •.  .        9a;     30     10 
by  division,  ~=^=rj;  ,-.  a;==3^. 

X  X 

Ex.  4.  Given  -:—«=--- 3,  to  find  the  value  of  x. 

4  5 

Here  20,  the  product  of  4  and  5,  being  their  lea]||; 

cotpmon  multiple. 
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Multiplying  by  20,  — -— 20a==?^-— 60, 

••.  5a;— 20a=4a;— 60,  " 
by  transpositioD,  5x— 4a;==20a— 60, 

•  •.  a;=20flf— 60. 
-^  ^.        ax     hx     2a 

Ex.  5.  Given  — — T'=^~^^  ^^  fi^^  t^e  value  of  a;. 

Multiplying  by  5,  —  — — =  -I^ — ^ 

.*.  aa;--6a;=2a, 
by  collecting  the  coefficients,  (a— 6)a;=2a, 

.'.  by  divfsion,  x=-- — r. 

a — 6 

T^      «    ^.  '      2«a?  .  3^0;     5a;  .  ^ 

Ex.  6.  Given H~^=--+3j  to  find  the  value 

C  tb  Cb 

ofx. 

Here  2ac,  the  product  of  2,  a,  and  c,  being  the 
least  common  multiple, 

Multiplying  by  2ac,  Aa^x+^ahcx=lOcx+QaCy 
by  transposition,  and  collecting  the  coefficients,  we 

shall  have  (4a^+3a6c  —  10c)a;=6ac, 

.-.  by  division,  x=^^^^-^. 

Ex.  7.  Given  3a; 4= — r yVjtofind   ^ 

4  '       3  *^' 

the  value  of  x. 

Multiplying  by  1 2^  the  least  common  multiple, 

we  have  36a;— 3a?+12— 48=20a;+56— 1, 

by  transposition,  36a;— .3x—20a;=56— 1+48—12, 

or  I3a:==91, 

...  .  .        13a;     91 

by  division,  -^^Yb  '  •''  ^      * 

Ex.  8.  Given  ^;^^'==Y;[^f^,  to  find  the  value 
of  a;.  •  Ans.  a?=l. 
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E..9.  Given  ^+^=16-^,  to  find 
the  value  of  x.  Ans.  x=  1 3. 

Ex.  10.  Given  -^4.|=20— ^^^^,  to  find  the 
value  of  a;.  Ans.  a:=23J, 

Ex.  II..  Given  a?H — -—=__-,  to  find    the 

value  of  a?.  Ana.  a?=5. 

flj — 5  284 X 

Ex.  12.  Given— — |-6a?= — - — ,  to  find  the 

4  5       ' 

value  of  X.  Ans.  a?=9. 

Ex.  13.  Given  Sx-i -^=5H r — ,  to  find 

o  ^ 

the  value  of  0^.  Ans.  a;=7, 

T^      ^ .    r^-         6a? — 4  18— 4a? 

Ex.  14.  Given  ~- 2= — [-a?,  to   find 

the  value  of  x.  Ans.  a?3ss&4. 

r      tt:    ri-        fla?— 3     6a?+2     2a?— 9     x  — 1 
Ex.  15.  Given  ~z ^=— jr-Ao 

5  3  2  3    * 

87 
find  the  value  of  x.  Ans.  a;= — ; 


106+30— 6a* 

Ex.  16.  Given  ^^^^±^^?^±1^?^  to 

7  2  14  4    ' 

find  the  value  of  a?.  Ans.  =—9^. 

RULE  IV. 

198.  If  the  unknown  quantity  be  involved  in  a 
proportion,  the  proportion  must  be  converted  into 
an  equation  (Art.  1 90) ;  and  then  proceed  to  resolve 
this  equation  according  td  the  foregoing  Rules. 
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Ex.  1.  Given  3x— 2  i  4  :  ;  5a;— 9  :  ;  2,  to  find 

the  value  of  x. 

Multiplying  extremes  and  nrieans,  we  have 

2(3a;-.2)=4(Sa?— 9), 

orGx  — 4=20x— 36, 

by  transposition,  3a;  —  20a; = — 36+45 

or  —  I4a;=— 32, 

by  changing  the  signs,  14x=:32, 

14a:       32  * 
by  division,  -7---=-—;  .*,  a;=2*. 
•^  14        14 

Ex.  2.  Given  3a  :  a;  :  :  6+5  :  x— 9,  to  find  tlie 

value  of  x. 

Multiplying  extremes  and  means,  we  have 

3o.(a?— 9)==:x.(6+5), 

or  Sax  — 27a=6a;+5a;, 

by  transposition,  3air— Ax— 5a?=27a, 

collecting  the  coeff's.,  (3a  — 6  — 5)x=27a, 

.      ....  27a 

...bjdm8.on,x=3-^^-3;^. 

_.  X  — 5  ^  2     3 

Ex.  3.  Given!  -— -  :  x  — 5  :  :  -  :  -,  to  find  the 

4  34'. 

value  of  X. 
Multiplying  extremes  and  means,  we  have 

3  /x~5\      2  , 

3x— 15     2x— 10 

or  = \ 

16  3      ' 

by  clearing  of  fractions,  9x  — 45=32x  — 160, 

by  transposition,  9x  — 32x  =  45—  160, 

collecting  apd  changing  signs,  2.^x=  1 1 5, 

,      ,.  .  .        23x     115 

by  division,  -^^^'^  5    .%  x=5. 

Ex.  4.  Given  2x— 3  :  x— 1  : :  4x  :  2x+2,  to  find 
the  value  of  x.  .        * 
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Maltipljitig  extremefl  and  means,  we  shall  have 

(2a;— 3).(2x+2)==4a;(a:  — 1), 
or  4af*— 2«— 6=4««— 4a?, 
by  transposition,  &c.,  2a;=6, 
•*•  by  division,  a; =3* 
Ex.  5.  Given  a+x  :  i  :  :  c— «  :  rf,  to  find  the 
value  of  X  in  terms  of  a,  6,  c,  and  d. 

Multiplying  extremes  and  means,  ad+dx=bc—bxj 

by  transposition,  bx+dx=^kc — orf, 

♦  or  {b+d)x^=^bc — ad^ 

bc-^ud 
.*.  by  division,  x=-  i^aJT* 

X"^\  3 

Ex.  6.  Given  —r—  :  aj+2  :  :  t  :  1,   to  find  the 

value  of  a?. 

^        a;  — 1     3a;+6 
Multiplying  extremes,  &c.,  — ^  = — — , 

clearing  of  fractions.  Ax — 4=9a;+18, 
by  transposition,  4a?— 9ac=tl8T|-4^ 
changing  the  signs,  &c.,  da;= — 22, 

22 

•••  bj^  division,  a;= — r-^""^!* 

o 

Ex.  7.  Given  2a)- 1  :  a+l  '• :  ir  :  7»  to  find  the 

2      4 

value  of  a?.  Ans.  aj = — 1  !• 

Ex.-8.  Given  a7+3  :  a  : :  6  :  -,  to  find  the  value 

a; 

of  a;.  Ani.  d^s^-T — :• 

ao— 1 

Ex.  9.  Given  «  :  -r  •  J  5  :  2a;— 2,  to  find  the  va- 

2      4, 

lue  of  a?.  Ans.  a?  = — /r» 
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4     3  2a:— 1 

Ex.  10.  Given  -  :  -  :  :  x—  1  :     .       ,  to  find  the 

value  of  flp.  Aqb*  X  as-|  ^V 

Ex.  11.  Given  ^^-^-  :  ^^  :  :  6  :  3,  to  find  the 

3a  Ba 

value  afar.  Ans«  x=$. 

§    III.     EXAMPLES    IN    SIMPLE    EQUATIONS,^ 

Involving  only  one  unknown  Quaniity. 

IdB.  It  is  necessary  to  observe  that  an  equation 
expressing  but  a  relation  between  abstract  numbers 
or  quantities,  may  agree  with  many  questions  whose 
enunciation  would  differ  from  that  of  the  one  pro- 
posed :  but  the  principles  of  the  resolution  of  equa- 
tions being  independent  of' any  hypothesis  upon  the 
nature  and  magnitude  of  quantities ;  it  follows, 
therefore,  that  the  value  of  the  unknown  quantity 
substituted  in  the  equation,  will  always  reduce  it  to 
0=0,  although  it  may  not  agree  with  the  particular 
question.  This  is  what  will  happen  when  the  value 
of  the  unknown  quantity  shall  be  negative  ;  for  it  is 
^eviden^  that  when  a  concrete  question  is  the  sub- 
ject of  inquiry,  it  is  not  a  negative  quantity  which 
ought  to  be  the  value  of  the  unknown,  or  which 
could  satisfy  the  question  in  the  direct  sense  of  the 
enunciation. 

The  negative  root  can  only  verify  the  primitive 
equation  of  a  pfoblem,  by  changing  in  it  the  sign  of 
the  UiPkQown ;  this  equation  will  therefore  agree 
then  \vith  a  question  in  which  the  relation  of  the 
unknown  to  the  known  quantities  shaH  be  different 
from  that  which  we  had  supposed  in  the  first  enun- 
ciation. We  see  therefore  that  the  negative  roots 
indioate  not  an  absolute  impossibility,  but  only  re- 
lative to  the  actual  enunciation  of  the  question. 


Jl 
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Tht  rules  of  Algebra^  thtrtfort^  make  twt  onlt/ 
known  certain  contradictions j  which  may  he  found  in 
the  enunciations  of  problems  of  the  first  degree  ;  hut 
they  still  indicate  their  rectificatioi^,  in  rendering  sub* 
tractive  certain  quantities  which  we  had  regarded  as 
additive,  or  cMitive  certain  quantiim  wkkh  we  had 
regarded  as  subtractive^  or  in  giving  for  the  unknown 
quantities  affected  with  the  sign  — •    . 

Hence,  it  follows,  that  we  may  regard  as  forming, 
properly  speaking,  but  one  question,  those  whose 
enunciations  are  connected  to  one  another  in  such 
a  manner,  that  the  solution  which  satisfies  one  of 
the  enunciatiofis,  can,  by  a  simple  change  of  the 
sign,  satisfy  the  other. 

We  must  nevertheless  observe  that  we  can  make 
upon  the  signs  and  values  of  the  terms  of  an  equa- 
tion, hypotheses  which  do  not  agree  with  the  enun- 
ciation of  a  concrete  question,  whereas  the  change 
which  we  will  make  in  this  enunciation  might  be 
always  represented  by  the  equation. 

These  principles,  which  will  be  illustrated  by 
examples,  are  applicable  ^to  equations  of  all  de- 
grees, and  to  determinate  equations  containing 
many  unknown  quantities. 

The  question  which  conducts  to  the  equation 

ax-\rb^e:^cx'\'d, 
is  not  well  enunciated  for  a>r^  and  &>(2,  since  the 
first  member  is  greater  than  the  second. 

Thus  the  formulas, 

a-^c 
gives  for  a?  a  negative  value  ;  but  by  rendering*the 
unknown  x  negative,  the  equation  is  changed  into 
the  following, 

ft— ^ac  =5rf— ccc, 


i  ^ 
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whlcli  is  possible  iMider  th^  above  relations  betw^n 
««od  c,  b  and  dj.and  H^hich  gives  thea  for  x  an  ab- 
^Int^  value* 

If  we  have  6>  J  and  c>a,  the  two '  subtractions 
become  inipowibjeiin  the  formaJaB" 

.  d — t 

bat  ki  order  t«  resolve  the  equation,  ^et  us  subtract 
c«+6  from  both  members^  wWhwould  be  impos- 
sible, because  that  cx+5*i»  greater  than  each  of 
the  two  mwnbfers  :  we  must  therefore,  on  the  Con- 
trary, take  away  ax+dfroai  both  side§,  and  it 
becomes 

from  whence  we  dedt^o^ 

6— (Z  * 


X- 


-a 


This  formulae,  compared  to  the  preceding,  cjiffers 

■*'  .from  it  i*yiis,  that  the  signs  of  both  terms'  of  the 

•   fraction,  are  changed.    * 

rf    We  may  therefore  conclude,  thai  wi  cm  operate 

on  negative  isolated  ^mntMieSy  as  we  would  do  if 

they  had  been  postiive.  *  ""       .. 


199.  These  priaciples  will  be  clearly  elucidated 
when  we  come  to  treat  of  the  solutions  of  Prob- 
lems producing  simphs  Equations :  wesjjall  now  pro- 
ceed to  illustrate  the  Roles  in  the  preceding  Sec- 
tion,  by  a  variety  of  practical  examples. 

Ex.  -  I. .    Given 


2i+2f^3il=.5fz:l4 


97— 7x 


16 


J  to  find  the  value  of.x. 


a 


17 


,< 


\ 
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■  ... 

Muldplying  both  sides  of  the  equation  t)j  16y4be 
least  common  multiple  of  16,  8,  ,and  2,  we  shall 
have         336+3a?— 11  =  10x— 10+776— 66a;.: 
•*•  by  transpostioD, 

8a;--sl0x+^6a:=ll  — l(H-77^'-336, 

or  49a?=44l ; 

by  division  a;= — — ,  .*.  x=i>. 
•^  49 

Ex.  2.  Given  »+—»-— -=12 — ,  to^dtbe 

value  bf-x.  '      " 

Multiplying  both  sUes  of  the  equation  by  Q,  the 
product  of  2'^Dd  3)  which  is  the  Jeast  comnopn  mul- 
tiple, we  have  ♦  . 

'  .  6x4-9^;  — 15==72— 4ar+8  5  . 

•'.    .    by  transposition,  6a;-i-9x+4x=72^8+ 15, 

•    ^r  19x=95  ; 

Hby  division,  ar=— ,^.*.  x=L  r 

2a?— ^4 
In  this  exdtaipk,  when  the  fraction -~  ,  is, 

■    *  *                 *          *    l2x-— 24 
multiplied  by  5,  the  result  is ^ =—(4^  _ 

8)==— 4a; +8,  •r  which  is  the  same  thing,  when  the 
sign  —  stands  bcfoife  a  fraction^  it  may  l>e  trans- 
formed, so  that  the  sign  +  may  stand  before  it,  by 
cbanging-the  sign  of  every  term  in  the  numerator; 
therefore,^  we  make  the  above  step  —4a; +8,  and 
not  4a?-- 8,  • 

Ex.3.  Given  4a? 5-==a;H _.^24,tofind 

the  value  of  x. 

Multiplying  by  10,  the  least  common  muUiple. 
and  we  have. 


-^ 
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:.  -     40a?— 6a;+3^t03C+4a; — 4+240, 

by  transpQsition,  4Qr--j5xr-^10a;— 4a;«=240*^4-*5, 

.  '    .        or,  40a?— 19x=23l  ; 

'.•  .  and2lx=231, 

^  231 

-  *    ^  by  divrsion,  x=-^,  •••  a^=ll 

Ex.  4,'G^ven  2a?— |+l=5a;.-2,  to  find  the  \ral«e 


•    <  . 


V 


of  a?. 

Multiplyiiig  by  2  j  we  have, 

*  4aj — a?+2=:^0i-"^, 

#*/b7*ti^aspo^tion,  4a:^x— 10x=— 4-^2, 

«         V  '.  ,    or  -^7a;=B=-^6, 

*       ».  by  changing  the  sign^*  70?:==^, 

6 
•••  by  division,  a;=«;:* 

Ex.  5.  Given  3fla;^26x=3ft— a,  to  find  the  valde 

of  a?.  ,   V         ♦ 

Here,.  3aa?— 2J*=(3«— 26)x,  by  collecting  the 
coe%tent&  of  i&.     Therefore,  ' 

.  .  '  ..  ,    ,      (3ar-26)x^36— a, 

"•'*.•      .     ♦  1.    J-  -  •  36— tt 

by  division,  »=s»r — -;r»  - 
...  *'  3a — 26 

Ex.  6^  Given  ia;-|-a?=2ae+3a,  to  find  the  value 

of  St.  ^  .  ' 

by  transpositioii  Aa?+ar^— 2a:=3ir, 

or  (6-^l)a??=t3flf,. 

.*.  by  division,  a?=J; .  * 

,  Ex.  7;  "Given  ■^"^<^+f  =»4a?+,^,  to  find  the  va- 

lue  of  a?..        . 
Mtiltiplyingby  aM;  wejbave,  -  .     ' 

'    .>    J,?6iii^---a6cd-|-fl^cfc=4«i<f^ 
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by  tninspofiition,  36<fc+«^-^4o6rfx— 2«6ir=a6cc^ 

'  or  {3bd+ad'^Aabd'-2iib)  ar=^abtd, 
*     *         ..     .     '         '  abed' 


X     9  »  u 


Ex.  8.  Giv^n h7:==6+c,  to  find  the  value 

5     6     6 

of  X*  ' 

Multiplying"  by  30,  the  product  of  5  atid  6,  the 
product  becomes  '  ^  . 

ex— 530 + 5a  ^30^ + 30c ;  *. 
by  transposition,  6a?— 5j?=306-j-3flic— 5flr, 

and  .•.  «*=306-|--30f— 5a.   ' 

rt    ^^    ^.         12— x     ^        14+a?  «^    . 

Ex.  0^  Givea  *:^.    :  5^.— ^"T^  :  :  1  :  8,  to  find 
♦  y '  .     ^  -^ 

the  value  i^t  ao.       , 
Multiplying  extremes  and  mean^,  we  have 

96-8a;    \  •     14+a?      • 

Multiply iog  by  9,  the  least  com mpn  multfpre, 

liy  transposifion,  — ■45a?— 8«?+S»=si— 96— 43,    ^ 

by  changing  tlie  ^n^,  4da?+ 8a?— 3*==96+ 42, 

or50««=138, 

138    -V 19 
••.'by  division,  a?=-^=-2~. 

Ex.-lO.-  Given  — -p — r«=-^"~ — r—,  to  find  the 

value  ef  x/    '  .'  V     ' 

Multiplying  by  12,  the  least  pomtiion  multiple  of 

the  d^ominators,  and  the  equation  will  hecoaiey  J" 

Sax—Sb+4d=^bX'^4bx+4a,      .  ^  (1), 

by  taking  away  4a  from  each'  member,  we  shall 

have  -  ^ 

'  ''         'Scf^c— 36=¥6ia?— 46r=a=26«. 

f        .  •  -  ^ 

♦    -  .  '.    nt 

i  * 
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by  tr^kiiBposiog  —^3%  gnd  2&r,  ft  becomes  , 

3aa?— 56x=3*,      : 
by  collecting  the  cod9icients  of  a?,  we  shall  have* 

.  (36P— 26>i(r=i86, 

^  ^  /  by  division,  *=3^. 


"^200,  PJoWi  if  in  this  exampJe,  we-eqppo^  3a— 2&=» 

0,or3a=26rtheoa?==r— ;   which  shows  that  in  the 

abote..eqflality  such  a  relation  cannot  exist  between 

.  the  quantities  a  and  6,  or  if  there  should,  'the  ^, 

equality  c^nno^  take  place* 

'  Let  U3,  in  order  t6  see  what  would  he  the  result, 

3«      '  .  * 

substitute  -^  fof  b  in  equation  (l)^and  it  becoines 


»'. 


3(^— 3X— +4a=— -a? 
2  '2 


l^:r 


2    y-* 


f4a, 


multiplying  by  2,  we  shall  have    • 

*    6(M? — 9a+8a==l8(M? — l2aap+8«, 
by  transposition,  18aj^ — 18a^=»l>o, 

.*,  0=9a. 

Which  is  evidently  absurd,  in  all  cases,  except 

4ba1fitz=±=0.  and  therefore  6^=0,  agd  then  the  original 

equation  is  dothing  else  than  0=0  in  its  primitive 

state. 

We  may  therefore^ conclude  that  there  is  no  finite 
value,  which,  when  substituted  for  x  in  the  primi- 
tive equation,  wcfuld  fulfil  the  condition  required, 
this  may  be  better,  vefified  by  a  numerical  example, 
Thus,  let  a=s=4,  and  6=3=6  ;  then  substituting  these 
values  for  a  and  6  in  the  given  equation,  it  becomes 

17* 


116  SUIPLB  EQUATIONS.  '     ■ 

4»-rl2  ,  4     &x  •€*— 4 

4       ^3      2  3     '  -       • 

4    '  4 

hence  ap-^-^^S-l — =3jc — 2xH — :  .*.  — 3c=0. 

o  3 

Ex.  1  !•  Given  2tfd?+6=3ca?+4a,  to  find  the  va- 
lue of  05. 

bj  tran9po8itton,'>2aa; — 3cx=4a — 6^ 
liy  oollecliwg  fFie'coefficiente,  (2rt— 3c)r=r"4^ — 6, 

■;  '       *2a— 3c 

ft 

'     201»  TTcre,  jf  Aa=^b,  and  at-ilic  sa^c  time,  2a> 
or  <3c'j  then  af^=0.  .      '  - 

*  For  a=c=l,  6=4  and  c^s=^,  then,  tWe  above  eqaatil^n 

•  becomes 

.  •  2«-^x=4 — 4,  ••.  x=0* 

Or,  substituting  these  values  of  a,  6,  and  c,  in  the 
fornnula,      ' 

4a— 6 


wX: 


2a— 3c' 


we  shall  have,  x=*- — .=-=0. 

2—1     4 

Again,  if  4(1—6=0,  and  2a— 3c==0;  then*     ^ 

4a— 6      0 

x=*-- =- : 

2a— 3c      0' 

which  is  the  ipark  of  indeteinti nation,  or,  which  is 
the  same  thing,  we  learn  from  this  result,  that  the 
value  of  X  may  be  any  number,  either  positive  or 
negative,  from  nought  to  infinity,  and  both  inclu- 
sively. 

In  order  to  illustrate  this,' let  a=3,  6=12,  and 
r=r:2;  then 

4a— 6      12—12     2—2     0 

^~"2a— 3c~  ti— 6  -~1— 1=0* 
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Noir,  let  ti9  reduce  tbe  given  equation,  and  bj 
silb^titutiDg  these  Tallies  of  a,  6,  and  c,  we  shall 
have 

&«'+12=6ie+l2,  ••.  6x=6a:. 

But  this  is  what  Analysts  call  an«  identical  equa- 
tion; where  it  evidently  appears  that  x  is  indeter- 
minate, or  that  any  quantity  whatever  may  be  sub- 
stituted for  it.  ' 

Ex.  12.  Given  19a;4-13=59— 4j?,  to  find  the 
value  of  at. 

by  transposition,  19x+4jc«=:59— -13, 

or,  23a;=46  ; 
•••  by  division,  x=^. 

Ex.  13.  Given  3a;+4— ^=46— 2a?,  to  iud  the 

value  of  a?.  * 

Multiplying  both  sides  J>y  3, ' 

9ar+12-- a;=I38-.6a?, 
by  transposition,  9wC+6cb— a;=138— 12, 

or  14a?=126  ; 

by  division,  .0?=—,  .*.  a;=9. 

Ex.  14.  Given  a;*  +  I5a;=35x—3a;%  to  find  the 
value  of  «.  . 

Dividing  evei*y  term  by  ^ 

«  + 15=35— 3a:, 
by  transposition,  a? + 3a; =35— 15, 

or  4a?=20 ; 
•  •  3?— »o» 

Ex.  15.  Given  |-^+I0=|-|+ll,  to  find  the 

yalue  of  x.         • 

Here  12  is  the  least  common  muftiple  of  6.  4, 
3,  and  3;  *^ 
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Upljiag  both  Bides  of  the  equation  bj  13, 

2i— 3a;+120=4i— 6JC+132  ; 
OBition,  2a;— 3a:— 4j;+6oc=|32— 120, 
or  8i— 71=12  i 
.-.  a;*l2. 

I.  Given  — — I =7 ^^,  to  find* 

s  of  a;.  Anf.  1=8, 

.Gi™Iiy-i5+ii+6=?i±?,    to 

3  5  2 

ralae  of  x.  Apt.  x=l. 

r^: '7— 3a:     41+2  .  73:+14 

,G.ve„_^ __=5-6r+— J-, 

le  value  of  x.  Ans.'x=4. 

5  2  7 

>  find  the  value  of  x.  Am.  a;=:G. 

0.  Given  i£=!i+3J+5!=??=241- 

— Ill,  to  God  the  value  of  a:.  ** 

Ans.  af=2I. 
I      „.  G»+18      „      n— 2a;  ' 

1.  Given  ~-~ 4f -_=5a;— 43 

21  — 2a; 
— — J- — ,  lo  find  the  value  of  x,  - 

Ans.  a;=IO. 
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Ex.  23.  G.ven  -f^ 4^,=i.  ^  find  the 

Value  of  jc.  ,  Ans.  x=i=8*:' 

Ex.  24.   Given  -^-; — h  ^   >.  o  = ^i  ^^  fi^d 

the  value  of  x.  Ans.  a;«4. 

Eitt  25.  Giireo — Ht = — ,  to  find 

*  9         5x— 12  18 

the  Value  of  x.  Ans*  a:=:6. 

•  Ex.  26.  .Given  12— a?  :  ^  :  :  4  :  1,  to  find  the  va- 

'2 

J'lieof  ae.  '  ^  Ans.a;«=4. 

Ex.  2r.  Give^  ^^^  :  Hll?  : :  7  :  4,  to  find  the 

valn^  of  ».  Ans.  a?=»=2. 

♦.EtJ28.*Givfeft(2a;+8)«=s4a;«  +  14x+l72,tofind 

•  the  value  of  a?«  Ans.  x=6. 

'   Ex.  29.  Given  ?^ii+2aj===?^II?+16,  to  find 

"the  value  of  a?.  Ans.  a; =7. 

Ex.  30.:  GircD  I=f+4=2^»+*-4^,  to 

jSnd;the  vitlue  df  ».  Ans.  x—3. 

Ex.3t  GiFen^+|=^,  to  find  the  value 

C  1 

01  a:.     .  .  Ans*  a;=— ^ , 

3a— 1 

.  Ex.  35.-Given  2x-?±?+15=i?^^±^,  to  find 

3  5  • 

thu^'valoe.of  «.-  Ans.  a;a±12. 

"^  Ex..  33*.  Given  Sax— 26+46a;=2a?+5c,  to  find 

tbe.valuepf^a?.  ^ns.  a^^-^ir^- 

5a+46— 2 
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2a;— 5.19 — a:_10»— 7     5 
Ex.  34.    Given  — tT"  +"T~  ' 9 — ^""^ 


18 


find  the  value  of  x. 


Ana.  a?s=:7. 

^-?f±J  -?±^,  to '  6nd  the 
*         3  4    '  ^ 

An8.x^l3ii 


Ex.  35.    Given  ^ 
value  of  X. 

Ex.  36.  Given  ?i±i-.?i±^=t39-5a»,  tp  find 

8  3  «  ' 

the  value  of  x.  Ans.  x^9. 

Ex.37.  Given 4x 

the  value  of  x. 


iiy:^=i5-Zi+i',tafind 

AnSk  xr?=£^. 


Ex.  38.    Given 


21— 3x     4x+6 


5x+l 


,  to 


3  9 

find  the  value  of  x.  AtkSb  xw^m 

V.    QQ     n         ^5.3x--l     7x+3     ^a+W.;* 

riX.  39.    Given  7 — -^  =:^ — r; — -i  to 

8         4  16  '  8  - 

find  the  value  of  X.  .     'Anf«  X3=:7, 

V^   Ail  n         6^  +  8     5x  +  3     27— 4x     3x+a 

ii.x.  40.  Given — ■ -77—= — r— ~;q     # 

II  2  3  2     . 

to  find  the  value  of  x.  >An8f  x==€. 

1?     >.t    r..            ,  27— 9x     5x4-2     iBl      2x+5 
Ex.41.  Given  X+——; ~ 


6 


12         3 
AniB.  xti=5. 
31— X  ^ 


29  +  4x 
^ — r^ — ,  to  find  the  value  of  x, 

Ex.42.GivenIi=:2+'if±-'=3.         ^ 
find  the  value  of  x.  Ans.  x==9. 

Ex,  43.    Given  ^»_Z^2^6|-|,  tf  Ap^ 

the  value  of  x.  *  Ans.  x=?8. 

Ex.  44.  Given  lUtl  .  ifUl?  ..  ;  14  :  5,  ta  find 

5  7 

the  value  of  x.  Ans.  x«=4. 
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•      Ex.  45.  Given  — - —   : 2aj  :  :  5  :  4,  to 

4  3     ^ 

find^he  value  of  a;.  .  .  Ans.  x=3. 

Ex.  46.  Given  16a?-pd^ :  ~^--  :  :  Sex+lO  :  1 , 

9x+31 

to  find  the  value' of  X*  Ans.  x==5. 

Ex.  47.  Given  ^^:^  :  1  :  :  2x+19  :  3x-j.l9, 

ox — 43 

to  find  the  value  of  x;  «  Ans.  x=:8. 

^  7«4-9  lOx*  — 18  • 

Ex.  48.  Given  5x+  -^4^=9+    ^    .  ^   ,  to  find 

t|^e  value  of  x.       *.  Ans.  x=3. 

.  Ex.  49.  Given  —^-"=="5^3:7+4'  *<>  fi^cl  the 

value  of  X.  Ans.  x==8. 

Ex.50.  GivSn    _— -+^-^^=~+^,   to 

find  the  value  of  x.  Ans.  x=4. 

Ex.  51.  Gi^en   ^.2i±i!^  J^^l=!^^  to 

18  I3x-^16         9     ' 

find  the  value  of  x.  Ans.  x=4. 

Ex.52.  Giren  15£Z±%l!f±l»=9f  ±1^,  to 

find  the  value  of  x.  ^ns.  x—l, 

Ex.  53.  Given  ?1^*1±^)  =ac+^,  to  find  the 

OX  6 

value  of  X.  '  Ans.  x=-. 

c 

Ex.  54.  Given      ,  .   =~t-?'i  to  find  the  value 

a+6x     e+/x 

-.r  A  ad—ce 

oi  ^«  Ans.  x^—z — r^. 

cf—ba 
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Ex.  6d.  Given  #-+4-+7r+A=*.  *<>  ^^  ^^  * 


value  ofx. 


bx     dx    /r^.  Ax 

.  adfh+bcfh+bdeh+hflfgt 

'  /ins*  X— *-  ' 


W/AA 


.  a^fc 


Ex.  56.  Given  (a+a?)«(^+x)— a.(i+c)==~ — i 


x^.  to  find  the  value  ofx. 


Ans.  0:=^ 


ac 
T' 


•    ^ 


Ex.*57.   Given  — — — -=5^ — ,  to  • 


find  the  value  ofx. 

Ex.   58.    Given 

find  ihe  value  ofx. 


Ans.  x=9. 


4x  — 34     25B— 5x     69-~x 
17  3       ~      2 


,  to 


Ans.  x=51. 

17      (.Q    i-         o     '  4x— 2     2x+ll     7— 8x 

Ex.  59.  Given  2x t-^  = .  to 

k  7     '  ^^ 


13 


find  the  value  ofx. 


Ex«  60.   Given 


2x+l      4jD2— 3x 


='9— 


Ans.  x=7. 
471 +6x 

O  9 


29  12 

to  find  the  value  ofx.  Ans.  x=72.    * 

Ex.  61.  Given  — — —5=-,  io  find  the  value 

3a— 6 


X 


x 


ofx. 


^Ans.  x  = 


(  W3  ) 


*  CHAPTER  IV. 
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ON  *»^ 

SIMPLE  EQ,UATIONSv    *.  ' 

tNVOLViNG  TWO  OR  MORE  UNKNOWN  GUAKtlXIfiS, 

202.  It  has  been  observed  (Art.  184),  t^t  an 
equiiAiofi  wfihi  thetrafiitalion  into  algebraic  language 
of  two  eqaiTalent  phrases  comprised  in  tbe  Enuncia- 
tion of  a  ij^uestion;  but  this  question  may.  compre- 
hisod  in  it  a  greater  iMimbtTi  aiid  if  tbey  are  well 
disiiogoished  two  by  two,  and  lad^pendent  of  one 
smother,  they  Ibroishm  certain/iumber  of  osiuatiops. 

Tbitf,  for  eieample^/e^  us propose^to  find  two  num- 
k^rs^  st^h  iheU  doukU  the  fir §t  added  to  the  second ^ 
gives  24,  and  that  five  times  the  firsts  pltis  three  times 
the  secoiidy  vs^ke  65*  We  fina  here  two  phrases, 
wMe|;i  express,  t^e  same'  thing  in.  dlfTarent^  terms ; 
ist,  the  doid)U  of  an  untnown  nnmbeVj  plui another 
unknown  number^  then  the  equivalertt  2L4 ;  2d,  fice 
Hmes  the  first  urtknotvn  number^^lus  three  times  the 
*stcofid,  thery  the  equivalent  ^5. 
!■  The  translation  is  easy,  and  it  gives  these  two  de- 
ferfninate  equa'tions    *  •         '    » 

-_      •  .2a+y=24;  :5a;-f3y=65. 

When  t^o  or  more  equations,  involving  as  many 
unknown  quantities,  are  independent  of  one  another, 
they  ar6  called  determinate.  But  if  for  the  second 
of  these  two  conditions  wCibad  substituted  this: 
and  such  thdt  six  times  the  first  mimier^  plus  three 
times  the  second,  make  72 ;  these  two  phrases  ex- 

18 


194  -SIMPLE,  EQUATIONS. 

press  itotbtfig  more  than  the  first  iwo,  siiice  that  we 
hai^  only  tripled  two  equal  results ;  we  should  have 
bu4  one  traBslatioDy  and  consequestly  aei^ioi^  equa- 
tion. It  caa  tilerefore  happen  that  we  piay  have 
less  equations  than  unknown  quantities,  and  then 
the  qiiestion^is  said  to  be  indeterminate}  because 
the  Qjimber  of  conditions  would  be.  inttifficient  for 
Ih^  dfiterminatioA  of  tl^e  unknown  quantities,  as  we 
shall  see  clearly  iHustrated  in  the  following  section. 


§1.     EIiIHmATlOir     <)F   UNIUrOWN    QUANTITIES  .mOM 
ANY  ^U]IB£R   OF    SIHPLS   E<i0ATION3. 

203.'  Elimination  is  ttie  method  of  exterminating 
all  the  unknown  quantities,  except  ona,  from  two, 
three,'  or  mof  e  gireA  equations,  in  dVder  to  reduce 
them  to  a  single,  or  final  equation,  which'shall  con* 
tain  only  the  remaining  nnkno wn;  and  certain  known 
quantities*  ^   , 

204.  In«5i5er^to  simpfiry  the  calculations^  by 
avoiding  fractjons*^  we  shaM  here  make'  u&e  Of  liti^- 
ral  equations,  wbicfi  will  ijfiodify  the^  process  of 
elimination :  And  ^Iso,  to  avoid  the  inoonvenience 
arising  from  the  multitude  of  letters  which  mpst  be 
employed  in  order  to  represent  th^  given  qCMpiM-.* 
ties,  when  the  number  of  equations  invbjving^sfa' 
many  unknown  quantities  surpasses  two,  we  sbMl  re- 
present by  the  same.letter  all  the  coe&cients  of  the 
same  unknown  quantity ;  but  we  shall  a^ct  them 
with  one  or  more  accents,  in  order  to  distinguish 
them,  according  to  ftie  nuitiber  of  eqqations. 


♦  r 


^  ,- 


<•> 
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305.  In  the  first  place,  any  tw66if|ple^«quatiMfl, 
each  involving  the  same  tvfo  unkRowa  ^luitiWs, 
may,  in  general,  be  written  thus :  , 

a#+6y=c     .     ♦     .     .     (A),      '  • 
a'x+b'y:=^c\  .     .     .     .  -  (B). 
The  coefBciehts  of  the  unknown  quantity  osare 
{^presented  both  by  a;  those  of  y  by  6;  but  t^^ 
accent,  l)y  which  the  letters  of  the  second  equation 
are  affected,  shows  that  we  d«  not  regard  them  as 
having  the  same  value  as  their  correspondents'  m- 
the-first.     Thus  «'  is  a  quantity  different  from  a, 
b'  a  quanfitj  different  from  b. 

206.  We  can  readily  see,  by  a  few  examples, 
how  any  two  simple  equations,  each  involving  the 
same  two  unknown  quantities,  may  be  reduced  to 
me  above  form. 

]£>%•  1*  Let  the  two  simj^Ie  equations, 
5a: + 3y— 5  =y  ~  3r + 7, 
-  9a?  — 2y+3=a;— .7^+16,  ' 

be  reduced  to  the  form  of  equations  (A)  and  (B). 
By  transposition,  these  quantities  become 
5a?+3y— y+2a:=7+5, 
9a;— 2y— a;+7y=16— 3; 
by  reduction,  we  shall  have 

7a?4-2y=l^, 

8a;+5y=I3;  * 

equations  which  are  reduced  to  the  form  of  (A)  and 
(B),  and  which  may  be  expressed  under  the  fenn 
of  the  same  literal  equations,  by  substituting  a,  6, 
and  c,  for  7,  2,  and  12;  and  a',  6',  and  cr',  for  "8,  ^ 
and  IS. 
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10f.  "i^  fjeiitte  4tr«  tmple  eqtu!i»tti, 

Oe  reC'iced  to  Oi«  lorrn  of  equatioof  (A)  aDd  (B«. 
j^)^  Uft/ifrpotiiion.  these  et|«ationf  become; 

tnx-f  Cy— 77x+?y«S-f  7, 
/:',— 3y— 5y  +  3r=li— 6;        ^ 
^ly  fcd'icti'^.  tvc  fehr.fl  have 

idiicli  arc  r<^:dacxid  fo  the  form  rc/juired,  and  whicL 
may  be  expros(!/'d  u/)der  the  form  of  th^  ssme  IHc- 
ml  enuftiions,  by  substituting  a  (or  m—pi  b  tor  S. 
I  for  lO,  a'  for  r^-^,  h'  for  —12,  and  c'  for  6. 

In  like  manner  any  two  simple  equations  maybe 
reduced  to  tlie  form  of  equations  (A)  and  (B); 
lioiice  we  may  conclude  that  a,  i,  c,  o', '/,  and  c', 
may  be  any  (^ivnn  numbers  or  quai^titie^  wliateyer, 
pohUiva  or  nc'frativc,  intrgral  or  fractional,  ^ 

It  into  be  always  understood^  that  when  we  make 
UBQ  of  the  same  tatters,  marked  with  different  ac- 
rents,  they  express  different  quantities.  Tbtts,  in 
the  following  equations,  a,  a',  n'\  are  three  different 
quantities  \  and  the  same  of  others.' 

JOf  •  Any  three  simple  equations,  caeh  involving 
the  same  three  unkpown  quantities,  may  be  ex- 
^reiiod  thus ; 

«'T-f»V+c*sr=aicr    •    .     .    (D), 
a^+fty+^^siT      ..(E); 
Wher^  a,  ky  c,  d%m\  ♦',  c\  rf, «%  A^  c",  **,  are  krwmn 
q\iautUi«a  i  and  »,  y»  2*,  imibi«s9n  qu^otities  wboae 
vabiia  miky  be  fouod  ia  terms  of  the  kaown  qMn-  - 
tttiet. 


V 
4 


% 

A 


-   SIMPLE  BQUATKWS..      ,      ^7 

t 

*        In  like  manner,  any  four  "simple  eqpmtipna  may 
ba  expressed  thus ; 

-  .  /M^+iy+cjr4-A*=«      ....    (F),  . 

a'i+iy+c'z+d'M=e'        ...    (G),  .- 
a\T+6>4-c"z+cr'tt=e"     .     .    .    (H), 

And  so.  on  for.  five,  or  more  simple  eqaatibas. 

208.  Analysts  make  use  of  varioos  motbiMb  of 
^minatihg  unknown  quantities  from  apy  numbef^ 
of  equations,  so  as  to  have  a  final  equation  (oUtajn- 
ing  only  one  of  the  unknown  quantities;  spme  (flT 
which  are  only  applicable  in  particula,r  ca^es  ;  but 
.  the  mostgeoeral  methods  of  exterminating  Unknown 
.  quantities  in  simple  equations,  are  the  following. 

;•*»  #'  *  ' 

;  J  i.  riRST    BIliXHOD.     " 

'  •  ^     209.    Lit  us  coosHJer,  in 'the  fijjt  plao^,  fhe 
;  equations,  *       •  * 

{t  fs  e(VidenMtbat>if  ;one  of^the^tinknown  quanti- 
ti*^  x%  fi>r,^X9Q9ple,  had  the  8^m$  coeifficient  in  the 
ftvo  ^qu^tionfi,  it  ^would  be  sufficient  to  subtract  one 
fi^ni-»the  other, »fn' order  ta  exterminate  this  un- 
:*  knoivil :  *Let,  for  eJEample,  the  equations  be 

r         '  .10«4"Hy^=^7; 

10a;+9y=I5; 
if  the  second  be  subtracted  from  the  first,  we  shall 
haw  .  • 

lly— 9y=27— 15,  or  2y=:I2. 
It*  is  very  plain,  that  we  can  immediately  render 
,  the  coefficients  of  x  equal,  in  the  equations  (A) 
and  (B)  5  . 

18* 
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19tb  SnffLt;  £<^ATiON6/ 

By  mMRMljrhig'iht!  two  member  (f  *Aie  fitst  hy  . 
a\  tbe  coefficient  of  x  in  the  second )  mA  'th«  tiro 
isembet^  of  the  second  by  d,  the  coleffficKnt  of  x  in 
tbe  first*;  We  shall  thos  olftsin, 

Sabtracting  Vbm  ftrst  x>(  these  ifrotai  ttie  seccmd, 
the  unknown  a?  will  disappear,  we  shall  have  only 

{ah' '—a*h)^^ad — c^c, 
atrequation  which  contains  no  more  than  tfa^  an- 
l(nowu  ^oantity  y,  and  we  will  deduce  from  it 
*  ac' — a'c  ' . 

*"a6wF   •    •'•    ^''^' 
By  eliminating  in  tbe  same  maoner  the  onkaovrn 
•quantity^,  from  the  proposed  equations  ;  we  would  ' 
arrive  at  the  equation 

from  which  mre  will  deduce . 

'  -.VS^  •  •  •  (')■   •■.  < 

210.  The  process  ^Wch  we  h%ve  jusiemployjd, 
may  be  applied  to  all  siiaple  eauati^i,  fi>c  eiteipi- 
nating  any  nmnber  Whatever  or  OfH^noMi  qvantttie^. 

If  we  apply  this  iirocess'lo  thrSc  -eqvatiQns,  in- 
volving «,  y,  and  z,  'we  will  at-^t  eUminate  r 
between  the  first  nnd  second ;  then  between  the 
second  and  third ;  and  we  shall  thus  arrive  at  two 
eqnalions,  which  involve  only  y  and  r,  and  between 
which  we  will  afterward  eliminate  y\  as  in  thefre- 
icedtng  arliicte* 

If  we  effect  4fae  equaimi  io-r,  at  whiob  wo  will 
arrive,  we  aball  have  a  fiiotor  too  much  in  allots 
terms ;  and  consequentlv  it  will  not  be  the  most 
simple  which  might  be  oniined.      ^- 


'■if 


SimiM  'E^k'W^St :  tM 


^  H  •  Let  OA  Tesmne  «gstU  ihe  eqoaiions, 

If  we  find  the  value  of  xin  tenni  of  M  ^i^  ^ 
knova  qaaatitie»  in  i^th^  these  efnanom,  we 
'AM  have 

the  equaUty.  of  ib».aecaiid  oiMbers,  t$ftmitla  ^e 
;    eqiuilion  ,        .         , 

which,  hy  madctng  proper  reducttond}  givqs ' ' 

«  •    •'     .  ^~o*'-a'« '    ' 

"    bf  Bi^bstitutf ng  this  ««IUe  ibr  y,  in  one  of  tl^e^aloee 
af  4, 4re  ^all,  after  tite  TCdti^iQn^  &avo 
IT    ,'  .  .       .  ■    *'c--4e^  - 

|i     ^%^     Tb^s^/lNiJiiliB  of^a;  efld  y  |re  the  g%me  a«  Beibjret 

NbliTy  4  is  eviaCTt,*tbat%  jfocec^ltag^in  {he  ^ 
\  iqahn^r,  wilK&r^  equafioQs  innttaining  :fe,^,  and  z, 

'■  ^e^  If  ill  %ii  the  value  o{  oi  in  each  of  thejn^  then 

[         :  Is^f  comparing  tbei'e  f  alues^  wsa  shall  aftive  at  two 
I  equations,  ilivolvin|  cnljr  j/  and  2,  frpm  which  wh 

|\  can  eliminate  5, 9^  m  equations  (A)  and  (B)«    And, 

we  can  mooted,  in.  a  similar  manaec»  when  there 
:         *  aVe  four  equations  with  .four  unknown  quantitiesj 

and  so  on,  for  five,  or  mor^  equations*    . 
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212.  Now,  if  in  the  equation  (A),  we  find  the 
value  of  «,  in  teraw  of  y  and  the  given  quantities, 
we  shall  have 

a 

by  substituting  this  value  in  equatien  (B),  we  shafi 

have  '  •  ^ 

which,  by  reduction,  becomes  i  ,\ 

thisiralue* being  substituted  for  y  in  the  abave  vabie  .  '-  J 
of  X,,  after  making  the  proper  reductions,  we  shiJl  ,'M 
oJ)tam  ,  .  .*"-•''.•.  *  J 

The«e  value*  ojf  »  a^d  y*  af e  same  as  ip  th^tiyMt 

former  iiistaac^s.         •  *  *    .  .      r  '        .  •    * 

..."..  *  ^  \     -♦♦•   % 

213.  /  We  inight  eHoiioate  in  like.  maTWJr,  whiftA  ,*   J 
any  numbc%  of  simple  oquatioot  ai^  ^qtviceroed '} 
thus,  £6r  ex^ampte :  Let  ir  b©  isequired  to  ded^te,^-       i 
from  the  three  equatidos^  (Q),  (D),  and  (E),  (A<tf ' 
207),  a* single  ^qufition  involvit^  only  the  unknown 
quantity  z.     .      /       ,  , 

By  finding  the'  value  of  a?  in  each  of  these  equa- 
tions, in  terms  of  y,  z\  anil  the^  given  quantities,  we      . 
shall  have  .       •    * 


-  -«' 
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ai= ^ .     .     («j. 

*  a"^        .    ... 

'^   Pattkig'thejfirst valae  of  a?  ^qualto  th^  seconfl, 
•and  ajso  equal  to  the  third,  we^hall  have  these  tw^ 
eqaatignsi, 

.      d—bV'-'CZ     d'—b'y—c'z 
«  y  *  . 

r    «  ^ 

d-^by—cz_d:'—b"y'-c"z 

-^ ^,5 

a  fir 

From  which  we  deduce,  by  reduction  and  p»o 

ceeding  as  in  equations  (A)  and  (B), 

y- — -^r^h — :  • ,;  •  <'^' 

{a"c—ac")z'\-aSl"—a"-d  ._<. 

y~- ab"-a"h       .  •  ^'^' 

The  equality  of  the  second  members  furnish  the  ^ 

equation 

'   {a*c^ac')z+ad''-'a'd_{a''t'-tic'')z+afl''>^a''d^ . 

^  ab''—£^b  ,  fl6''— a"6  '      * 

which,  by  proper  reductions,  will  give  the  value  of 
zi  having  obtained  tne  value  of  r,  8ub8titute4t  *ft 
equation  (4)  or  (5),  and  the  value  of  y  can  be 
readily  found. 

Now,  the  values  df  y  and  z  fcetngkaown,  by  *ub- 
Blit^^  th^eili  IB  the  equation  (1),  (i),  or  (3)  v  we 
ahsiii  ecHriiy  6bt2lii]^«lteTaIue  of  a».       ^ 


r  •  » 
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■ 

214.  Lot,'k8  before,  the  two  equations  be 
(A)  .  .  .  ax+by=^c\  a'«+i'y=c'  ,  •  .  (B). 
Multiplying  equation  (A)  by  some  iaiJeterminate* 
quantity  n>,  it  will  become 

amx-^bmy^=^tnc ; 
and  fiubtractif^  from  tMs  result  eqiaation  (B),  w^ 
•hall  have 

{am—a')x+{bm'-'b')tf=cm — c'    .     .     .     (6). 
And  siiice  the  value  of  m,  in  this  equation,   is 

indeterminate,  we  can  take  bm — i'=0,  or  m^r ;    >o 

6 

which  ease  the  second  term  will  disappear,   we 
shall  have 

cm—c' .  b         cb' — be' 

*"«»—«'    „v*'_/.'    ab—a'b ' 

0 

which  is  the  same  value  of  a;,  as  before* 

Also,  as  the  value  of  a;,  thus  found,  is  indepen- 
pendent  of  that  ot  m,  we  can  now  take  am=^a\  or 

t»=^; 'according  to  which  supposition  the  term 
a 

involving  a;  will  vanish,  and  ftie  result  will  give 

ca' — ac' 

y^ba'^ab'* 
By  changii^  (he  signs  of  the  numerator  and  de- 
nominator (Art*  128)  of  this  value,  its'denomtniitor 
>yill  be  the  same  as  that  of  x^  mce  we  shall  have  ^ 

ac' — a'c 

which  is  the  same  yahie  of  5  as  in  each  of  the  pre* 
ceding  methodflu  * 
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This  method,  given  by  Bezqut,  is  very  simple 
for  flim&atiDg  all  the  unknown  quantities,  except 
one ;  besides,  it  has  the  advantage  of  greater  brevity 
abov#  the  preeeding  methods,  as  we  can  dedace 
Jth^  values  of  each  (u  the  unknown  quantities  from 
the  same  equation. 

21d«  Let  OB  nowtake  the  three  equations  (C), 
(DK and  (E),  (Ai^.  207)." 

'     Mnltiplying  the  first  of  these  equations  by  m,  the 
:second  by  i»,  tn^  and  n  being  indeterminate  quanti- 
ties, and,  by  sub^cting  the  equation  (E)  from  the 
sum  of  these  results,  we  shall  have- 

^=^m+d'n — d"       '.         .         ...        ,         (7), 
In  order  to  make  the  terms  containing  on  and  y 
disappear,  we  will  t^ke^ 

•and  there  wilt  r#m^m,  in  Equation  (7), 

wlAfti.gives      ^      ^  . 

dm+d'n—d!'     \  .. 


Now,  ij^om  ihf  two  equatlpiis  in  tn  aijd  n,  wc 
dedacl  *       --  ^    •. 

Subs^btf ng  thoie  values  in  equation  (8),  \^e  i^ll  "^     t- 
obtaifrthisf result,*       •  .,  *  *' 

.•  T  c(ray-a(6'0 +c;(«*'*-*te:0 +c'X^«''^«*'')  -V'    ^l   - 
■r  ."abo/by^ptrtting    "*  ^^.  *       '    , 

We*^h'%Il  bave,^y  operaling  as.)^er9re,  «  *'. 


§04  SIMILE  Bf^UATIOHS. 


r,  fhe  twoAjpotbeaes  '    ? 

irirc 

It  may  be  observed  tbattheseibraiiilae,(9),(lO), 

aod  (11),  which  gtre  x,  y,  and  r,  are  eaaBy  calcala- 

'  ted,  on  account  of  the  common  ^tor«  in  the  terms 

of'the  fractiooB : 

These  values  of  Xj  yy^nd  <r,  being  developed  in 

f-  such  a  manner  as  to  have  the  terms  altematelj 

i  positive  i^nd  negative,  and  changing'  at  the  sanae 

time  the  signs  of  the  ntiiifterator  and  Ihose  of  tiie 

denominator,  in  the  first  and  t&rd,  we  shall  have 

the  following  forms : 

ah'd"—adb" + da'h"  -^ho^a'^hdc^'-^ib'a''     .  . 

dVc"'-dc'V''\'cdb"--bd'c"^bc!df'^cVa^        /  \" 

^^ab'c"'-'ac'y'^ea'b"^ha'c'''^hi;y-^il6'a''    \  ^^^* 

And  in  the  same  way  may^  thliB  analy^s  tie  aB- 

plied  to  four,  five,  or  more,  siinpi^  ^qQatil9n%' lyB- 

ving  as  mwj  unknown  qi^Etntities.  *       '^ 

$16.  Let  us  take,  fcr  iOatandte,  the  fqar^uatfons 
.  ^        X^<«).  (P).  and  (J),'  (Art.  SW);   -  ^,  -  . 

By  ^rpfiltiplyii^tbe  firrt  b^  m,  the.:8ccbnd*  by*  ;i, 
4b<r  tbii^Jjy  vj  ad&ng  these  pmdiiiits,  and^obtrftCt- 
r-,  .iDtf  aftetwarii^the  fourth  fro«i'  tbeir  sum, .  we"lSllall 
^     find  .      \.      ,     •"  :       •        V 

^       /     (am-i*a'n+a>-«^0^+(*wtTl-A'n+6>-V% 
+(cm+c'n+c>--^''0^+(rfm+i?'n+d> --Ow 
=€m+e'n+e>— c'"      .     .     •     (12). 
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In  order  to  findti,  we  will  piiit 

and  equation  (12)  wUl  become 

Avhich  gives, 

zm-^t'n'\'t"p — t' 

The  preceding  equations  which  ought  to  give 
m^  n,  and  p,  will  be  resolved  by  means  of  the  for- 
mulsB  (c),  (c?),  and  (e),  found  for  the  case  of  three 
equations.  Having  obtained  m,  n,  and  p^  we  can 
easily  find  a:,  t/,  and  z» 

This  method,  though  it  appears  to  be  very  sim- 
ple and  commodious,  is  not  much  noticed  in  ele- 
mentary Treatises  on  Algebra :  Bonnycastle  has 
given  it  in  his  Treatise  on  Algebra^  8vo.  Vol.  II. 
Lacroix  and  Garnibr  both  treat  of  it,  in  their  re- 
spective Works  on  the  ElenUns  dPAlgibre. 

217.  Now,  it  may  not  be  improper  to  show 
how  Analysts  deduce  the  values  of  the  unknown 
quantities  without  calctilation  in  any  number  of  sim-^ 
pie  equations,  by  observing  the  law  that  exists  in  the 
constant  formation  of  the  numerators  and  denomi- 
nators of  the  fractions  expressing  the  values  of 
these  unknown  quantities. 

218.  For  this  purpose,  it  is  necessary  to  consider 
particular  cases^  from  the  considersition  of  which, 
by  induction^  the  law  which  exists  in  all  cases,  is 
established. 

19 
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In  the  first  place,  the  two  equations 

(A)    .    .    .    ax+lif=:Ci  a'a?+i'y=c'    •    .    .    (B), 
have  given  these  formalsB} 

<«>•••    *=^6^=6J?  ^=ii^=Aj'    •    •    •    W-' 

of  vrhicb  the  common  denominator  is  composed  of 
the  letters  a,  a',  &,  b\  which  multiply  the  unknown 
quantities  i  in  the  first  place  the  letter  a  is  written 
at  the  side  of  the  letter  hj  which  gives  ab  ;  then, 
changing  a  and  6,  so  as  to  have  ba ;  and  by  affect- 
ing this  arrangement  with  the  sign  — ,  it  becomes 
a^-^ba ;  finally,  ^j  accenting  the  second  letter  of 
each  term,  there  is  formed  the  common  denomina- 
tor ab' — ba\  By  inspection  only,  we  observe  that 
the  numeruiars  are  formed  from  the  common  denomi* 
Tiatorj  by  changing  a  into  c  for  that  of  Xj  and  b  into 
c  for  that  of  y ;  or,  which  is  more  general,  by  change 
ing  for  X  its  coefficient  into  the  absolute  term,  and  for 
y  that  of  y  into  the  same  term :  the  term  in  the 
equation,  which  is  entirely  known,  is  called  the  ab- 
solute  term* 

219.  The  inspection  alone  of  the  resulting  va- 
lues (c),  (d),  and  (e),  of  the  equations  (Art.  214), 
with  three  unknown  quantities ;  is  sufficient  to  show 
that  they  deviate  not  at  all  frdin  this  rule. 

With  respect  to  their  denominator,  it  requires  a 
little  more  attention,  in  order  to  know  the  forma- 
tion of  \U  Moreover,  since  in  the  case  of  two  un- 
known quantities,  the  denominator  presents  all  the 
arrangen(ient8  of  the  two  letters  a  and  b,  which  mul- 
tiply ttieir  unknown  quaniities,it  is  natural  to  suppose 
thiat  when  there  are  three  unknown  quantities,  their 
denominator  must  comprehend  all  the  arrangements 
of  the  three  letters  a,  6,  c ;  and,  in  order  to  form 
these  arrangements  with  order,  the  following  it^e- 
thod  may  be  pursued. 
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Thus,  we  form  at  first  the  arfangetaients  ab-^ba 
of  the  two  letters  a  and  b ;  after  the  first  ab^  we 
write  third  letter  e,  whieh  gives  abc ;  and  making 
this  letter  pass  through  all  the  places,  observing  t^ 
change  the  sign  each  time,  and  not  to  trouble  the 
respective  order  of  a  and  i,  there  results 

Operating  in  the  same  manner  on  the  second  ar- 
rangement of  the  two  letters  —6a,  we  find 

— bac-^-bca — c6tf; 
reuniting  these  products  to  the  three  preceding, 
then  marking  the  second  letter  with  one  accent,  and 
the  third  with  two,  we  shall  find  ^   , 

ab'c"-rac'b''+caV'-'ba'd^'+'bc'f'-cb'a\ 

The  numerators  are  reaAly  derived  from  this 
common  denominator,  by  changing  for  a?  its  coeffi- 
cieata  into(f,  for^  its  coefficient  6  into  d,  and  for 
z  its  coefficient  e  into  d. 

It  is  easy  to  conclude  from  hence»  that,  in  order  to 
form  the  denominator  in*  case  of  four  unknown  quan- 
tities, we  most  introduce  the  letter  d  into  each  of 
the  SIX  products  above  obtained,  then  make  it  occupy 
successively  all  the  places,  by  means  of  which  we 
will  find  twenty-four  terms,  and  by  proceeding  with 
each  of  these  terms  as  in  the  case  of  three  unknown, 
wd  Would  obtain  the  values  of  x,  y,  z,  and  u,  and 
so  on  for  five  or  more  equations.  See  Fenn's  nezo 
and  complete  System  of  Algebra^  or  Gaknier^s  Eli- 
mens  d^Algebre* 

220*  Thoujgh  the  methods  of  elimination  hitherto 
laid  down,  wilt  enable  the  student  to  resolve  any 
number  of  simple  equations,  containing  a  like  num- 
ber of  unknown  quantities ;  sftill,  it  may  be  very 
mper  to  take  notice  here  of  the  following ^eneraf 
rndty  (vrtiich  is  clearly  elupidated  by  Bezout^  in  hh 
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# 

Theorie  generate  des  Equations  Algehr%quts)^for  cal- 
culating^ all  at  once,  or  separately^  the  values  of  the 
tmknozen  quantities  in  equations  of  the  first  degree ^ 
whether,  literal,  or  mimericaL 

2-2U  Tbusyletu,  X,  y^z,  &c»  be  the  unknown 
quantities  whose  number  may  be  n,  as  well  as  that 
of  the  equations. 

Let  aj  6,  c,  d,  &,c.  be  the  respective  coefficients 
of  the  unknown  quantities  in  the  first  equation  ;  a\ 
If'y  «',  d\  &:c.  the  coefficients  of  the  s9me  unknown 
quantities  in  the  second  equation  ;  a",  b'\  d\  d'\  &c. 
the  coefficients  of  the  same  unknown  quantities  in 
the  third,  and  so  on.*  Suppose  implicitly  that  the; 
absolute  term  of  every  equation  may  be  also  affect- 
ed with  an  unkaown  quantity  which  may  be  rep  re  - 
sented  by  t. 

Change  successively  every  unknown  Quantity , 
into  its  coefficient  in  the  first  equation,  by  oDserving 
tQ,  chapge  the  signs  of  the  even  terms  ;  and  this 
result  will  be  what  is  called  a  first  line. 

Change,  in  this  first  line,  every  unknown  quan- 
tity, into  its  coefficient  in  the  second  equation,  ob- 
serving, as  before,  to  change  the  signs  of  the  even 
tejrms,  anfl  a  second  line  is  formed. 

Change,  in  this  second  lirke,  every  unknown  quan- 
tity, into  its  coefficient  in  the  third  equation,  ob'> 
serving  to  change  the  signs  of  the  even  terms,  and 
a  third  line  is  formed. 

Continue  in  like  manner  to  the  last  equation  in* 
clusively ;  and  the  last  line,  which  shall  be  thus 
obtained,  will  give  the  values  of  the  unknown  quan- 
tities, after  ^he  following  manner. 

Every  unknown  quantity  shall  have  for  its  vahie 
a  fraction  whose  numerator  will  be  the  coefficiefiit 
of  this  same  unknown  quantity  in  the  kst  or  ntbj 
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Hnef  and  wbich  ahall  constantly  have  for  a  denomi- 
nator the  coefficient  of  t  in  this  same  nth  line* 

Note.  All  the  coefficients  are  here  sapposed  to 
be  affected  with  the  sign  4^.  Therelbrej  when  any 
of  the  signs  of  the  coefficients  are  — ,  it  is  decessa- 
rj  to  employ  a  contrary  sign  to  that  which  the  rule 
prescribes;  and  if  any  term  in  the  proposed  equa- 
tions be  wanting^  its  place  may  be  supplied  by  a 
fictions  coefficient,  which  can  afterward  be  rejected 
in  the  result* 

222.  Let  there  be  proposed,  for  example,  the 
two  simple  equations, 

aa?4-iy+c=s0, 

Then,  introducing  inu>^  these  two  equations  the 
unknown  quantity  t ;  thus. 

And  if  0?,  in  the  product  of  the  three  unknown 
quantities,  ^yt^  be  changed  into  a,  y  into  6,  and 
t  into  c,  there  will  arise,  by  cbcmging  the  signs  of 
the  even  terms,  the  first  line, 

ayt — AajZ+cooy. 

Also,  if  a;,  in  this  last  expression^  be  again  changed 
into  u\  y  i>>to  b\  and  t  into  c\  by  observing  the 
changes  prescribed  for  the  signs,  we  shall  have  the 
setimd  line^ 

.  ah't — ac'y— fl'6/-{*6c'x+a'6y— ft'cx. 

Or,  by  collecting  the  coefficients  of  the  unknown 
quantities,  f,  y,  o^. 

From  which  expression  (Art.  ^20)  we  shall  have 

19* 
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which  are  (he  same  valuea  of  »  and  y  that  we  bare 
already  found  ,bj  each  of  the  preceding  methods* 

2^3.  Again,  let  there  be  taken,  as  another  ex- 
ample, the  three  simple  equations, 

flrx+iy+cr+d=0, 

Then,  introducing  the  unknown  quantity  t^  as 
before,  or,  which  is  the  same,  multiplying  the  abso- 
lute terms,  cf,  d',  d'\  by  I,  we  shall  have 

ax + Ay -|- cr + c//=0, 

In  the  first  place,  let  us  form  the  product  xyzi ; 
then,  by  changing  successively  x  into  a,  y  into  6, 
z  into  c,  and  /  into  d,  observing  to  change  the  signs 
of  the  even  terms,  we  shall  have  for  the  first  line, 

ayzi-^bxzl+cxyt—dxyz. 

And,  by  again  changing  succossrveiy  a;  into  a\ 

^mto^b'y  z  into  c\  and  /  into  t/',  observing  the  same 

rule  for  the  signs,  we  shall  have  for  the  second  line, 

ab'zl — ac'yt +ad'yz — a'bzt + bc'xt  —  bd'xz  -fm'yf  -^ 

.    co'xt+caxy — a'dyz+db-xz — ^c^xy. 

Or,  by  collecting  the  coefficients  of  zt^  ytj  yz,  &c. 
properly  together, 

(ab'--a'b)zt^{a^--a'c)yt+{{id''^a'd)yz+{bc'^k'c) 
xt-ibdf^b'd}xz+icd''--c'd)xy. 
Also,  by  again  changing  x  into  a"^  y  into  &'',  z  into 
c",  and  i  into  d",  ob^rying  the  same  rule  for  the 
signs,  we  shall  have  for  the  third  line, 
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Whencfr  (Art;  2^1),  we  derive 

-mc'-b'e)d"^(hd'-b'd)c"+(cJe-efd)b'n 

•f[(gc'— g^cK— (a<f-^g'<^)c"+(c<f-<;'a)a"] 
y^    (at'-o'*)c"— (oc'— <i'c)i"+(*C— ft'e)«"    ' 


224.  And  if,  in  the  preceding  example,  we  would 
wish  to  calculate  onlj  one  of  me  unknown  quanti- 
ties, a;,  for  instance,  then  we  should,  in  calculating 
the  value  of  acyzt^  omit  all  the  terms  in  which 
a;  would  not  be  found./  But,  by  a  little  attention, 
we  can  readily  see  what  returns  to  the  same,  that 
it  is  only  necessary  to  calculate  the  value  of  yzt  \ 
Thus, 

Fini  line  •  •  •  bzt-^cyt-^dyz. 

Second  .  •  .  (Ac'— fe'c)^— (6*— A'd)z+(cd'--c'cl)y. 

Third.  .  .  {bc'-b'c)d''—{bd-'b'dy+icd'—c'd)b\ 

This  is  the  numerator  of  x;  by  observing  to 
change  all  the  signs,  since  that,  in  calculating  only 
i/zt,  we  must  observe  that^y  was  originally  in  the 
place  of  an  even  dumber  in  xyzL 

The  denominator  may  be  easily  derived  from  this 
numerator,  and  also,  the  numerator  of  the  value  of 
every  unknown  quantity  may  be  readily  derived 
from  the  numerator  of  the  value  of  any  one  of  them. 

225.  Let  U9  DOW  proceed  to  show  the  applica- 
tion of  the  rule  (Art^  221),  to  eqntktions  in  which 
all  the^  unknown  quantities  do  not  eater,  and  lik^i^ 
wiifi;  to  numerical  e^uattom. 
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Let  there  be  proposed  the  three  eifua^tti^ 

Calcukting  the  valae  of  tayz,  by  intioduciog  the 
new  unknown  z,  and  we  sballhavey 

First  limy  axyz--bvyz^euxy, 

^nd.       ac'x2+ae'(cy  ^a'byz+bc'uz  —  btuy^a'exy — 

tc'ux^ 

or        —  ac'xz + {at' — a!e)xy — dhyz  -^^hduz — 6e'«y  •- 

'ec'ux. 

3d.  '--acVz'{'acVx+(ae'-'a'e)h^'y'-  (ac'-rfiKx^ 

or  - (ac'6"+a'ic")z+[(ae  — a'«)i''4-a'6e"]y-[(4re'- 
flt'e)c"-.«cV']a?+[(e'c"— eV)6.+*Vc]u. 
From  whence  we  deduce 


u- 


X 


adb"+a'bc"      ■ 
J-^l(ae'^a'e)b"+a'be'''] 

acV+a'bc' 


^  236.  In  order  to  give  an  example  of  the  appli- 
cation  to  numerical  equations,  let  us  take  the  four 
following  equations, 

2M+3a?— 8=0, 

3u+2y— 9=0, 

4x4-32:— 20=0j 

2y+z— io=gc>- 
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Having  formed  the  product  uxyzt,  we  sball  have, 
For  the  first  line^  2xyzt — Suifzt — t^tcxyz  ; 
%fid.  — 4a:;?f  + 1  ^xyz — %yzt + Quzt — 21uyz — ^Axyz 

or  — ^xzt — (ixyz — ^yzt^^uzt — 27uyz — IGuxz  ; 

3d.   —I6zt+l2xl+mxz—24yz'-idxy+27yt+ 
1 80^z  — -  16m/ —  1 20uz  —  8 1  i^y +v64mz — 48mx, 

or  ^\6zt+\2xt+SQ;icz+l56yz—ldxy+27yt'^ 
iSttt — 5Quz — 8lwy-»-48wac ; 
4th.  '  3Qt+\52z+114y+7Gx+38u. 

From  whence,  (Art.  221),  we  shall  have 
S8  76  114     .    ,        f52     ,.    ,.   , 

^^=^38'  ^=^38'  *=T8"'  ^''^''"TS"'  ^^^V^tesaj, 
M=I,  a?=?2,  ^==3,  and  ;?=^4.     ^ 

227.  If  in  the  course  of  the  calculation  one  of 
tbie  lines  become  0,  it  is  a  proof  that  the  equation 
which  we  actually  employ,  is  comprised  in  some 
one  of  those,  which  has  been  already  employed  ; 
so  thai  the  nunaber  of  equations  is  not  truly  equal  to 
the  number  of  unknown  quantities  ;  then  this  equa- 
tion is  to  be  rejected. 

For  exapnple,  if  we  had  these  three  equations* 

3a?+y+2z+5^0,   ' 
iar+8y+ 14^+22=0. 
We  would  have  for  the  first  line,    2yzt^3xzt+5xyt 

For  ike  second  lir^ey  — 7z^+ 1  lyt-^2yz-hxt'—0xz+ . 

And  for  the  third  liney.  -^9a<+154z4-88/— 242y— 
64z+ll2y+l0^-22«— 90z+126x+13Gj/— 104flc; 
that  is  to  say,  zero. 
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Therefore  the  third  equation  signifies  nothing 
more  than  the  two  others ;  and  consequently  the 
problem  is  indeterminate,  and  expressed  only  hy 
the  first  two  equations. 

228.  If  in  the  course  of  the  operation  or  at  the 
end,  one  or  some  of  the  unknown  quantities  disap- 
pear, so  that  they  are  not  to  be  found  in  the  last 
line  ;  then  wc  may  conclude  that  the  value  of 
Tivery  unknown  quantity,  which  is  wanting  in  thd 
last  line,  is  zero. 

Let  us  take  for  example,  the  three  equations 

2a?+4y+52:— 22=s0, 
3a?+5i/+2:r— 30=0, 
5a?+6y+4z— 43=0. 

We  shall  have. 
For  the  first  lint^  2y2t'—4xzi+ 5xyt+22xyz ; 
2nd.  — 2z/+lly/+6y2r— ITx^+lOajz— 106xy; 
and  for  the  third  line^  27<  --  8 1  y  -  1 350?. 

From  whence,  (Art,  221),  we  shall  have 
-135  -81  0 


a^  = 


y== 


r= 


—  27'  '^     —27'         -27'  : 

that  is  to  say,  a; =6,  y=3,  and  z=0. 

229.  Let  us  now  pass  to  the  discussion  of  roots, 
and  in  the  first  place,  let  us  examine  the  formulae 


»     «    •    . 


In  the  hypotheses 

a=a',  i=fr',  c^c\ 
we  find 

0         0 

0*^0 

0 
It  id  by  this  sign  ^  that  the  indetermination  of  a 

question  is  made  maoifiest,  (Art«  201).  ..Or,  as  La- 


.•*r 
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«iiA]^c}%  in  bis  Ze^cm^  but  h  Calculdts  Fmctians, 

{Sd  edit,  page  223),  observes  that  the  result  ~  takes 

pJace  in  certain  formulae,  when  there  are  cases 

ivhich  they  cannot  represent ;  this  being,  as  it  were, 

the  means  thalt  Analysts  employ,  to  escape  from 

^contradictions. 

O 
In  fact,  mider  the  two  hypotheses,  a? =^5  and 

y^^Tf  the  two  equations  are  equivalent  to  one,  con- 
taining two  unknown  quantities,  which  admit  of  an 
infinite  number  of  solutions,  as  has  been  already 
hinted  at  (Art.  202). 

230.  Let  it  be  required,  for  example,  to  find  the 
values  of  a?  and  y  in  the  equations 

4a?+3y=7 ; 
12a?+9y=21. 
Here,  comparing  these  equations  with  equations 
(A)  and  (B),  we  have  a=4,  6=3,  c=7,  a's=12, 
6'=9,  and  c'=:2I  ;  then, 
•       _b'c—bd  _9.7— 3.21  ^63—63  _0 

'3""«6'— «'6      12.3— 4.9~"36— 36      0* 

^     ab'^a'b'^     4,9— 12.3         36—36      O' 
From  the  first  equation,  we  deduce 

7— 4a; 

Now,  by  assuming  values  of  a?  we  shall  have  as 
many  corresponding  values  of  y,  which  will  satisfy 
the  conditions  proposed. 
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7 4  0 

Let  a:=l,  theny=-— —  =  1  ;  and  .•.  r=l>  in  the 

sibove  formulae  of  the  root  ot  y,  if  x=2,  theny=: 

7—8         1  0         1     ..        7   .,  7—7 

= — -,   .%  -=— ~;  if  a:=-,  then  t/= — r— = 

3  3  0         3'  4  ^3 

-,  .*•  -=:0,  as  we  have  already  seen.    And  so  on, 

for  everj  value  which  we  assign  to  x,  we  shall  have 
a  corresponding  value  of  ^;   and,  consequently, 

of  --  in  this  particular  case ;  and  as  we  are  not 

limited  in  the  number  of  values,  which  we  can 
assign  to  a? ;  we  may  therefore  conclude  that  the 
number  of  values  that  answer  the  conditions  re- 
quired, are  unlimited ;  but  as  these  values  are 
sometimes  confined  to  whole  positive  quantities,  - 
the  number  of  answers  are  sometimes  limited. 

As  the  consideration  of  such  equations  belongs 
to  indeterminate  analysis,  it  is  not  here  necessary 
to  pursue  any  further  these  investigations.  We  can 
easily  see,  without  the  aid  of  analysis,-  that  the 
above  equations  are  not  independent  of  one 
another;  for,  if  the' first  equation  be  multiplied  by 
three,  it  gives  the  second  5  and,  consequently,  the 
second  equation  furnishes  no  new  condition. 

331.  Reciprocally,  if  the  values  of  x  andy  pre- 
sent themselves  under  the  form  ~,  the  question  k 

indeterminate,  in  fact,  we  have  in  this  case  the 
Jtbtee  equations  ^  '/^  • 
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of  which  sonxe -Que  of  them  is  the  consequeiice  of 
the  other  two ;  for,  from  the  first  we  deduce 

'     .     cb' 

which  value^  substituted  in  the  second,  gives  the 
third  aJ'—^ai'^O. 

,  If  we  t^ke  ki  the  first  the  value  of  6,  and  substi- 
tutejtin  the  thifd,  we  wUl  find  th^e  second  ;  if  we 
take  in\the  sec6nd  a',  in  order  to  substitute  the 
valuj^  in  the  ftiird^  we  will  arrive  again  at  the  first. 
This  being  prcfnzVerf,  fhe^irgt  two  of  these  condi- 
tions  give 


>•*  '^ 


"    4 


,,     6a'      ,    ac' 


'4         «  ^  »     €/^  (4 


subslituling  these  values  in.  * 

we  will  carry iinto  it  at  the  same  time  tb^  hypothec 
.sis  of  the  indetermination  6f  the  I'oots,  and  we  shall 
fii\id)  aftter  proper  reductions,    >  *     "i, 

"The  two  equatibhe  redq<^ing  themselves  to  a  sin- 
gle one ;  the  queltioii  remains  therefore  indeter- 
minate. "^ 

232.  l^i  us  Qxaming  the  case  of 

'  that  is  to  say,  that  where  thes  known  quantities  are 
wanting  \  then  the  equations  "(A)  and  (B),  arc  of  the 
form'       '       \         '     .  \      ' 

it  is  plain  thai  the  first,  metnbers  become  nothing, 
by  having  a?=iO,  andy«=0;  a, conclusion  which 
would  al«o  result  from  the  general  values  of  a;  and 
y^  sfnce  the  numerators  cb' — ht\  and  ac''*^ca;^  are 
nothing  in  the  above  hypotheses. 

20 
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But  if  we  divide  the  two  propastd  equations   hjr 
Xj  and  putting  -=*=/>?  we  <hall  nave 

X 

from  the  first,  we  deduce  ^=—^,  a  value  wWch 

substituted  in  the  .^econd,  gives  this  equation  of 
condition,  •      ,     '  - 

ia'— a6'=&,  or  ofc'^Ja'^O,      ; 
which  ifi  the  common  denominator  of  the  values  of 
X  and  y.    /Therefore,  if  tbe'tiumbers  c  and  c-,  be 
each  nought,  the  numbera  a,  b,  a',  6',  are  sueh  ^that       ** 
this  last  relation  must  be  satisfied,  and  we  shall -hfte 

0        0  •       , 

In  order  to  see  then  bow  the  two  given  equatipns 

would  be  modified,  i»rh^n,we  subsfltute  in  a'x+ 

ah' 
J'w=0,  for  a'/  its  value  — ,  deduced  from  ab' — 

"6  '  \       , 

WacO,  this  equation  l)ecora^s^the  first,  so  that  ^ef 
tw6  equations  make  only  .one*    It'may  be  stilf  re- ' 
n^iarked  that,  in  the  actual  hypotheses,  we  can  onl^  > 
determine  the  ratio /i,  for  which  we  find  ,  * 

a;  b         6'.^' 

SO  that  it  is  sufficient  to  take  for  x  'and  y  the  'satne 

multiples  of  the  two  terma  of 'the  fractions  -,  or - 

h  '    K 

simplified,  which  explains  9therwise  the  indeter- 

mination  of  these  unknown  quantitres.  ' 

It  may  happen  that  the  two  equatipns,         ^  .  • 

would  be  ineompatifole,  or  that  they  express  im 
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contradictorj  cdnditioos,  wlircb  sboald  ta&e  place, 
under^  these  relations  - 

a'^pa^  bi^ph^  c'^sycj. 
for  then  the  proposed  equations  beeome 

"^  a3^+^y^=^A  pax-^-piy^qc'i 

the  secon(Lis  in  opposition  to  the  first,  since  it  ex- 

*'  presses  an  equality,  between  two  equal  faetors  mul- 
tiplied'by  tWid /unequal  factors;  Ihe  introduction 
of  these  hypotheses,  upon  c(\  b']  c',,  into  the  formulae 

'  of  roots,  gives  . 


x*=-ii^ — r-j—ssoo  ;  y?= 


ssoo 


0  .      /  0  ' 

and  here*  this  character  co  produces  evidently,  a^ 
*  annbunied  (Art.  i^,  a  contradi(;yti6n  in  the  terms 
6f  the  enunciation, 

""'  '  '  '  '  »    ' 

333.  Heciprocallj,  when  the  values  atx  and^- 
are  infinite,  the  two  equations  are  contradictory ; 
we  have  in  order  to  ^xpresa-thie  ckcunistancfi, 

.  "06' — a'6=sO,  wbe|]|ce  a'^vr? 

t        and^substitQting'for^' this  value  in  ^  ' 

.    it  becomes,  after  multiplying  by.^,      ~ '' 

bXax+by)^bc\     ;.":     . 
r,   *    ap  equation  contradictory  to 

"    .    .:  ^ -*  ax-^rhy—c,  ./        *.  „    /    ^ 

aiixee  we  dp  not  suppose  6£'=fr'A)  for  then,  on  ac- 
,  fOM^t-oi  ab'^afbjWQi  should  have  the  consequence 
""  tg.euf^(iCj  rfnd  ft%m   theie  thred^equations,  tbere  . 
•would  restilt,  as  we  have  seen  .above, 

'. .    i'c^altsif^arhich  are  Bdt  those  that  we  snppbsed^ 

•  .  •     •  •  • 

»*   -    -       -    »  •  *  ♦ 
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T/urefore^  when  a  problem  of  the  first  d^gr&t  rvitfi 
two  unknown  quantiHes  is  possible^  impossible^  or  inde- 
terminate ;  we  are  conducted  to  the  values  of  x  andy, 

0       "   .  •   .  ■ 

finite^  infinite^  or  of  the  form -»  that, is  4o  say,  indtter-^ 

minate  )  a?id  the  reciprocal  takes  place* 

'  ^4.  Let  us  extoncl  this  discussion  to  the  roots 
(c),  (d),  and  (c),*(Art,  215)  of  the  'three  equations 
(Ci,(D),aDd(E).  *  •       - 

The  problem  can  be  indeterminate  under  a  very 
great  number  of  hypotheses  upon  the  vakues  of  the. 
coefficients.'    We  ean  supposet* between  the  coeffi- 
cients, any  one  whatever  of  these  relations,  : 
;  l5f.  «=:«'=a",  h:^K^b\  d^d':^d"y 

'  3d.  al'^aa—a,  b"—ab'—b,  d'^ac'—c,  d^'^ad-^-, 
By  introducing  aoy  one  whatever  of  these  hypo- 
theses into  the  formulae  of  the  robts,  we  shall  al- 
ways find'  -         '  •  , 
.  *     '       '    '^        0.'     '''O         0 

•^    •  ■• ;  '  .^^' ^=0' ""b ': 

the  first  system. of  *hyp<? theses say9  th^t  these  three 
equations  make  bc^^  one,  the  second  expresses  thaf  .. 
tlie  tliird  equation  is  but  the  first,  and  the  third  an- 
nojuhces  that  thalast  eqiiatioi>is  a  combiis^^ion  of 
tbe  otiier  tw^o.  '  *"  < 

Let  us  examine  in  particular  the  case  where  we 
havec?=63  «?'=M),  d'*=0;  the  three' proposed  equs^,- 
tions  become  then,. dividing  ttenhby  x/andputti^^  ' 

y :         z  .  ;   •  „ 


*      m 


« 
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^he  first  twa  are  sufficient  to  deft«rmiM  p  and  a, 
and  the  substitution  of  these  values  in  the  ttiird,  < 
shall  give  an  equation  of  conditio*,  that  is,  a  rela- 
tion between  the  given  quantities,  a,  b,  c,  a\  b\  c\ 
a",  h'\  c'\  necessary  in  oraar  that  'the  three  equa- 
tions may  be  ^ati8fied  otherwise'  than*  by  the  valuesi 
xe=s:0^  y=0,  2^==0,  which  verify  them* 

If  the  equation  of  condilioii  take  place,  the  cal- 
culation, which  shall  only  find  £nite  values  for  the 

ratios  ^=?»,.-==a  of  the  three  unknown  quantities, 

leaves  one  o£  them  entirely  arbitrary,  so  that  the 

\  ^quettion  is  ^usaef^tible  •£  an  iadefhiite  nunibexL  qf 

.   '      solution!;  ^  .    ^*  '.  •• . 

.  fn  order  to f prove  then,  tha^  the  talues  of^he 

;'^'     -  unknown '.quafttities  whiiph  reduce    to'^efa,  Ibiy 

-making  ia  the  nifaiQPators  of  tb»generaLfomdlasj 

•  c?5S50^  d'===0,  <r'===:b,  arc  ceally  of  the  form  ^5  we  ' 

:    ^  must  eliminate  p  an4  ^  ftom  the  abovife  ^nations : 

:   •"•  tW  ft-st  two  give     ■'.     ^   '        *  '  '■         •     ■    '' 
'r  ^c'-^^a*     '    ba' — tib'    *  -^ 

the%e*values^ substituted  in  this  third,  change  it  into 
this':  " .    ■  -    -    .    •       -  .'t   '     ' 

at'c"~ao'6''-f  car — 6aV'+6i:'fl*'--c&'a''=;?0 ;    . 
therefore    .    •    '         •  •  -'  . 

0         0         0    ^     V      • 

I  '  .     ^    0^  ^    o'       0  • 

^  This  is  still  what  we  Would  have  found  for  the  va- 
hies  of  the  unknown  quantities,  if  one  of  the  equa- 
tions, the  third,  for  example^  were  comprised  in  the 
two  others,  and  we  would  fell  again'into  this  case  by 
the  hypotheses  cf-^na+nuCp  b"^nb+mb\  c^'ssnc-f- 


-V 
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2i^«  {leciprocally,  if  the  values  of  the  unknoffn    .. 

0 
quantities  preser^J^themselves  under  the  form --,  we    - 

>    •  ^^ 

may  conclude  with  certainty  that  one  of  the  eqaa- 

lions  is  comprised  tp  tbe^two  others,  and  that  coa- 
sequently  the  problem  is  indeterminate*  The  cal- 
culation necessary  for  arriviDg  at'  this  conclusion; 
being  very  tedious,  the  principal  parts  will  be  only 
indicated;  however^  the  student  would  do  wdl,  m 
order  to  exercise  himself,  to  efTect  the  whole  of  it* 

Let  us  first  dempnstrate  th^  any  one  whatever 
<)f  the  equations  which  we  obtain,  \ff  making  the     * 
i^umerators  and  the  common  denomipatot  or  th^ 
ixsots  equal  to  zero,  is  coipprised  in  the  otter  Ibree^ 

If  the  .numerators,' for  instance,  be  equal  to  zero,- 
the  common  deuominatoj  shall  be  .equal  to  nought  -*- 
at  ihe  samatime*  .         •        J       .^ 

• '.  In* fact,  let  us  pi^t.       ^ '  .   '^    ,  '  -^ 

/   '*  /»'&"—*'«''===«%  fta''— a6''=.6S>6'-^a'=»c%' "  \  :  ^'\ 
wh^re  th&  figures  1,'2,'  3j  are  Aie  indices  of  difier^ 
ent  quantities,  and  not  exponents;  the  tliri^e  nume-'  ^ 
rators  wiirbecome     • 

If  we  take  d,  t\  rf",  for  the  unknown  quantities, 
^hey  sh^Uiiaye  -*  for  their  values,  since  they  are 
not  nought,  and  the  denominator  sl)all  be 

If  we  substitute,  here,  for  a^  J^  c%a^,^',c*  &c. 
their  values  iibove,  it  will  become,  after  proper  re- 
ductiops,  a  quantity  precisely  equal  to  the  squ^are  o£ 
a6'c"~ac'6"+ca'6"— 6a'c"+6cV'— ^6V ; 


i.* 
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-  .  * 

^^ tberefore  this  cominonr  denominator  is  eqtial  to 
^notWng,  ih  consequence  of  the  nmneralors ;  the 
same  demonstration  might  be  aoplied  to  other  cases* 
This  being  premised,  if  in  ,the  numerators,  equa- 
ted to  zero,  of  the  yalues  of  x,^  y,  z,  we  take  the 
Talues^of  a",  b\  c",  and  substitute* them  in  the  third 
e(|uatiOn^  .    -  ^ 

^  we  shall  find  another  which  will  satisfy,  itself  in 
-  consequence  of  the  first  two.  *\. 

In  fact,  the  numerators  of  a;  and  y  being  equal 
to  zero,  will  give    .     -      •      ,       .  .      .      v 


dc'~cd' 


'» 


71  = 


'  By  substituting  these  values  in  the  numerator  of 
5,  we  Snd  an  Equation  of  condition  which  satisfies 

.  itself, '8iiy:e  i,t  becomes  0=^0.  By  putting' for  a' 
and  6'^  their  values  in  the  equation  a"aj+i"v+c"- 
==rf'  it  becomes,  after  faking  away  the  denpminatoV 

,  anfl;making  jjiropei'  reduction^, 

that  is  to  say,^  -  '  '  ^      .  ^  ' 

\      ^  ;         ab"d!-^dc"d=^0^'         * 

after  having  replaced  dx+t'y^xe'z  by  J',aHd  ajp4- 
by-f-xz  by  d,  lt,4[s  necessary  to  observe  here  that 
-the  preceding  y^hies  of  a'' and  6'V  which  reduce  to 
zero  the  numerator  of  the  value  of  z,  render  also 
the- common  denominator  of  the  formulae  of  roafs 
equal  to  nothing.  '        *  ^» 

And  in  fact,  if  it  were  not  so,  we  should  have 
a?=.e,  3(=;0,  ami  z^^^^^. 


> 
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SO  that  z'WotfU  admit  of  thre^  values^  iriien 
other  unkiK)wa  quantity  which  depend  oa  z^  should 
admit  hi!t  of  one/ 

Hiaa  the  three  roots  betomiDg  -,  one  of  the  three 

eqaationa  is  comprised  in  the  other  tWp* 

■  236,,  The  preceding'considerations-will  still  ap-' 
pear  more  evideatfrdm  the  resolutioa  of  n^mericaj' 

equatioDs :  .  '     . 

Let,  for  example,  the  three  eqaations  to  be  re- 
solved^'btf   .  ♦  ^ 

x+3^— SrsasS,  ^  ' 

Uy  comparing  these  with  the  general  equatiofes 
(Art.  207,)  and  regarding  the  signs,  we  will  have,^ 

•        a':=ri,  >'^=.a,  c^=-2,  d^sssr  ,  '    ; 

substituting  these  values  in  the  ^neral  formT*l»  bf 
roots,  (c),  (rf),  and  (e),  (Art.  215),  we  shall  haye  / 
2— 21+304=3— 14— 5_^  40— 40     0      •     "^ 

;     — 2+3+6— *8-f-2—'l      il  — il     0'-"" 
'       "^^4+2+4+20— 5— 7_2e—g6^0 

^"~  -^2+3+6—5+2-1        Jl-r-n     0^  ' 
_^10,|.15+2|— ^44r^2^49— 40^0 
^^'~'    — 2+3+a— .a+2— 1      "^ll— 11     6' 
Therefoi^e  the  values  of  «,  y,  and  i^  are  iridete.r- " 
iqinate,  in  the  proposed  equations  ;  whieh  will  also 
appear  obvious ;  since,  by  eliminafinga;  from  each 
of  them,  and  then  equating  the  mults,  we  shall 
have  these  two  equ^tions^ 

^yrr^z=ir—3i  5y-— 3z==t-3  j 
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whiefa"^  toeing  ideDtifcal,  or  bpth  the  same',  furnish  do 
determinate  answer.  And  in  fact,  if  the  three  equa- 
tions be  properly  examined,  it  will  be  found,  that 
the  third  i«  merely  ^he  difference  of  the  first  and 
second)  and,  consequently,  involves  no  condition 
but  what  is  contained  in  the  other  two. 

By  comparing  in  lik^  manner  any   numerical 

f  Equations  with  tfie  genera!  equations* (Art,  207.),  if 
the  formijlaB  of  foots  give  ia?=.oo  ,^=co  ,  and  2:==oo  : 

•  ,tbe  three  equations  are  contradictory,  that  is  to  say, 
th^re  are  no  finite  values  of  a?,  y,  z,  'which  would 
satisfy  the  three  equations  at  once,  and  the  recipro- 
cal takes  plaee/^s  we  shall  presently  see. 

* 
.  237,-JPhTD^  the.  equations  with  three  unknown 
quantities  are  incongruous,;  each  of  the  values  of 
.  the  unknown  quantities  becomes  equal  to  infinity. 
Let  for  example, 

a"«=ma',  h"=^mh\  d'^=mc\  d^^nd, 
condltions^under  which  the  third  equation  is  in  op- 
positi6h  to  the  second.  The  substitution  of  these 
valuers  will  reduce  the  coifimon  denominator  to 
zero,  as  can  be  easily  verified  y  but  the  numerators 
. '  shall!ajwa:ys  have  fimte  and  real  values  ;  therefore 

the  roots  sh^l' have  Ihe' form  ~  or  co  ,     Recipro- 
,  *  ^  '     .      0'        .  ^ 

cally,  if  the  roots  aje  infinite,'  we  may  conclude 

^^that  the  equations  ar^  contradictory. 

In  fact,  ff  we  make  the  denominator  equal  to 

^erc^  we  shall  have  \ 


cb'^hc' 


• 
* 


« 
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substituting  this  value  in  the  third,  .equation^  we 
iiDd,  after  some  reductions, 

but,  ax+c^=rf — by,  rtx+6y«=<i— cz,  a'ic-jr6']y==^ 

if  these*  substitutions  b^  ^fleeted,  tlie  known  quan- 
tities sbaif  *be  the  numerator  of  a;,  whi^h  we  nnay  ^ 
represent  by  N  ;  the  terras  containing  the  unkaown  '. 
quantities  destroy  one  another,  and  consequenfly  , 
W&  should   have   N=0,  an  impossible  equaGoft, 

•    •  *  x^O 

since  the  roots  are  infinite,  and  not  of  the  form  - ; 

•    -^  o 

the  third  equation  is  'therefore  incbmpatible  with  » 

the  two  others;  since  that,  in^canrU>hiihg  it  with 

these  and  the  supposed  relations  of  the  coefficleota^ 

we  are   conducted  to  a   result  conU^ary  to   ttie. 

hypothesis.* 

238.   We  can  extend  Jhe  considerations,  which 

have  been  just  explained,  to  any  number  ef  equs^.  * 

flan^whatever ;  and  We  shall  arrive  at  ibis  gefteraT. 

conclusion.  ^ 

If  the  roots  of  equations  of  ihef'rst  ^egru  hd{vt  ihi\ 

•0        1  .      '*  •"  * 

form  --,  or  -  iht  question  ioftich  V)e  propose  to*  resolve 

by  these  equations  is  indeterminate  or  impossibh^  and  - 
reciprocalhf,  '    /',    - 

In  order  to  explain  this  analyticaUyr  it  nlay  £e 
remarked,  that  aocqrdtng  to  the  rulea  relative  to 
the  resolution  of  equations,  it  is  necessary  that  this' 
resolution  makes  known  ail  the  Values  of  the  un- 
known   quai\tities  proper  to  verify ,  the  propc^ed    . 
equations.    ,>"*•".'':'  ^      \  " 


•    .>  ^ 


»       '  It  y    • 
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Now  when  a  problem  ifi  ifidetermiDate,  it  is  inrir 
possible  that  the  (insil  equatipu  which  contaifis  the 

"jast  unknown  quantity  in  the  first  3e^ee  only,  gives 
all  the  difTerent  vaiues  of  which  this  tmkHown^uan- 

.  t^y  \%  susceptible  \  besides,  it  is  absurd  io  suppose 

•that  it  will  give  one  of  thesp  values  rather  than  any 
\sjther ;  it  is  necessary  thertJfore  that  the  value  of 
the  unknown  quantity  may  be  siich  as  not  to  ip(iply 

.  a  <^ontradlfction  with  the  enunciation,  and  it  4d  what 

hjrppens  in  fact  wt>en  the  calculation'gives  for  the' 

^0  " 

result  -•    Moreover,  we  cannot  ohtaio  suoh  an  ^x- 

pressioa  only  iii  this  case,  as  tfie  demonftration  of 
the  reciprocal  proposition  completely  proves. 

239»  When  tfie  equations  express  contr^ictorj 
.conditions,  no  finite  valoe,  whatever  it  may  be»  can 
verify  thf  m  \  thus  algebra,  by  giving  then  infinite 
VaVues  for  the  unknown  quantities,  indicates  clearly 
that  there  exist  no  i)unr)|!)ers  .which,  SMbsUtbted  at 
onCie-  in'  the  equations,  in  place  of  the  unknown 
quantities,  coold  satisfy  t];iera  \  for  infinity  is  a  limit 
whkh  sirrp^sses  every  assigbabte  quantity^  "- 
•■*.        • 

,  ~  240,  Ifwe  had  less  equations  than  unknown  quan- 
tities, the  application  of  thie  precedingjuefhods  will 
lead  to  a  final  equation  containing  many  unknown 
quantities,  end  therefore'^  the  value  of  any  one  of 
them,  cannot  be  ascertaiined  except  in  terms  of  the 
otl^ers ;  and  by  assuming. values  of  these  others,  we 
n\^y  obt&in  an  infinite  number  of  corresponding 
valuesof  the  former  quantities,  which  will  satisfjr 
'the  conditions  proposed  ;  the  problem  is  therefore  • 
indetQi'minate)  (Art.  230).  This  would  also  l)e  the 
case,  as  has  been  already  proved  (Art.  237),  when 
there  are  as  many  equations  as  unknown  quantities  \ 
but  noi  independent  of  ea^b  other*  .  * 


} 
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241*  Finally,  if  there  w^re  more  independent 
equations  than  unknown  quantities,  the  problem 
would  be  more  than  determined,  or  over-limited  ; 
,  in  fact,  haying^calculated  alt  the  unknown  quanti- 
ties, by  employing  "an  equal  number  of  equations  ; 
it  is  requisite  that  the  values  thus  found,  stibstituteiL 
in  the  remaining  equations,  reduce  theOi  tb  tb^ 
form  Os=0,  which  can  only  take  place  for  certain 
relations  between  the  known  quantities.  Tbe^e 
relations  are  then  the  equfltions  of  condition  nec93- 
saty  in  order  that  t))e  proposed,  question  could  he 
resolved;  and  if  they  ar£  not  satisfied,'  it  shall  jt>e 
impossible*  >  «    - 

242.  In  order  to  show  the  application' of  the-for- 
mulse  of  roots,  (Art."  21 5),  to  the  resolution  of  nu- 
merical equations,  it  is  necessary  to  compare  the 
proposed  equations,  term  to  termy  with  the  general 
•equations  (Art.  207).  *  '     t     ^ 

In  order  to  resolve,  for  example,  the  three  equa- 
tions ,  •  .     '       *  .   "     ^     . 

7aF+5y+ 2-2=79^   \      \  ^ 
8a;+7y+92^-=122,   ,     . 

we  must  compare^  term  to  term,  these /eqiuations 
with  those  of  (Art.  207),  which  will  giv^j    '.    .    . 

a=7,  i==?5,  c=2,  cZ*=79,  '    *     *' 

a'=8,  6'=^7,  c'=9,  ^'=122, 
a"=l,  6"=4j  c"==5,  d':=b5. 
Substituting  these  values  in, the  general  forniulag 
(c),  (rf),  and  (e),  (Art.  215),  and*  performing  the 
operations  indicated,  we  shall  find 

«^===4j  y=9/  r=3.  * 
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249«  I^  is  important  to  r^qpark  that  the«iiixie  for- 
mate would  still  fory^^  wberi  the  prppoBed  equa- 
^tipua  fthcKild  not  have  $iU  liieir  terms  ajSfected  vyitli 
the  «ign  +*  .      ' 

if  wje  had  for  ea^ample, 

.  ^  The  Caparison  of  theae  with  the  general  equa- 
tions (Art«  207),' by  having  regard  to  tha  signs,  will 
give 

/a;=,4-3,  &«=^— 9,  c=+8,  £7=rf  41, 
a'=-r-5,  6'= +4,  c'=+?i  d'=— 20, 

.,        a"=^4.tl,  ^"==-.7,  c"=— 6,  rf"==+37. 

In  suhslitiiting  these  ira]ues  i)i  the  formulas  (c), 
^d),  and  (e) ;  we  must  deterjnine  the  sign  which 
•^very  tefm  ought  to  have^  according  to  the  signs  of 
the  factors  of  which  it  is  composed :  it  is  thus  that 
w^  would  find,  for  instance,  that  the  first  term  of 
the  common  denominator,  which  is  ah'c"^  becoming 
+S  X  +4  ><  —65  changes  the  sign,  and  the  product 
is  —72. 

By  observing  the  same  with  regard  to  the  other 
terms,  in  the  mnneratQrs,  as  well  as  in  the  common 
donominator,  collecting  into  one  sum  thos^  that  are 
positive,  and  into  another,  those  that  are  negatiye^ 
we  ^all  find 

2774-2834     —60      ,  ^ 

592 -.622       —SO  r    ■ 

3022^2932     +90 

^       592—622.      —30 

3859—3889—^30 

+  1* 


ii»ii  »<■ 


59^—622      ^— 30 
■21 


i    .• 


^ 
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344*  Having  fully  explained  what  concerns,  the Vj-' 
eliminattOD  of  unknown  qaantities  in  simple  equ^*-' v_* 
'  ti^ns,  and  also  ilhlstrated  the  characters  by  which  -^      I 
it  nat^  be  know/i,  if  the  proposed  equfttioxis.  be       ^     i 
deUrminatej  indetermmaUj  or  impossible ;  we  m^y 
now  proceed  to  the  resolution  of  exampl^  uy  <fe— 
tertnimte  equations  of  the  first  decree :  the  pri^cti- 
cal  rules  that  are  necessary  for  this  purpose,  shajl  . 
be  pointed  out  in  the*two  foiiowitig  sections. 

♦  ,  ••  *    ''  • 

*  §   IL   RESOLUTION^  OF   SUIPLE   EQUATIONS;  * 

Involving  two  unknown  Quantities*    * 

245.  When  there  are  two  independent  simple 
equations,  involving  two  unknown  quantities,'  the 
value  of  each  of  them  may  be  found  by  any  of 
the  following  practical  rules,  which  are  easily  de- 
duced from  the  Articles  ia  the  preceding  Section* 

RULE    I.        . 

246.  Multiply  the  first  equation  by  the  coefficient 
of  one  of  the  unknown  quantities  in  the  second  equa- 
tion, and  the  second  equation  by  the  coefficient  of 
the  same  unknown  quantity  in  the  first.  If  the  signs 
of  the  term  involving  the  unknown  quantity  be 
alike  in  both,  subtract  one  equaition  from  the  other ; 
if  unlike,  add  them  together,  and  an  equation  arises 
in  which  only  one  unknown  quantity  is  found. 

Having  obtained  the  value  of  the  unknown  quan- 
tity from  this  equation,  the  other  may  be  deter- 
mined by  substituting  in  either  equation  the  va- 
lue of  the  quantity  found,  and  thus  reducing  the 
equation  to  one  which  contains  only  the  other  vlU" 
knowii  quantity. 


■f. 
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^  M 


dr«  Multiply  or  divide  ttie  giyeb^  equations  Jby 
such  numbers,  or  quantities,  as.  will  make  the  tef nl 
that  contains  one  of- the  unknown  quantities  the 
same  In  each  equation,  and^then  proceed  as  before. 

^  Ex'  t.  Given   [l^i^^fo'}  *^^^**^^^^^ 
^     \-        of  cc  andy.  ;  -' 

JM^iltiply  the  Ist  equ"*  by  5,  then  10a?+15y=il5  ; 

2nd         by  2,  then  idoi—  4v=^  20  ^ 

V,  -,  M^      '  -;•%  by  subtraction^  I9y=i=95,   ^  ^    - 

;  :. Now,  ftom  the  first  of  the  preceding  equations 

r       _,  we  shaU    hive  ^== -----^=(smcey===:5)-^»-— i-- 

^       '"     ■  4  "  -.^  -   ■-    ■     ^    ■■  ,  '  -  ,  -   -, 

.    .       ^       Xbe yalues  pC  x  ai^d y  inigl^ be  found  in  asimji- 
,,         lat  minniprr,  *thus :  /  .  ,  '\ 

,       ,^  MEat,  the  Ut  equatiato  by  ?,  then  4x+%^'==4a ; 
^'  ^^*  '    2nd  ;    .     .   by  3,thenI5j;— ey;i30v 

■      *  *  r^  '.'»■'  *■     ^  ,  '        *     "  -         ;      ,-  '  * 

-"   '  ^  «^'.  by  addition,  l|9a7==  76^ 

^r  •         :  by^division,  cc=— =4. 

-  -      ,  .  .       ,    '   \  -  '    .    '      ,  •      ■    19*f 

Npw,*fronvllie  first  bf^the  preceding^  equations;, 
we  shall  have  t^=|^-^^(8i^^    x^^f±I^Jl^^ 


•r-- 


•^-,    .v.,       ,-       i-        -'     ,■  ■..       -ky. 


* 


/■ 
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•     Ex.  2.  Given     {J^+.l^slI     *<>  fi««»   tfce 

values  of  a?  and  y.  ,  , 

Mult,  the  l8t  equation  by  6,  then  24a:4-54yx=91o ; 
2nd    .     .     •      4,     .     24x+48^=192  ;' 

••.  bj  tttbtraction,  6t/=»l8, 

by  division,  y=-x-=^* 

Now,  frotn  the  first  of  the  preceding  equationg, 

we  shall  have  a;  = — --^  « (since  y  =^3)     r   >■. — =?= 

^  ... 

35—27 


8  -  t 

4 

The  valuer  of  a?  and  y  may  be  found  thus  ; 
Mult,  the  1st  equation  by  3,  then  Ux+27ff^t0^; 
,      2nd   .    •    .     2,    .    12^+24^=  96; 

• ,.    '     •  ^  "-  ■      ■  ' 

,*.  bj  subtractfdn,  3j/-r^> 

by  division,  if  =85-3=3, 

'  ,    ,  35—27    .8 

^rid  .r.  a;= — '=7=^?* 

4  4 

^he  wmbera  3^nd  2,  by  whicjb  we  multiplied 

the  given  equations,  are  found  ilius ;  _ 

•  .  The  product  of  two  numbers  or  quantities,  di^i- 

4ed  by  their  greatest  comman  measitre^  Will  give 

their  least  commpn  multiple,  (Art.  146),  -^ 

— J  ==12  the  least  common  multipleiv   ,  \.  , 


•^r 


.i  -a. 


-    ^J 
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Then  — =3,  thej  number  by  wbicli  the  firat  eqila- 

•  "    ■  12    -■' 

^  tidn  is  'multiplied ;  aind  -g-=2,  the  number  by  which 

the  secofid  equation  is'mullipHed'r 

"By  proceeding  in  a  similar  manner  With  other 
equations,  the  final  equation  will  be  always  reduced 
to  it3  lowest  terms*     . 

Ex.  3. -Givers    |^^g=^^;.|,  tofindtheVff- 

lues  of  0?  and  y.  /    ,  ■  * 

Mult,  therSnd  equation  by  5,  then  1 5^+35^=335 ; 
-  1st.      .     .     .     3,     .     15a?  +  12y==174; 


/.  by  subtraction,  23^==!  61 


and  v== — -==^7 ; 
.    ^  "^      23         ' 

whence,  5jc=58—4^==:58 —28=30, 

30^ 
and  •••  «= — =6» 

^    ■    '      -  5      . 

If  the  second  equation  had  been  multiplied  by 
4,  and  subtracted  from  the  first  when  multiplied  by 
7,  an  equation  would  have  arisen  involving  only  a?, 
the  value  of  which  might  be  determined,  an* 
thence,  by  substilation,  the  value  ojT  y^ 

,Ex.4.Givca    I^^ZfpJJ;!    tofindtte 
values  of  aj  apd  y* 

Mult,  the  1st  equation  by  3,  '         . 

18a?— 6y=     42; 
but    5a;— 6y=:— 10; 

.•.by subtraction,  1 3d?s=52,  and ap=a:4* 
«k-.*.     .     5ai+10    20+10 

"    2t* 


--  < 

/ 
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247.  Tbese  values  beipg  substituted  Id  the  plac^ 
of  X  and  y  10  eath  ot  tbe  equatibna,  shall  render 
both  members  identically  equsfl,  or,  what,  is  tbe 
9ame  thing,  each  of  tbe  equatiotas  will  reduce  16 
0=0. 

Thus^  bjr  substituting  4  for  x,  and  5  for  y^  in  the 
above  equations,  they  become 

6X4^2X5=     14,  }  <      li=     14;) 

5X4— 6X«=«:— 10;5_"^     ^_10=— IQ.  J 

Therefore,  by  transposition, 

14—14=0,  or  0=0;     .. 
and  — 10+10===0,  or  0=0. 

Since  (Art,  Sg)  14—14=0.  and  10— 10=0. 

If  these  conditions  donottate  place,  it  is  evident 
that  there  niust  be  sin  error  in  the  calculatioti : 
therefore,  the  student,  whenever  he  has  any  doubt 
respecting  the  attswer,  should  always  make  sin^itar 
substitutij^ns. 

Et.5.Giveb  l^l'^'^^^^^^A  to  find  the  va^ 

I   4a?-'7y=    4,> 
lues  ef  X  and  y. 
Mult,  the  Ist^quationby  7,  then  77a?+21y=»*T00, 
2lid     .     .     .     3,     .     l2A;-21y=  12; 


m^*mmm^^ 


,%  by  iiddttion,  89a;«:7l2, 
by  division,  ft:^—? ; 

and  .*.  a:=*=d ; 
whence  Sy^lOO— lla?=s:i00 — 11X8=100—88 
12; 


* 


I 


1 
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>   •. 


X 


Multiply  each  equation  fty  7, 

atid  y+49a?=;=357  ; 

,  »    » I     « ■]'  ' «-^ 

.%  fty  addition,  50x+50y=1050, 

/  and  by  divisioiii  a?-+'^=~- — =^21  ; 
"  50 

^  bat  feince  a;+49y=693, 

■  ■■■■■   Ln 

subtracting  the  upp^r  equation  firom  (h^  lower, 

we  hate  48y™693— 21=67% 

whence  *=?21-*y«:?i-^i4=s=7» 


r«4-2 


^  8^= 


31 J  to  find  the 
.,jL<  >  values  of  a? 


Elc.  7.  Given  J    ^ 

^        1^4      '  J 

Clearing  the  first  equation  (of  fractions, 

a:+24-24yf=93 ; 
^\  by  transpoaitioii,  a;+24y=91   .  «^ 
Olettring  th^  second  eamtion  or  fraetiona, 

4007  ss  76  8; 


(imtion  of  fraetiona, 
tf+5-f4( 
%  by  transposition^  40ar+y=te763  .  .  .  (2.) 


■  I 
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MoltiplyiDg  eqaatioti  (1)  by  40,  aad  sabtn^cting 
equation  (2)  from  it, 
40x+060y=3640; 
40«+       y=  763  y 

.•.  95yy=2877^ 

and  by  division,  ^==3^ 
From  equation  (1),  x=91  — 24y, 
r*.  by  substitution,  a;=91— 24XS, 

or  a;=91— 72,  .-.  ir=19. 

If  from  equation  (2),  multiplied  by  24,  equalioB 
(1)  bad  been  subtracted,  an  equation  would,  have, 
arisen  involying  only  a;,  the  yalue  of  which  might 
be  determined,  and  this  being  substituted  in 
either  of  the  equations,  the  value  oi  y  might  also 
be  found.  ^ 

Er.  8.  Given  i^'^^'^f]   to  find  the  values 
of  X  and  y. 

By  addition,  2x^a+b ;  .•.  x^ 


By  subtraction,  2y =0—6,^  ••.  y 


2 


Ex.9.  Given  {Jjls^Z^f;?   to  find  the  var* 
lues  of  X  and  y. 
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4!iloIt.  Ihe^Ui  equation  by  $2,  then  ar«+-4y==24* 
2nd    t     •     •     ♦     2,.     .     a;-4y=5  8; 

,.  Bj  addJtron,  ^:c=?=32, 

32 
,*.  by  division, .  x=-^— 1€- 


'     .  By  subtraction,  8y=-16  5 

.•.  by  division,    y=  2. 

^  J  Of,  the  values  of  a;  and  y  may  be  foaod  .tbus  ; 
.  "Prom,  the  first  eqtiatibn  subtract  the  secotid  and 
we  havfe  .    4^==8',,.*.^=2. 

Add  the  Sttst  equation  to  the^'secondj 
.      ;  '   -  >  -  aijd  .••  x^lQ» 

•   ♦,,     '        .  -        .  ' 

Ex.  10.  Gi veti  43C+ 3y ^  3 1 ,  and  3«4- 2y te  22 ;  to 
jfiad  the  values  of  x  and  y,  '     ■ 

^  Ans.  a;^4,  ,v=*5, 

Ex.  11.  Given  5ar— 4y^l9,  an*  4a^+2j/i=^3G, 
to  find  tte  vafaies  of  x  and  y.       * 

- .  ..     .  A6a*  «^-7, 5r=4, 

£x.  12.  Given^-^'%=b2,  M  ^t^+y= 
~4  to  find  the  valued  of  x  ai^d  y- 

'.     "         Alls.  (C=U,  ^afeL 

*,,JL-.    •  >  lues  of  a;  and 


'■     ■*'■*' 


•       ■  -5* 
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>• 

Ex.  14.  Gi?en-^^^y^+|=8,  ")  to  find  the  va- 

_  _„  >lu«&of  at  anci 

and  -L£_y=n,J  y. 

Ana.  «=6,  «nd  y=8. . 

Ex.  15.  Given    3^+^=22^   ^^g^^  "^h,  ^^. 

,    . .       2a:     ^^   f  lues  of  «  and  y. . 
and   lly =20, J 

Ans.  aj=?5,  and ^=2^ 
Ex*  16.  Given  x+l  :  y  :  ^  ^.:  3,  ^ 

'    2a;     5^«     41     2a; — 1  v.tpfifid. 
-  •     '  and  — *.—— JK=± — -    ■    , — fi 

3         2        12         4      3 

the  values  of  x  and  y*       *        . 

Ans»  »=4,  atod  y=^3, 

Px.  17.  Given—- r — =^--t-"j  \ 

^      -   ^.      ^.  ^,^  V  to  find 

and  ^HM_2a^+y.^£±13 

the  valueaof  x.andy^  ^    * 

- '^ Aire.  5t«=s7r -and  y:^40i 

Ex.  1 8.  Given  a;rM  5y=53, )    to  find  the  values. 

" .     and  3^+  Sa?=:27j   of  a;  and  y.  '  \ 

Ans.'jcsS,  andy=:3.  i 

Ex.  19.  Given  4a?+  9y=51,')  to  6nd  the  values  < 

and  8«---13y=  9^,5   of  a?and^.  .    ■ 
,/_   .                 Ans.. a?:i=6,  aDd^=3. 

r  ^  Ans.  a? ?=;  12/ and  y=lB. 
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i 


*"  RULE    II. 


248/  Find  the  value  of  ana  of  the  unknown 

quantities,  in  terms  of  the  other  and  tnown  (juan- 

tities,  in'  the  more  simple  of  the  two  equations ; 

and  substitute  this  value  instead  of  the  quantity 

itself  In  the  other  equation^ ;  thus  an  equation  is 

.  obtained;  in  which  there  is  only   one  unknown 

.  quantity;  the  value  of  which  may  be  found  as  in 

the  last  Kule. 

fix.  1.  Given  iZi^i^^l'l   ^o  find  the  va- 

•lues  o(  X  and  v. 

-From  the  first  equation,  ^=17-2y; 

,  "Substituting  therefore  this  value  of  x  in  the  se- 
cond equation^ 

or51— 6y-^y=2; 
•*•  by  changing  the  signs,  and  transposing ; 

7y=6 1—2=49, 
.•.  by  division,  y=7  ; 
whence,  a?=^l  7-7-2^^=1 7 — 14=3. 
Here  a  value  of  y  might'  be  determined  from 
either  equation,  and  substituted  in  the  other;  from 
which  would  arise  an  equation  involving  only  a:,  the 
value  of  which  might  be  found  ;  and  therefore  the 
value  of  y  also  might  be  obtained  by  substitution, 
thus ;     , 

^.  From  the  second  equation,  y=3a?— 2  ;  substitu- 
ting therefore  this  value  of  jf  in  the  first  equation  -, 
we  nave. 


n 
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a?+2^8x— 2)=:17, 
or  «+6x— 4=17; 
.••  by  transposition,  7«=17+4«=2l, 

hj  division,  «=?-y^  .*.  x^B^ 

ana  /.yssSa:— 2=3X3— 2=s9*-25=:7. 

E,.2.Givcn{^+»=7%^.,J    to  find  the 

Yftlues  of  a;  and  y* 
From  the  first  equation,  y=6Q— So; ; 
Let  the  value  of  y  be  substituted  in  the  second^ 

equation,  and  it  becomes, 

&r+10=78-f(60-,3a;) 

Then,  by  transposition,  8a;=?84-60 — 10  j 

and  bydivision,  a=— =16. 
Whence,  t/=60— 3x=60— 3  X  16=s60'-48  ^ 


f?^=66-2y,^   to  find  the  va- 
Ex.  3.  Given  -^     ^  >  ^"es  of  x  and 

1  ^?I^=62— 2a:,Jy* 

Mult,  the  1st  equation  by  3,  then 

^+y;=198-Gy  ...  (1)  5 

2ndby3,'then  x— y=186— 6a?  .  .  .  (2>; 
From  equation  (1),  we  have  a; =198 — 7y, 

(2),    ....  7a;--y=I86; 
By  substituting  the  above  value  of  a?,  in  the  la|t 
equation,  it  becomes 

7(19a— 7j/)—y=186, 

or,  1386-p-49y— y=186;      ' 


« 
t 
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.,fey  iraijsposUion,  — 5()y=l86— 1386=»-rl^, 
,,      -  by  changing  the  signs,  50y^  1200, ' 

.'-by  divist(Mi,^=--^=24. 
Whence,  a?=  1 98 — 7y  =  1 98— 7  X  24  =*  198 — 1 6  8, 


'  Ex.  4.  Given  J^t^^^^ftJ'?    toUnd  the  values 
^f  X  and  y. 


FTom  the  second  equation,  a;  =60-^ : 
By  substituting  this  value  of  x  in  the  kt  equa« 
tion^  we  ha,ve,  '60— y4-2y=80, '^ 

.      by  transposition,  y =00— '60, 

.•..y=?20* 
And  «==G0^y?=(by  substitution)  60— 20;  . 

.  Ex.5.  Given  L^+^p^H    to'find'the  va- 

lues  of  0?  and  y. 

From  the  1st  equation,  a?  =17 — 2y.    *' 
And  this  value  substituted  in  the  ^econd^ 

3(17-2y)-y=2,, 
^r  51— 6y— y=?, 
^  by  transposition,  &Cj  7y=4^5 

.•.  by  division,  y=7, 
whence,  aj=17-:2y=:=17— 2X7=17— 14, 

Ex.6.  Given  {^^l^.^J^j    to  find  the  vainer 

«f  X  and  y* 

from  the  irst  equ^itioUj  x^S^^^ 

squarii^  both  sides,.  «2  =(5— v)^. 


' 


242         sttlPLE  equations; 


And  1^  substituting  thi^  ralue  for-x'  in,  (be  se-^  . 
cond  eqtiatioB^  it  becomes, 

\  by  reduction,  25+10y==5, 

.  *      .  ^  %  transposition,  10y=??0, 

j  .  s     "  .     /.  by  diyision,  S[=*2. 

f  Whence,  £c=5-^=5— 2=3. 


Sbc.  7.  Given 


|+8cc«l31,J  ^f'^?^'*^^- 

lUEultipIyiqg  the  first  equation  by  8,    ^ 

00+64^=1552, 
.••  by  transposition,  &==1552 — 64y« 
And  substituting  this  value  for  a;,  in  the  second 
equation,  it  becomes, 

1+8(1552— 64y)te:l3l, 

by  reduction,  y-J- 99328— 4096^=1046, 

by  transposition,  4095y=98280, 

.....  98280 

bj  division,  v= ; 

^  ^      4095  ^ 

.Whence  a?^1552--C4i^=l552— 64x24! 

or  a;=1552 — 1536  5 
,•.  a?=I6, 
T^e  valutf  of  y  might  be  found  from  the  second 
equation,Jft  terms  of  x  aud  the  known  quantities ; 
wnicb  valMe  of  y  substituted  for  it  in  the  firsts  an 
equation  would  arise  involving  only  a?,  the  value  of 
wnicb  might  be  found ;  and  therefore  the  value  of 
jf  also  may  be  obtained  by  substitution. 


•  ■ 
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ExJs.  Given -5^=27,  and  ^J^^6,   k 

the  values^  of  x  and  y. 

Ans.  a;=9,  and  y=6. 

Ex.  9.  Given  15y+45a?a=:300,  and  a;+l%=^6j 
to  find  the  values  of  x  and  y. 

Ans.  a;=6,  and  y=s=2. , 
Ex^  10.  Given  3a;+y=60,  and  5«+10=78+y, 
to  find  the  values  of  x  and  y* 

Ans,  a? =16,  and  y=12^ 
Ex.  11.    Given   lOac— 3y=38,.  and  3a?— y=ll5 
to  find  the  values  of  x  and  y.  / 

Ans.  0733^5,  and  y  =4. . 
Ex.  12.  Given  ac+y=198---6y,  and  a?^y=186 
—go;,  to  find  the  values  of  a?  and  y. 

Ans^  a?=305  andy=2^ 

Ex.  is.  Giveli  ~  +  y  =de6,  and  ^  +80?  ==131, 

to  Aid  the>alues  of  a^aifil  y.   * 


Ex.  H-  Qiren'|'+|=7,  aDd|lHj=8,lo£f«!the 


Afta.«=l6^  and'^«=24« 

values  of  x  akd  y.  •        "    "^ 

'"  ''  .  Ans.  a;=65  and  y=12« 

Ex.  15.    Given  4a?+y=:34,  and  4y+a;=16,  to 
find  the- values  of  a?  and  y.  '  *  *  *. 

Ans.  a?=8,  and  y=2, 
Ex.  IG.  Given  3a:+2y=54,  and  a?  :y  :  :  4  t  3,- 
io  find  the  values  of  x  andy.      ,       ' 

Ans.  a?=l2,  and^=;i9. 

Ex.  17.  Givenili+6y=21,and5^  +  5ff== 

23,  to  find  the  values  of  x  and  y. 

Ans.  wT=3:4,  andy :^3, 


\ 


^-  •  ■- 


/> 
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RULE  III. 

249.  Find  the  value  of  the  same  unknown  quantii;^ 
jn  terms  of  the  other  and  known  quantities^  in  each 
of  the  equations ;  then,  let  the  two  values,  thus 
found,  be  put  equal  to^eacb  other;  an  equatioti 
arises  involving  only  one  unknown  ^quantity;  the 
value  of  which  may  be  found,  and  therefore,  that 
of  the  other  unknown  quantity,  as  in  the  preceding 
rules*. 

Ti;iis  rule  depends  upon  the  well  known  axiom, 
(Art  47) ;  ai^d  the  two  preceding  methods  are 
founded  on  principles  which  are  equally  simple  and 
obvious.  •    . 

■  -%1.  Give.,.  {g^J^pJSl   to-find  theva, 

lues  of  a?  and  y*  *-    •  -  *  ''. 

From  the  first  Cfluation^  x=^l00-^3j]        ^  -.  * 

'andfrbmthe  second,  x=^ J^; 


.2  ^ 

MuUrplying  by  2,  XOO^^ =2()0— 6y, 

by  transposition,  6y—y =200— loo, 
.'  ^  or,  5y=I00; 

.*.  by  division,  y=20. 

whence,  a?=100  — 3y=100—3X20; 

.^      /*  .*.  a:=40. 

Here,  two  values  of  y  might  have  been  found, 

*  which  would  have  given  an  equation  involving  only 

OS ;  and  from  the  solution  of  this  new  equation,  a 

value  of  0?,  and  therefore  of  y^  might  be  found. 


» 


> 
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■  * 

Ex.  2.  Given  i»+^y=*7j,and  i«+^=K:8',tt)  find 
the  valuea  of  x  and  y, 

Mufltiplyipg  both  equations  by  '6,  and  Fe  shall 
have  ^  .  -  * 

"    *^  3a;+%=:42,  and  2xrh%=4T,  .  .. 

From  the  first  of* these  eg«atiofts,..:p=s= — --^, 
•  -  and  from  the  second,  a^= — 112^. 

Multiplyiag^each  member  hy  6,a?i?e  shall  iiave    " 

•  84-4t^=?14-l— S^;  '  *  ^ 

.    by  transposition,  9y  — ^ys:  1 44-:84; 

,  ^nd,  by  subsfituting  this  Tafae.  of  y^  in  one  of 
8ic  valUes  of  x,  the  first,  for  instaErc,^  we  shall 
.have  '  .'    .  ,       • 

4^—24     U      '       '   '  .,     ' 

3  3  , 

•  •         • 

Ex.  3.   Given  8af+Igy=94,  and  8a;— 13^=1,  tO 
jind  tbe  ValQes  of  a?  andy.-^     '  * 

From  the  first  equation, *a;=r:-— -iff 
apd  from  the  second,  a;i=-       ^; 

"4  8      '     . 

And  m« Uiplying  bpth-sidea  of  thi»  eq^iation,  by  8, 

94-18y=«:H-13y;     . 

22*    ■      - 
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•*.\b/tran»po&itioni  —18^—13^= — 94+1  ; 

.     C3iaiigiDg  the  figns,  or  what  amounts  to  the  same 

thiog,  mulb^jtDg  both  sides  by  ^i— I,  and  we  shall 

have  l^+l%=94-ll,  or3iy*=93  5 

■      ■  •  9P 


"    •'•  y«=^=s  5 


V 

ft 


31 

,  _1+13y     1+39*    40     , 

whence  a:^^^-^-';— ^==»-    '    .^csx— =^5. 

Ex.  4.  eiven  .«  +  ^=4«,'  }    to  find  ihk  yafces 

.  .  b»^c^=d^  5    of  »  and  jr.* 
From  the*fii!fit«(|aationj  ic=a<—y 

•  atid  froft  the  second,  x=  ^"T^  : 

^d  muliiplyi^  by  h;  wq  shaH  haves 

by  transposUiOo,  cy— i2/:=cfe— at ; 

b^^soUectipg  the  cbeflioients,  (c — b)  y=^dc-^b^; 

,     t,.  .  .          ^  oe — (tb 
_       •  .%  byTii¥i8ion,y=r — ^ 

*  .    *'      '     •         ■        .  •'       *  ^' — ^ 

V   .    '  '     m      ^  '  de — ab 

whente  a7^==a— y<=p=a— -,- — — --  . 

c-t— «    ' 

'  •     that  IS,  a:= — ' — ' — ■^^^==^ J, 

€ — b  |C— 6 

250.  If  in  the  above  equations,  there  existeflj 
between  the  coefficients,  these  relations, 
'  cp=6,  and  ca>  or  <<dc  ;  then, 
ca — de  -        de — ab 

And  therefore,  (Art.  233),  the   two  propoied 
equati^l^  tv^ld  be  contradictory. 


V   • 


y  * 


*       *. 
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In  order  to  give  a  numerical  example,  let  e=&^= 

4y  a=3,  and  tfe=10 ;  tben,  bj  substituting  these 

values,  we  shall  have 

,  10—12     —2       ,        12—10    2 

vt=i —       — ■---,  and  a?*= — - —  =-. 
*    ^  Q  0  '  0  0 

Wjbere  the  values  of  a;  and  y  are  both  infinite^ 

and  therefoce,  under  these  relations,  there  can  be 

no  finite  valued  of  a;  and  ^,  which  would  fulfil  both 

equations  at  once ;   this  is  what  will  still  appear 

more  evident,  if  we  substitute  t^iese  values  in  the 

»  prpposed  equations  ;  for  then,  we  shall  have,  X'\'y 

===3,  and  4a;+4y=lOj  which  are  evidently  contra- 

diQlocj ;  sinc6,  if  we  multiply  the  first  by  4,  and 

•^subtract  the  secoi!td  f«om  the  result,  we  should  have 

0^2.  .      '^       '  .      ' 

I      Again,  if  c=4=4;,tf=5si/and  rfe=£l2  ;  then  a?= 

0  •  0  .       '         * 

i^  -,  and  3^=7.  >  thereCore,  qndff  these  relations,  the 

.*  iwo  proposed  equations*  would  be  indeterminate  \ 
^nd,  in  fact,  this  appears  evident  by  inspection 
only ;  for  the  second  furnishes  no  condition^  but 
what  is  containred  in  the  first,  since  the  two  pro- 
posed equations,  in  this  case,  would  become 
a;+y=3,  and  4a?+4y=l2. 

E3?.  5.  Given  3x+7y=s=79,  and  2y— ^a?=9,  to 
find  the  values  of  a;  and  y. 

Ans.  a;=10,  andy=7^ 


3 
find  the  values  of  x  and  y. 


Ex,  6.  Given  1X1?+ 1«6,  and  ?^+  3=4,  to 

3  7 


Afis«^=s^M,  aod^i=s4# 
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■  « 

Ex.  7.  Given  ?f^+y=7,  and  5«-l3j=^,  to 

find  the  values  ef  «  aad  y* 

I 

Am.  x=8,  ajid^=-.   . 

Ex.  8.  Given  ?f=:2f=!ff±|±i,  and  S-t^Zy 

=69  to  find  the  values  of  x  and  y« 

Ans.  x=l3,  aiid^=S, 
Ex.  9.  Given  ac+y— 10,  and  2a;-^Sy=5,  to  find, 
the  values  of  x  and  y. 

Ans.  a; =7,  and  y=s5.  - 
Ex.  10.  Given  3x — 5^=13,  and  2a;+7y=«81,  to 
find  the  values  of  x  and  y. 

Ans.  «=16,  andy=-'!r* 

Ex.  11.  Given  ^+8y=31,and^+10x=s:  "' 

1  d2,  to  find  the  values  of  x  and  y*        ' 

Ans.  JC=J&,  andy=  . 

Ex.  12.  Given  ^^+\4.^ld,  and  ?^=^S, 

to  find  the  values  of  x  and  y*      ^ 

Aofl.  a; =5,  and  y=3, 

Ex.  13.  Given  ?lt3y=8~|,  "|   to  find  the  va-  ' 

.7y-^3x     .,    '      >ltiesofx   a^d 
and-2__=ii4.yj  y.  .     . 

Ans.  x^G,  and  y=8. 

251.  Ekauples  inwhick  the  preceding  Rukawre 
applied^  in  the  SQluticn  of  Simple  Eq%tation8f  Involv* 
ing  two  vnknown  Quantities* 
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•  Ex.1.  Given  2yl-^i=7+    5^=?^,^ 

8—1/  S/e^-i      rtonnd 

3         .^         2     '  J 
the  values  of  x  and  y. 

Multiplying  the  first  equation  by  20, 
.   4qy— 5a;— I5=l40+12x— %5 

.••  by  transposition,  48y— I7a;=l55. 
Mu^iplying  the  second  equation  by  6, 
24a;  —  16+2y5=147—6a;— 3  ; 
.•.  by  transposition,  2y+30a?=l§0  .  •  .  (A). 
Multiplying  this. by  24,  we  have 

48y-f720a;=3840; 
but  48y—   I7a;=5»  155; 

'  .   '  ••.  by  subtraction,  737a?=3685, 

^     .  and  by  division,  a?=5. 

'    From  equation  (A),  2y= 160— 30a;  J 

,       >.  by  substitution,  2y^  160 — 150, 

-     V^       by  division,  3^ =^5  ,-.y=^5. 

The.  vataes  of  a?  and  y  might  be  found  by  any  of   < 
the  methods  given  in  the  preceding*  part^  of  this 
.Section;  but  in, solving  this  example,  it  appears,  " 
that  Rule  I,  isj  the  most  expeditious  method  which 
^ we  could  apply. 

'  Ex.  2.  -Given  ^-ifZI^^i  -ll^+^ny 

18        36  3^6' 

and  X  :  3y  :  :  4  :  7, 
to  find  the  values  of  x-  and  y. 
Bedacii^  the  first  equation  to  lower  terms, 


"., 


■  K 
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and  therefore,  (Art.  147),  muUiplying  by  18, 
9y — 4x+ 1  aft  1 8— 24  — 6y-f  3«— %  ^ 

•'•  by  transpositioD,  7=:?x  — 11^. 
But  from  the  second  equation,  7jD=:13y. 
Substituting;  therefore  this  value  in  the  preceding 
equation^  it  becomes 

I2j— lly=7,  ory=7,    . 

and  .••  aj=-^5=— =  12. 

7       7 

Ex,  3.  Given  x — ^   ^^  — =1H — * 


*-•-#»- 


and 


11  •        33 

3a;+2y     y— 5__^1  la+I52     %+ 

2     V 


:r 


6  4  12    . 

to  find  the  values  of  x  and  y«  . 

Multiplying  the  first  eqj^ation  by.  33,  * 

33x— 9y+6— 3a?=33+15ai+^ ; 

nrnUiplying  again  by .3,  and  transposing,  WQ^  8fa|Lll 
liave  45x — 3Iy=8h  '      > 

Multiplying  the  secoqd  equation  by  t2,        '      * 
6a?-My--^y+15  =  lla;+^d2— 18y— 65 

.'.by  transposition,  19y— ^a?=lSl. 
Multiplying  this  by  9,  I7l5(-45a;=1179; 

but     45a?— 31y==     81  ; 

.•.  by  addition,  140y  =  1 2Q0  ; 
and  by  division,  y=9. 
Now,  5x=19y--l31=:171  — 131=405    ;. 

.%  by  division,  a?=58. 


in 
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Er.  4.  Given      ^^     '^n} ; — :f~^, 

and  lqy+5f^:;:!^=55+10x, 

to  find  the  values  of  x  and  y, 

MultipIjiK^  the  first  equation  by  105,  the  least 
coflanjon  niuitiple  of  3^  7,  anij  15, 

^   '.  560+21^?:=  1925— 60a?'-45y+ 120 ; 

.'.  by  transposition,  81x+55if=1485  ; 
and  dividing  by  9,  9(c+6y=165. 
From  the  second  equation, 

5py+6a? — 35=275+50a? ; 

,  *         .•.  bytranspoaition^SOy— .44a?=310; 

and  dividing  by  2,  25y— 22a;,=:155  ; 
but    raultiplying  the    equation?  «.    ,  -.       oa^ 
found  above,  by  5,    .    "  j  25y+ 450^=^825; 

'  •%  by  subtraction,  67a:=670, 

and  by  division,' x= 10, 
Now  Sya=^l€5-^asr=:  165— 90=75,        .-.y^lS. 

'ex.  5.  Given  If -f-^^^-^i"! '      .  >   ^.        , 

^    ^y     y        Lto  find  devalues 

and  5+-==-+?'   fof^^'^dy- 

«     y     a;     2     J     •  .  , 

JRediicing  the  first  equation  to  lower  terms, 

-+-== — 1; 

00    y    y 

.'.by  transposition, =  — i  • 

.  «    y 

.  morf  eht  2od  equation,  by  trans**,  r |--W~; 

X     y     2    ^ 


252  SIMPLE  EQUATIONS. 

.*.  by  addition,    ;=-. 

a?     2 

and,  consequently,  a? =4, 

^        A        A 

Now  ~-+  i  =2  J  .-.  2y =4,  and  y =2, 

Ex.  6.  Given  ~+- =:m,  |    *^  /•  j  ^u        i 

ac    y       '  I    to  find  the  valuea  of 

Maltiplj'ing  the  first  equation  by  c,  and  the  se- 
cond  by  «,  we  sjiaU  have 

ac  ,  be 

— (- —  =mc,» 

,  ac  .  ad 
and- — I — =na, 

a?      y 


••.  by  subtraction,  (6c— ad).-^7»c'-=-?2fl  ;    . 

if 

bc-^ad  " 

•••  y= . 

mc— na 

A    A  tt            6  ,  _     w6c — nab 
And  ~=^m — =m j- 

a;  y  bc-^ad 

nibc^'-mad — mbc+nab  __nab-^mad  ^ 

bc-^.ad  be— ad 

1     nb-^md        ,         be-^ad 
'^T 1i  a^d  «=*. !--. 

0?     00 — aa  nb-^md 

2a?  ^ 

Ex-  7.  Given  3.:    J  =r^ — ^, 

107 
2a?y 


•  • 


*      6»-2        2»+fi 
to  find  the  values  of  oc  and  }h 


»> 
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Multiplying  the  first  equation  by  ISy, 

.'.  45y— Sly— $i=75y— 25i;— 45  ; 
and  by  transpoeition,  51y — 19x=^45. 
Multiplyibg  the  aecoad  equation  by  Sx+S, 

.-.  (Art.  186)  5y+'-2?^«»+^0+^'>^+"^; 
*■  •'  ^  '     8  61—2  ' 

and  multiplying  by  fix — 2,  we  shall  have 

15 1  f, 11-17 

303:y-l0y+     '^     "  =8a:+2O+30jy+75y^ 

.'.(Art.  18i 


aud  321a:— 107=32a;+34%+80; 
.'.  by  traRRpositi 
The  coefficients  ot  y  k 
parts  ;  multiplying  the  fin 


.-.  by 

and  3;=:3 ; 

consequently,  5ly=45-}-I9a;=:45+57=102; 

■■-ff=2. 

■„      „    --..         „        le+eOr      IBM- 107 

'  -    3»— Sjl+1      ' 

to  find  the  values  of  X  and  i/. 
Multiplying  the  fint  equation  by  5+2y, 

S3 
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%— 1 

and  multiplying  hj  Sy — 1,  wc  shall  have 

120ajy— 40a:+321y— 107«80+30Gtr+32y+ 

120xy; 

.•.  by  tranfiposition,  289y— 340x=:187- 

And  from  the  second  equation, 

27jr»  — 12y  +15a;+2y+2s=27a?*  — 12y^+3a; 

.•;  by  transposition,  15x+2y=F36; 

vvhence,  the  coefficients  of  x  hairing  aliquot  parts, 

multiplying  the  first  equation  by  3,  and  me  second 

by  68, 

867y— 1020a:=:561^ 

and  136y+1020a?=2448; 


■■  It 


•%  by  addition,  l{)03y=:3009, 

andyssS; 
consequeiitly,  15a==36— 3ys=36-^6=30; 

and  •*•  by  diyisioUi  a?=^2» 

£x.9.  Given  «— ^|i:^=20 ^— ,  | 

to  find  the  values  of  x  and  y. 

Ans.  a?=F21,  and^'&so- 


Ex-  10.  Given  ?^+3y-4=15,'l. 

and  ^"^ 
6 

to  find  the  values  of  «?  and  y. 

Abs»  »«=t7j  and  i^=*^5. 


_:+3y-4=15,l 
^+2ai— 8«=7|,J 
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-Ex.11.  Given  9a;+,^=70A   ,    .    , ,.        , 

5  J   to  find  the  values 

ana  7y-H^=44,J   of*^»<ly- 

Atts.  a; -=6,  andy=3lO, 

Ex.  12.  Given  ^-?^=3t,-|, 

and  -=^- hr--:: — =18— 5x, 

2  6 

to  find  the  values  of  oo  and  y. 

Ans.  a?=3,  andy=3, 

Ex.  13.  Given  *+l-tei^=7-^^±H, 

7  14 

,      *\,     5x—4y  lly-.19 

ana  V— 3— — — -i==^— — ^  .  ■  . 

-^  2  4       ' 

to  find  the  values  of  ax  ^nd  y» 

Ans.  «=6,  andy=^* 

Ex.  14.  Given  4a;+l^^«2vf  5+^^^±l\  ' 

and  3^-?£±l^=2.+^JdL^ 

to  find  the  values  of  a?  and  y. 

Ans?  a?=3,  and  y=4. 

Ex-  15.  Given  «— ?^±^4.17=5y+^^i^, 

3  li  6     ,      18    ' 

tafind  the  values  of  x  andy.  - 

Ans,  x=8,  andy=:!i,    • 
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Ex.  16.  Given  — h-^- — =4H — , 

6  3  2      ' 

2  8  9  le     ' 

to  find  the  values  of  x  and  y. 

Ans.  aj=9,  aDdy^=4. 

17     ^^    r^'        7a?+6  .  4v — 9     «       13— x 

Er.  17.  Given —-^—^ =3a; 

113  2 

^^^^,  and  3x+^  :  2y — 3  :  :  5  :  3, 
5 

to  find  the  values  of  x  and  y. 

Ans.  a?=7,  and  y=9. 

Ex.ns.  Given  £^^^fc2^=^=.9+ 

Zi=|y±i,  and  ?±2  :  ^+4.  :  :  4  :  21, 
3*34  ' 

to  find  the  values  of  w  and  if*      . 

Ans.  a:=5,  and  y=4. 

.        Ek.  19.  Gi.e^  3x+4y+3     ^^+^-^^54. 

jy.-~^       J  9y+5a;  — 8     a+j^^T^+e 
-^,and j.^ ^— J JJ-, 

ta  find  the  values  of  x  and  y. 

Ans.  a;>t7.,  and  ^5=9. 
Ex.  %0.  Giv€fti3«— 2y=15,)  to  find  the  values 
andy+10  2  a?--15  :  :  7  :  3,3   of  a;  and  y. 

Ans.  a?==4S,  andy=:GO. 
Ex.21.  Given  07+150  :y— 50:  :3  2  2,)        ^ 

'  and«^50:+100;:5:9,5   ^^  ^°^ 
the  values  of  x  and  jf. 

Ans.  cc=?:300,  and  j(=:350* 
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,  Ex.  22.    Given  (a:+5).(y+7)==(x+l)(^-.0)+ 

112, 

and2*+10=3y+l, 

to  find  the  values  of  x  and  y. 

Ana.  a;=3,  and  y=5,'' 

Ex.  23.  Giyea.3a?^6y4-1  ^^^'  +  ^^0--^"^. 

2a?— 4y+3 

.  ^       151  — 16x     9iiy— 110 

and  3wC— — 3s=     '■'■     '  •  \ 

4y— 1  3y— 4 

to  &i)d  the  valoes  of  cc  a^d  y* 

Ans.  a;=,9,  aod  y=5s3U 

T^     «.   /N.         .,»    ,^       .      128a;*— 13y^ +217 
Ex.24.G.ven  lG^+6y-l:^        8^^3y+2        ' 

and  — — I — ^ =5 * 

2a?+2y+3  3«+2y— l' 

to  £nd  the  values  of  x  and  y. 

Ans.  a?=6,  andy^5^« 

\  -  .  ^  * 

§   RESOLUTION    OF    SIMFLE    EQUATIONS, 

Involving  three  or  more  unkriozon  Quantities^ 

252.  When  there  are  three  independent  simple 
equations  involving  three  unknown  quantities. 

From  $wo  of  the  equations,  find  a  ihird,  vitiich 
involves  onlj  two  of  the  unknown  quantities  by  any 
of  the  rules  in  the  preceding  Section ;  and  in  like 
manner  from  the  preceding  equation,  and<one<9( 
th0  Mher^  another  equation  which  contains  the 

same  two  unknown  quaatitiet  liriay  'be  de4ttce4f 

V.    ■  33*    ■ 
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Having  therefore  two  equations,  winch  involire  onljr 
two  unknown  quantities,  these  may  be  determtoed ; 
and,  by  substituting  their  values  in  any  of  the  ori- 
ginal equations,  that  of  the  third  quantity  will  he 
obtained. 

353.  If  there  be  four  unknown  quantities,  their 
values  may  be  found  from  four  independent  equa- 
tions. For  from  the  four  given  equations,  by  the 
rules  in  the  last  Section,  Siree  may  be  deduced 
which  involve  only  three  unknown  quantities,  the 
values  of  which  may  be  found  by  the  last  Article ; 
and  hence  the  fourth  may  be  found  by  substituting 
in  any  of  the  four  given  equations,  the  values  of 
the  three  quantities  determined* 

If  there  be  •n  unknown  quantities,  and  n  inde- 
pendent equations,  the  values  of  those  quantities 
majT  be  found  in  a  similar  manner.  For  from  the 
n  given  equations,  n — 1  may  be  deduced^  involving 
amy  n-^l  unknown  quantities;  and  from  these 
n— I,  n— 3  majr  he  obtained,  involving  only  n — 2 
unknown  quantities ;  and  so  on,  till  only  one  equa- 
tion remams,  involving  one  unknown  quantity; 
which  being  found,  the  values  of  all  the  rest  may . 
be  determined  by  substitution. 

Ex.  1.  Given a?-fy+^=*^29,    >    ^^^^a^u^ 

5+1+7=^10,     I    and;?. 
2     3     4  J 

Subtracting  the  ficstequation  from  the  second, 

*'     y+22r«33   .    .    .    (A). 

Multiplying  the  third  equation  by  13,  the  least 

comaion  multiple  of  3, 3,  and  4, 

&»4-4y-{-8if=12a 

midtjplfing  the  Utequ''  Igr  6,  6a(?+%+e^»i?*j 


Wl»i 
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.  •.  by  subtraction^.  % + 3z = 54 ; 
but,  malttplyiog  equation  (A)  bj  2,     2y+4z=:66  ; 

.    ,%  by  gubtraction,  z=55l2. 
From  equation  (A),  by  transposition,  y=33  — 2z; 
.•..by  substitution,  y=33 — 24,  or  y=9. 
From  the  first  equation,  by  transposition,. 

a; =29 — y — z\ 
•\  by  substitution,  «=29— 9  — 12, 
and  a?=29— 21,  ••.  x=8. 
In  like  manner,  had  the  first  equation  been  mul- 
tiplied by  2,  and  subtracted  from  the  second,  an 
equation  would  have  resulted^  involving  only  a;  and 
2: ;  and  had  it  been  multiplied  by  4,  and  subtracted 
from  the  third  when  cleared  of  fractions,  another 
equation  would  have  been  obtained,  involving  also 
X  and  z ;  whence  by  the  preceding  rules,  the  values 
of  X  and  z  could  be  found,  and  consequently  the 
value  of  y  also,  by  substitution. 

Or  if  thefirst  equation  be  multiplied  by  3,  and 
the  second  subtracted  from  it^  an  equation  would 
arise,  involving  only  x  and  jr ;  and  if  the  first  when 
malt^lied  by  3,  be  subtracted  from  the  third  when, 
cleared  of  fractions,  another,  would  arise  involving 
only  X  and  y  ;  whence  the  values  of  x  and  y  might 
be  determined.  And  hence  the-- third,,  that  of  z 
might  be  fouad* 

S£CONB   HATHOB. 

From  the  first  eo nation,  x  =29 — y—z  ; 
subfttituth^  this  value  of  x  in  the  second  equation^ 

29— y— z+2y+32r=»62  J 

*%  by  transposition,  y =33 — 2z. 
Also  substituting,  in  the  third  equation,  the  value 
of  no  fottud  from  the  first, 
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2  3     4  ' 

mQltipljine  this  eqaatioo  by  12,  the  kast  common 
multiple  of  2,  3,  and  4, 

174— 6y— 6r+4y+3r=12a, 

and  by  transposition,  2y+3z=S4  ; 
in  which,  substituting  the  value  of  y  found  above, 

2(33— 2z)+32:=r54  ;' 

or  66— 4z+32=54  ; 

.*•  by  transposition,  ^=12  ; 

whence  y=33— 225:==33— 24=9, 

and  a;=:29--y  — z=29  — 9-^y2=S. 

It  may  be  observed,  that  there  will  be  the  same 

variety  of  solution,  as  in  the  last  case,  according  as 

X,  y,  or  2^  is  extermmated. 

THIRD  METHOD. 

The  values  of  cr,  found  in  each  of  the  equations, 
being  i:ompared,  will  furnish  two  equations  each 
involving  only  y  and  z ;  from  which  the  values  of 
y  and  z  may  be  deduced  by  any  df  the  rules  in  the 
^receding  section,  and  hence,  the  value  of  x^  can 
be  readily  ascertained. 

The  same  observation  applies  to  this  method  of 
solution,  as  did  to  the  last* 

In  some  particular  equations,  two  unknown  quan- 
tities may  be  eliminated  at  once* 

Ex.  2.    Given  op+y-f  2^=31 )    .    a  a  ^u       i 

x+y^z^u\    to  find  the  values 

Adding  the  first  and  third  equations,  2a;^=»4^ ; 

#••  a?=20»  . 
Subtracting  th^  second  from  the  first,  2z=s6 : 

•••  ;?=«3j 

and  sdbtracting  the  third  from  the  second, 

2y==16;  .-.y^S. 
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Ex.3.  Given   ^o;— ^=3,>   tofindx,  y,  and  z. 

Here,  subtracting  the  first  equation  fro  m  the  se- 
cond, wehavey— z=l;  which  is  identically  the 

third. 

Therefore,  the  third  equation  furnishes  no  new- 
condition;  but  what  is  already  contained  in  the 
other  two  ;  and,  consequently,  the  proposed  equa- 
tions are  indeterminate  ;  or,  what  is  the  same,  we 
may  obtain  an  infinite  number  of  values  which  will 
satisfy  the  conditions  proposed* 

This  can  be  easily  verified,  by  comparing  the 
proposed  equations  with  those  of  (Art.  207),  and 
substituting  in  the  formulae  of  roots,  (Art.  215) ;  for, 

then  we  shall  find  ^=51  ^^0*  ®"^  ^"^o* 

.  254.  It  is  proper  to  rematk»  that  in  particular 
cases,  Analysts  make  use  of  various  other  methods, 
besides  those  pointed  out  in  the  practical  rules;  in 
the  resolution  of  equations,  which  ereatly  facilitate 
the  calculatiour  and  by  means  of  which,  some  equa- 
ttbns  of  a  degree  superior  to  the  first,  may  be  easily 
resolved,  after  the  same  maimer  as  simple  equa^ 
.tions. 

We  shall  illustrate  a  few  of  those  artifices,  by 
the  following  examp)«B. 

Ex*  4.  Given  — f -=:-   ^ 

^    if    « 

I_,i_l     (    to  find  the  values  of 
xz-   9'    {   a?>yi  and  z. 


and-+-=5— ,  I 
y    z     10  y 
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67  adding  the  three  eqaations,  we  slmU  have 
2,2,2    1,1,    1_121 

X     y     z     0     9     10     360 

Or,  dividing  by  2, 

£     1     1^121 

X    y     z     720* 
From   this  subtracting  each  of  the  three  first 
equations,  and  we  shall  have 

1      31  720      .     _o^''      " 

z     720'  31   '  31' 

1       41  720  -.23 

:      y     720'     ^      41  '        ^         41' 
1      49  720  -:34 

X     720*  49  '  4^ 

Ex.  5.  Given  ^x^y+z+u^'\ 

3y=:a?+z+w,  I  to  find  the  values 
4z«=a:+y+Wj  (  of  a?,y,  2^,  and  m. 
and    u=:aif— 14,    > 
B7  adding  oj  to  each  member  of  the  first  equa- 
tion, y  to  the  second,  and  z  to  the  third,  we  shall 
get 

a?+y+2'+«=3a;=4y=!=52r;  * 

3a?         J         3a? 
and  from  thence,  ^=-j»  ®"^  ^"^T  ' 

which  values  being  substituted  in  the  first  equation, 

we  have  "^  * 

3a?  ,  3»  ,  13a? 

4       5  20  ft 

but,  by  the  fourth  equation,  w=a?— 14  ; 

./•  a?— 14=— ;,  or  20a?— 280=1 3x  J 
20  ' 

3x 
whence  a;=40:  consequently  ^=^---=30,  i=24/ 

and  w=a:— li=5:26e 
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Ex.S^Giren  4a?r4u-4z=24,>  ,    /.  •  , 

%-2a>-2,?=24A  to  find  the  values 
and  7z-^  y-  a?=24,  y  ^'  ^> »»  ^nd  z. 

By  patting  af+y4-;»=tS9  the  proposed  eqaations 
become 

83;-.4S=5=?4,  8y--.2S=24,  0z-S=24; 

.%  a=3+iS,  y«3+iS,  z=34-}S. 
By  adding  these  three  equations,  we  have 

«+y+2r=94-jS;  whence  S=72. 
Substituting  this  value  for  S,  in  oo,  y,  and  z,  we 
shall  find 

a;=:^39,  y=21,  and  z=l2. 

Ex.  7.  Given        a;+y+z=:90,)   to  find  theva- 

2a:+40=3y4-20,S    lues  of  a?,  y, 
and2a?-^4z+40=tlO,5   and  z. 

X?     o    r..  .^°^*  ^"^^^^  y=*^'  andz=25. 

Ji-x*  8.  Given  07+0=  y+z,   ^   to  find  the  \a. 

y+a=2a?+22r,  V    lues  of  a?,  y,  and 
and  2f+a=3aj+3y,  3    z. 

Ans.  :^,  ^=?— ,  and  2^^ 

TJ,  ,  11  M  11' 

Ex.  9.  It  IS  required  to  find  the  values  of  x,  y, 
and  Zs  in  the  following  equations : 

ir+ys»t3,  a?+ar5:pI4',  andy+r=I5/ 

Ans.  a;=C,  y==:7,  and  z=8. 

Ex.  10.  In  the  following  it  is  required  to  find  the 
values  of  :p,  y,  and  z.  •  * 

*      3 ^4^6        '    {  An8«   <y=120, 

no  ,p  ,  z  I  t «— 240. 

4+5+6=^^' 
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.^y^j=:36t)    to  find  the  ¥a- 
j— y      =  4,  >    hies  of  x,  y,  and 


Ex.  1 1 .  Given  a; 

and  X 

An8.x=s;l3,  y=8,  and  2^=6. 

Ex.  12.  Given  x+  y+  z=  9,^   to  find  the  va- 

a;+2y +32=16,  V   lues  of  a?,  y, 
and  »+ y--2z=  3,)  and  jr. 

Ans.  a=4,  y=3,  and  2=5. 

Ex.  13.  Given    x+  y+  2=12,)    to  find    the 

aj+2y+32=20,>  .values  of  x, 
andjx-fjy+  2=  6,)   y,  and  2. 

Ans.  a:=6,  y=*4,  and  2=2. 
Ex.  14.   Given  a+y— 2=8,  a+2— y=9,  and 
y +2— je=10 ;  to  find  the  values  of  x,y,  and  2. 

Ans.  a;=8i,  y=9,  and  2=9^* 

Ex.  15.  Given  a?+iy=100,-y+i>8^=100,  and 
^4J|x=riO0 ;  to  find  the  values  of  «♦  y,  and  z. 

Ans,  aj=64,  y=72,  and  2=84. 

T.     *.,  /^-        4a;+3y+2     2v4-22-a;+l  _^j^ 
Ex.  16.  Given — ~^-^ ^^ j-^ 5+ 

X — 2  —  5 

— 5    ' 

to  find  the  values  of  oc^y,  and  2. 

Ans.  x=9,  y=7,  and  2=3. 

Ex.  17.  Gi»cn  x+iy=357,  y =^2=476,  z+lu 
:=r5a5,  and  w+J»==714;  to  find  the  values  of  a?, 
y,  2,  and  u. 

Ans.  a?=190,  y=334,  2=426,  andw=6r6; 
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CHAPTER  V. 


ON 

THE  SOLUTION  OF  PROBLEMS, 

PRODUCING  SIMPLE  EQUATIONS. 

255.  The  solution  of  a  problem  is  the  method  of 
discoveriDg  by  analysis,  quantities  which  will  answer 
its  several  conditions ;  for  this  purpose,  there  are  foiM^ 
things  to  be  distinguished  : 

.  I.  The  given,  that  is  to  say,  the  known  quantities, 
'enunciated  in  the  problem,  and  the  quantities  that  are 
to  be  found* 

IK  The  translation  of  the  problem  into  algebraic 
language,  which  is  composed  of  the  translation  of 
every  distinct  condition  that  it  contains  into  an  alge- 
braic equation. 

Alh  llie  resolution  of  the  equations,  that  is,  the 
aeries  of  transformations  which  the  immediate  trans- 
lation mast  undergo,  in  order  to  arrive  at  an  equation 
containing  in  the  nrst  member  one  unknown  quantity 
alone  in  its  simple  state,  and  in  the  other  a  formula 
of  operations  to  be  performed.>upon  the  representa- 
tions of  given  numbers. 

.  IV.  Finally,  the  numerical  valuation,  or  the  geo- 
metrical construction  of  this  formula* 

356.  Algebraic  problems  and  their  solutions  may 
be  considered  as  of  two  kinds,  that  is^  numerical  and 
literal,  or  particular  and  general.  '  In  the  numerical, 
or  particular  method  of  solution,  unknown  quantities 
are  represented  by  letters,  and  the  known  ones  by 
numbers,  as  in  arithmetic*  In  the  literal,  or  general 
lolution,  all  quantities^  known  and  unknown,  are  re«^ 

24 
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presented  by  letters,  and  the  answers  given  in  general  ^ 
terms.    A  problem  solved  in  this  way,  famishes  a 
a  theorem,  which  mi^y  be  applied  to  the  solntfon  i}f 
all  questions  of  the  same  kind. 

257.  In  the  solution  of  a  problem,  if  the  conditions 
be  properly  limited,  there  will  be  as  many  indepen- 
dendent  equations  as  unknown  cjuantities^  (Art.  ^57), 
in  which  case,  the. problem  is  said  to  be  diterminate: 
but  if  the  conditions  of  the  problem  are  not  properly 
limited,  that  is,  are  not  sufficient  in  number,  or  not  * 
sufficiently  independent  of  each  other,  the  resulting 
equations  will  either  exceed  in  number  the  unknown 
quantities,  and  will  therefore  some  of  them  be  identi- 
cal or  inconsistent,  or  will  be  fewer  in  number  thaoi 
the  unknown,  and  (Art.  240),  consequently  will  ad* 
mit  of  an  indefinite  number  of  solutions :  in  this  last . 
case,  the  problem  is  unlimited,  or  it  is  called  an  inde- 
ttrtninaU  problem ;  and  if  the  conditions  are  incon-  1 

gjruous,  or,  what  is  the  same  thing,  if  the  equations  | 

are  contradictory  to  each  other,  the  problem  is  (Art. 
230),  not  only  unlimited,  but  also  impossible* 

Having  hitherto  laid  down  such  rules,  as  are  neces-  a 

sary  for  the  investigation  and  solution  of  problems  I 
producing  equations  of  the  first  degree,  as  well  as  for 
discovering  when  they  are  truly  limited,  the  diflferent 
methods  of  solution  shall  be  fully  illustrated  in  the 
two  following  sections,  by  a  great  variety  of  practieat 
examples. 

§'I.     SOLUTION   OF    PROBLEMS   PROPUCINO   SIMPLE 

£<IUATI0M!I9, 

Involving-  only  one  unknown  Quantity. 

258.  If  from  certain  (quantities  which  are  knowii, 
another  quantity  be  required  which  has*a  given  rela* 
tion  to  them,  let  the  unki^own  quantity  be  represented 
by  0?  I  then,  the  condition  enunciated  in  the  problem 
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,l>dog  clearl J  undentpod,  it  can  be  eatil'y  translated 
intp  an  algebraic  equation^  by  means  of  the  signs 
pointed  out  in  the  Introduction*  Having  now  brought 
the  question  into  an  algebraic  fprm^  the  value  of  the 
unknown  quantity  can  be  readily  found  by  the  appli- 
cation of  the  rules  delivered  Chap.  UK 

Or,  if  there  be  more  than  one  unknown  qukntity 
required,  and  tjiat  they  bear  given  relations  to  one 
another^  instead  of  assuming  a  symbol  to  represent 
each  of  them^  it  is  more  convenient  to  assume  one 
only,  and  from  the  conditions  of  the  problem  to  de- 
duce expressions  for  the  others  in  terms  of  that  one 
and  known  quantities*     And  as  the  number  of  condi- 

'  tions  ought  to  be  one  more  than  the  number  of  quan* 
titles  thus  expressed,  there  will  remain  one  to  be 
translated  into  an  equation ;  from  which  the  value 
of  the  unknown  quantity  may  be  determined,  as 
above ;  and  this  being  substituted  in  the  other  ex* 
prefisions,  their  values  also  may  be  discovered* 

Problem  I. 

WIiatnnaibQr  is  that,  to  which  17heiDff  addedy  the  sum  will  be 
48?     •  ■         o    - 

Let  the  required  number  l>e  represented  by  x  : 
Then  by  the  problem,  a?+ 17=48 ; 

by  transposition,  a?=48— ITj 

Prob.  2:  What  nain)>er  is  that,  from  which  a  being  subtracted, 
the  renrainder  is  6  ? 

Let  X  represent  the  number  required. 

Hien  by  the  problem  a?— a=c6  ; 

by  transposition,  a?=a-fi. 

Her6,  if  a=s:ie,and6=14;  then  a?=16-|-14=?:30; 
that  is,  30  is  a  number,  from  which  16  being  subtract- 
ed, the  remamdei*  is  14. 
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0 

Prob.  8.  To  find  a  aamber  which,  being  subtracted  from  a,  fottresf 
h  for  a  remainder. 

Designating  the  unknown  number  by  o^  we  shaji 
have  this  translation, 

259»  If  we  suppose  a=10,  6=4,  we  shall  have 
x=6 ;  then  the  subtraction  is  arithmetically  perform- 
ed. But  if  we  had  a= 10,  6=14,  we  mn«t  subtract 
14  from  10}  which  cannot  be-done  except  in  part,  or 
that  with  respect  to  the  portion- of  14  equal  to  10; 

The  excess  in  as  much  as  it  exists  subtractiYely,  will 
indicate  that  the  number  x  of  which  it  is  the  repre- 
sentation must  enter  negatively  in  the  enunciation 
where  it  is  already  subtracted  from  the  numbers, 
so  that  the  enunciation  of  the  problem  is  corrected 
and  brought  to  these  terms  :  to  find  a  number  mhich 
being  added  to  10,  the  svm  wUl  be  14;  a  problem 
whose  translation  is,  designating  the  unknown  quantity 

by  a?,  ^ 

l0+a:=14  ;  .••  a;=14— 10=4  ; 
whereas,  the  translation  in  the  former  case  would  he 
10--aj=:l4;  ••.  a?=lO— 14,  ora?=s:— 4. 
The  negative  root  —4,  satisfies  the  equation  of  the 
problem,  besides  it  announces  a  rectification  in  the 
enunciation  ;  this  is  what  appears  evident,  since  the 
subtraction  of  a  negative  quantity  is  equivalent  to  the 
addition  of  a  positive,  (Art.  63)*  In  fact,  as  has  been 
already  observed,  (Art.  199),  it  makes  knoiwn  that  the 
enunciation  ought  to  be  taken  in  an  opposite  sense  to^ 
that  which  was  first  proposed  in  the  problem* 

Prob.  4.  A  person  lends  at  interest  for  one  year  a  certain  capital 
at  6  per  cent ;  at  the  end  of  the  year,  according  to  agreement,  he 
is  to  receive  a  sum  &,  besides  the  principal  and  interest,  and  the 
whole  sum  he  receives  must  be  egual  to  the  capital*  T  demand 
wliat  is  the  capital  ?  '  . 
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Let  the  capital  fae  designated  by  x  : 

Since  100  dollars  become  at  the  end  of  the  year 
105  dollars,  we  shall  have  the  capital  at  the  same  time 
hy  this  proportion, 

100  :  105  :  :  »  2^t^=»  the  capital. 

The  sum  —^+b,  bj  the  problem,  must  be  equal 
to  07,  We  have  therefore  the  equation 

12^+6=0? ;  .*.  105a?+1006=B:lOOa?; 
100  ' 

by  transposition ,  5ap= — 1 004 ; 
.'.  by  division,  «=?  — 20i» 

^2e(h  Tbus  the  capital  shall  be  — 2Q4.  This  an- 
swer does  not  agree  with  the  proMem,  and  still  if  thiB 
value-^206,  be  substituted  for  x  in  the  equation 
found,  we  obtain 

_J05X206 

•  100 

^nd^  performing  the  operations  indicated  in  the  first 
member,  it  becomes 

— 20J=— 30J, 
which  is  trui^.  This  value  of  x,  although  it  is  oega- 
live,  satisfies  .the  equation  of  the  problem,  as  has 
been  already  observed  (Art.  199),  since  its  two  mem* 
bers  become  identically  equal  bv  making  the  proper 
.  substitution. 

If  we  return  again  to  the  enunciation,  we  discover 
ihat  it  ia  impossible  that  a  capital  augmented  by  the 
interest  would  remain  equal  to  itselfT  and  that  much 
more  this  impossibility  takes  place,  if,  besides  the  iti- 
terest,  we  add  to  it  a  sum  6  ;  it  is  necessary  therefore 
that  one  of  these  two  parts,  namely^  the  interest  at  5 
per  cent,  and  i,  be  subtracted. 

In  faet,  if  we  carry  into  the  first  equation  this  qir* 
{iumsfstace  ^or,  whiq^  is  but  «ss-^a  number,  wel^d 

S4* 
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105     ,  .  I05«     , 

100  100  ' 

a  translation  of  the  enanciation,  bjr  supposing  the 
interest  additive  to  the  capital,  in  which  case,  the 
suiq  b  ought  to  be  subtracted* 

This  equation,  treated  as  the  preceding,  shall  gire 

aps£:20(, 

If  the  interest  at  6  per  cent  be  subtracted  from 
1 00,  in  which  case  100  reduces  itself  to  95>  we  haTH^ 
the  capital  x  at  the  end  of  the  year,  by  the  proper* 
tion 

I€0 :  95  2  ;.  a?  :  -: — ac  the  capital ; 

100  . 

consequently,  Tjp;+o=a? ; 
multiplying  by  100,  and  transposing,  we  shall  have 

The  negative  isolated  result,  that  is,  the  negative 
value  of  £r,  wo^ld  announce  a  rectification  or  a  cor- 
rection in  the  terms  of  the  enunciation,  and  the  prob- 
lem  proposed  could  be  re-^established  in  twa  ways* 

Prob  6.  What  namber  is-  tb«t,  tbe  double  of  v^biefa  exceeds  H^ 
half  by  6? 

liCt  a::sthQ  number  5 

Si 

Then  by  the  problem,  2a?— -=a6, 

.-.  multiplying  by  2,  44P— a?^l2:, 

or3a?s=12^ 
.'.  by  division,  jc=4. 

frbb.  6.  From  two  towiN^  wbicb  are  187  miles  distant,  two  tni-^ 
vellen  set  out  at  the  same  time,  with  an  intention  of  meeting.  One: 
of  tbem  goes  8  mites,  and  the  other  ^  miles  a  day.    In  how  many 
days  will  they  meet  i 

V 

Let  x^  the  number  of  days  required ; 
then  8a:=the  number  of  miles  one  travelle^^ 
"^nd  9«  an  tbd^  number  the  othzv  travelled ; 


PROl>tJClNG  SIMPLE  EQUATIONS.    2TI 

and  mce  they  meet,  tbey  must  have  travelled  twetber 
tbe  .whole  distaace,  ,& 

consequently,  8*4^  9a?s5 187, 

or  nw^m] 

.•.by  diyi9ioii,a?=n. 

^rob.  T,  What  namber  h  that>  £roai  wliich  «  bemc  sabtraoted 
and  the  remainder  multSpKed  by  Hi  the  product  wiH  fe  121?  ^' 

Let  a7==:tbe  number  required  ; 

Thea  by  the  problem  (x-^S)  x  H =121 

l>y  transpositidn,  llcca=i2i+ee, 

orlU=]87, 
••.  bydmsion,  ««n- 

Let  t^  the  pence  he  gave  to  the  first, 

,..•.  20?=:  the  pence  given  to  the  second* 
and3a?«     .....      tothethirdl 

.  1.    *i.        t5^     •     ^    •    .      .   to  the  fourths 
..by  the  probletti,  aj+5ar+a»+4a?=s5xl2«60, 

or  10ie=60, 
«^.i  41.      r      1.  ^  hy  division,  07=6, 

W  thSlS      "■*      ^*''*  '   ^'  ■  ?'  ^"^  P*"**  respectively 

Let  »=  the  price  of  a  book. 

then  10a?=:  the  price  of  the  first  set, 

and  15a;  s* the  price  of  the  second  set  -f 

but  by  the  problem,  1 5a sal  Oaj+ 35  ^ 

•'#  by  transposition,  5x^:^35 -f 

and  by  division,  a;«7r 
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Prob.  10.  A  Genttemin  dying  bequeathed  a  legacy  of  1400  dai- 
)ta  to  three  servaots.  A  was  to  have  twice  as  mach  as  B ;  and  K 
three  times  as  mach  as  C,    What  were  their  respectiTe  shares  ^ 

Let  xa^C's  share, 
.*,  SxseB^s  share, 
aod  Qxj=^f^%  share ; 
then  by  the  problem,  a;+3x-|-6x=c]400, 
"^  or  I0«^1400, 

•*•  by  divisioD,  acssl40=e:C's  share* 
.*.  A  received  840  dollars  \  B,  420  dollars  ;  and  C, 
140  dollars. 

Prob.  11.  There  are  two  numbisrs  whose  dlffereitce  is  16,  end 
their  sum  69.  What  are  the  numbers  ? 

As  theirilj^erence  is  15,  it  is  evident  that  the  greater 
number  must  exceed  the  lesser  bj  15. 
Let,  therefore,  x=  the  lesser  number  \ 
then  will  xHr  15=  the  greater ; 

.*•  by  the  pro^m,  a?+«+15=»59, 

or  2a;-fl5=s59, 

by  transposition,  2a;3s59-^15=:s44, 

•S  by  aivision,  a;=22  the  lesser  number, 

and  «+15s=22+I5=37  the  greater* 

Prob.  12l  What  two  numbers  are  those  whose  difference  is  9; 
and  if  three  times  the  greater  be  added  to  five  times  the  lesser^  the 
«am  shall  be  36  ? 

Let  xt=  the  Usstr  number; 
then  >x +9=  the  grea/€r  number. 
And  3  times  the  greater=3(a?+d)=K3»+27, 
'    5  iime.s  the  lesser  =5x. 

.•.  by  the  problem,  (3x+27)-f  5xa=35  ( 
by  transposition,  3:t+5xs=ra5-^27, 

or  8x=£B; 
.*.  by  division,  x=tl  the  Its^t^r  number, 

and  a:+9==l+9=lO  the  gwa^crnuinber' 


I 


I 
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Prob.  13,  What  number  is  that,  to  which  10  being  added,  *ths  of 
the  sum  will  be  66  ?   .  a  i  s 

Let  0?=  the  number  required ; 
then  cc-f  10=  the  nuin:ber,  with  10  added  to  ft. 

Now  ftbs  of  (a;+10)=|(a;-Jr  10)=^^^i-!^«=. 
3a;+30  * 

But,  by  the  problem,  fths  of  (a?+10):^6S.; 

3^+30_; 


^  5  ' 


.    by  multiplication,  3a;+30=330  J 

*     -  by  transposition,  3aj=300; 

-  -  ;    •%  by  division,  36 =100, 

Prob.  14.  What  nujnber  is  that,  which  being  multiplied  by  6,  the 
product  increased  by  18,  and  that  sum  divided  by  9,  ,the  quotient 
shall  be  20?  ''    '  ^ 

>  ••  .      . 

X#et  vX='the  number  required  ,     ^  - 
then  6a2=a  the  number  muUipfted  by  6  ;  ^ 

6a?4- 18=  the  product  increased  by  10  ; 
;,  6a:+18 
ana  ■■'       •    =  that  sum  divided  by  9. 

•••  by  the  problem,   i^      ■   =20 

y 

by  multiplication,  Ga?+ 18= 20X9 

by  transposition,  6a:=  1 80—  1 8 

or  6a?=  162 

'  .'•by  division,  a;=27. 

Prob.  IS.  A  post  id  ^th  m  the^arth,  4ths  in  the  watcfj-and  13 
iefit  oat  of  the  water.    What  is  the  length  of  the  post  ? 

Let  «=  the  length  of  the  post  5 

then  g=  the  part  of  it  it  m  the  earth. 
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— :==  ihe  part  of  it  in  the  water, 

and  13s  the  part  of  it  out  of  the  water. 

But  bj  the  problem,  part  in  earth  +  part  in  water 
+  part  out  of  water  =  whole  part ; 

and  7X35+^X35+ 13X35=350?, 
5  7 

or  7a: +153? +455= 35a;  5  .     ' 

by  transposition,  455=35jc— 7a;  — I5a;=13a;, 

or  13a;=455; 

•*.  by  division,  a; =35  length  ^f  Hxe  post. 

Prol>.  16.  After  payiiig  away  ^tb  ftod  ith  of  my  money,  I  "bad 
S50  dollars  left.    What  mooey  had  1  dt  first  ? 

Let  a;=  the'  money  iamy  purse  at  first  i 
then  -+:;=  moDey  paid  isbway. 

But  money  at  fiwt  —  money  paid  away  =  money 
remaining.  ' 

.•.  by  the  problem,  a;—  ^--f.| J  =850, 

or  a;— '-—-=850. 
4     7 

Multiplying  by  28  the  product  of  4  and  7,  which  is 

the  least  common  multiple,  ' 

and  2Sa;— |X28— |y2fi=850X28, 

or  28a?— 7a?— 4a;=23800, 
.•.17a; =23800;  and  by  division,  a;=1400  dollars. 

Prob.  17.  What  namber  is  that,  vrhose  one  half  and  one  thirjl 
plus  12,  shall  be  equal  to  itself?     :  .  * 


Let  0^=  the  number  required ; 

Xj,X 

2*^3" 


fhen,  by  the  problem,  a;=^+^+ 12  > 
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'    Kow  to  clear  this  of  fractions^  multiply  by  65 

and  6x5=3a;+2ac+72 ; 
by Hransposition,  6!«—5x==  72; 

It.  can  }te  readHy  proved  that  72  is  die  number  re- 
quired; thus,  5+^+12=36+24+12=72.      . 

All  other  problems  in  this  Section  may  be  proved 
in  like  manner. 

Prob.  18  To  find  a  number  whose  half  QfittUB  6,  shall  be  eqaal  to 
lis  third  part  plos  10; 

iiet  x^  the  number  required  ; 
then  by  the  problem,  «  ""^~q + ^^> 

.'.  clearing  of  fractiong,  3x--36=5:2a7+60, 
by  traiisposition,  39^— 2x=60+36) 


•  • 


Frob.  19.  two  persons,  A  and  B,  set  out  from  one  place,  and* 
both  go  the  same  road,  but  A  goes  a  hours  before  B,  and  travels^ 
'  miles  a|i  hour,  B  foUows  and  travels  m  miles  an  hour.    In  hpw 
many  hours,,  and  in  how  m^xty  mUes  travel  will  B  overtake  A. 

Let  (c^  the  hours  that  B  travelled; 
^  then  a:+a=^tbe  hours  that  A  travelled. 

'  Ako  mx=sthe  number  of  miles  travelled  by  B  ; 
and  n(x,4-«)«=nx+'nasss  the  miles' travelled  by  A. 

'      •"  ..V  by  the  problem,  mxssnx+wa; 

by  transposition,  mx — nx^na^ 

'  ■      '       I  or  (m—^njxassna ; 

,     ,.  .  .        (f7»— n)x       na 

.•.  by  division,  -^-^ ^  = ^ 

''  m — n      «i— n 

nit 

.•.  0;=.^ ,  the  hours  that  B  travelled. 

m — » 

Then  x+«-  ^+a=^+""-^''==-gg-,   the 

m — n  m — n  w—n 
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mna 


hours  that  A  travelled  ;  and  mx= =  the   miles 

travelled^ 

36i.  This  is  a  general  or  literal  solutioiiy  because 
m,  n,  a,  may  be  any  numbers  or  quantities  taken  at ' 
pleasure :  lor  example, 

Let  a=9f  n=s5,  and  m^ssj  • 

Then,  A  travels  9  hours  at  the  rate  of  5  miles  a& 
hour,  before  B  sets  out ;  and  B  follows  after  at  the 
rate  of  7  miles  an  hour. 

Now,  bv  putting  these  values  of  a,  n,  and  m,  in  the 
formula,  found  above ;  we  have, 

^= =T^c==ir~22J,  the  hours    that  B  tra- 

m — n    7—5    -2 

veiled ; 

J  ma      9X7     63 

and  «sss-- —  =- — ^="-7r=3U,  the  hours  travelled 

bj  A. 

And  mx=7X22^«157|,  the  miles  travelled  by 

each. 

Again,  suppose  ir=10,  m=4,  and  n^a^A  ;  then  x^ 

na       4X10     40  /.  .    t/»r\     u 

=:-j :==;--:;=«),  (Art.  165)  ;  hence,  we  con- 

w— w    *4 — 4       0  ' 

elude  that  the  time  is  infinite,  or  that  A  will  nevei* "" 

overtake  6,  except  at  an  infinite  distance;  because 

ma?==4X— =-—=«)  ;  which  would  also  appea^r  evi- 

dent  without  the  aid  of  analysis. 

Now,  if  a=0,  «»=4,  and  n=4,  then  a:=5=~-.=: 

m — n 

-Q-  =^Q  5  which  is  the  mark  of  indeterroination,  (Art. 

201),  as  it  should  be ;  since,  in  this  case,  A  and  B, 

setting  6ut  together  and  both  travelling  uniformly  the 

same  number  of  miles  in  every  hour,  must  be  together 

at  any  distance .  whatever  from  the  place  of  denar- 
ture. 
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Prob.  2Q.  Fonr  merchFaats  entered  iotq  a  speculation,  for  whicb 
,  tbey  subscribed  4755  dollars ;  of  wbicb  6  paid  tbree  times  as  much 
'  as  A  ;  C  paid  as  much  as  A  and  B  \  and  D  paid  as  raucb  as  C  and 
B.  ,  What  did  eac^  pay  ?  - 

Here,  if  we  knew  how  much  A  paid,  the  sum  paid 
-'by.  each  of  the  rest  could  b^  easily  aecertained. 
Let,  therefore,  a;=  number  of. dollars  A  paid  ; 
;.*  3a;5=  number  B  paid  ; 

4a;  ==.  number  C  paid  ; 
and  Ta?=  number  D  paid  ; 

-.•.  (a?+3a?+4aj  +  7a5=)15:e=:4755, 

and  at=317. 
.\  they  contributed  317,  p5l,  1268,  and  2219  dol- 
lars respectively. 

Prob.  2^1.  Lei  it  bi  required  to  divide  890  dollars  between  tUre« 
persons,  in  ^nch  a  naanner,  that  the  first  may  bave  180  more  tbaii 
tlie  second,  and  tbe  second  115  more  tban  tbe  third. 

He^e,  it  is  manifest  ihat  if  the  least  or  third  part 
-  were  known,  the  remaining  parts  could  be  easily  as- 
certained ;  therefore^       '       : 

Let  the  Umt  or  ihiri^^i     .     ..     =a?. 
Then  the  second  part  »    •     .     •     =a;-f  II5., 
.*•  ih^  greatest  or  first  part    •     . '    =a?+ 1 15+ 1 00, 
•^  Batihe  sum  of  the  three  parts  .     =89p. 

:\\  /.  3x  +  115+n5+t80=890, 

.  or  3a;+410=890; 
.     ^  .••  by  transposition,  .3a:=890 — 410, 

or3a?^480, 

.  •••  a:==160=  least  part, 

,-.  0^+115=160+116=275=  second  part. 

and  a?+ tio+180^160+1 15+180=455=  grearc^/ 

paii» 

*  Probl  22.  A  prize  of  ^29  dollars  was  divided  between  two  per-, 
sons  A  and  B,  whose  shares  therein  were  in  proportion  of  5  fo  12. 
^V^iat  was  the  share  of.  each  ? 

Let  5x=A's  share  f 
then  12xe=B's  share  5 
•  23 
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.%  5a?+lia:==9329,  or  17x«=23ef  ; 

and  i==I37.  » 
.%  their  shares^were  685  and  1644  dollars  respec* 
lively. 

* 

Prob.  23.  A  Fish  was  «augtit,  nirbose  tail  weighed  Olbs. :  his  head 
weighejl  as  much  as  his  tail,  and  half  his  body ;  aod  his  body'' 
weighed  as  mach  as  his  head  and  tail.    What  did  the  fish  weigii^ 

Let  2a:=  the  number  of  lbs.  the  body  weighed ; 
then  9+a;*=the  weight  of  the  tail ; 

by  transposition,  ^=18  ^ 
.•.  the  fish  weired  36+27+9=72lbs. 

Prob.  34.  A  hare,  6#  of  her  leaps  before  a  greyhound,  takes  4 
leaps  to  the  greyhound's  three  \  but  two  of  the  greyhound's  leaps 
are  as  much  as  three  of  the  hfire's.  How  oiaoy  leaps  must  the 
greyhound  take  to  catoh  the  hare  ? 

Let  3afa»the  nunAer  of  leaps  th«  greyhound  niust 
take; 

.«.  4<c=s  the  number  the  hare  takes  in  the  sanie  time, 
.\  407+50:=  the  whole  nuipber  she  takes, 

and  2  :  3  :.:  Zx  :  4a;+30 ; 
.••9a?=8x+J00; 
by  transposition,  a;=100f 
and  the  greyhound  must  t^ke,  300  leaps. 

■ 

Prob.  25.  The  number  of  soldiers  of  en  araiyh}  supb,  ilmt  its 
triple  diminished  by  1000,  is  equal  to  its  qaadru{Jl6  augoiehted  by 
2000.    What  is  this  number  ?  ^  . 

Let  a;  designate  the  number  required  ; 
then,  we  are  conducted  to  this  equation, 

3a?  - 1 000=4a?+2000,  whence  a;==  —3000, 
which  gives  an  absurd  answer  with  respect  to  ihe 
terms  of  the  question,  since  that  a  number  of  soldiers 
cannot  be  negative. 

S62.  Wc  shall  render  this  impossibility  verpr  plain, 
by  observing  that  the  triple  of  a  number  being  less. 


T 


*   » 


> 
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tbfln  the  quadruple  of  the  same  number,  the  triple 
dimiaished  by  1000  is  much  less  than  the  quadruple 
augfjaented  by  2000.  But  by  writing  — x  in  the  place 
of  +aj/lh  the, equation  of  the  problem,  then  changing 
the  signs  of  bolh  sides^  we  find 

3a;+10Q0=4x— 2000;  ••.  a:=3000. 
We  can  form  the  equation 

3a?+1000===4a;-2000, 
re-establish  the  enunciation  of  (he  problem  in  such  u 
^:  manner  that  there  results  from  the  solution  an  abso- 
lute number,  that  is, 
"(  a:==3000. 

If  in  place  of  taking  a:  for  the  representation  of  the 
i^nknown  number,  we  had.  taken 
^  ,      '  .    a?'— 6000,  or  a?=x'— 6000, 

w^  should  finxl  for  the. equation 

'^     3a?'— 19000=40?'— 22000; 
••.  by  transposition,  22000— t9000=4a?'— 3a?', 

and  .*.  a?'=3000  as  before. 


.* 


M 

m 

Thus  the  value  a?=— 3000  being  represented,  on  a 
fine,  by  the  length  A'M,  counted  from  A'  towards  M, 
or  to  th^.  left  of  A',  we  pass  by  the  substitution  a?= 
x' — ^POO  from  the  origin  A'  to  the  origin  A,  to  the  left 
of  A',  and  distant  from  A'  by  6000=2A'M  ;  then  the 
length  AII=ca?'  is^  positive. 

frob.  26.  A  Courier  sets  oat  from  Trtntan  to  Washington^  and 
travels  at  the  rate  of  8  miles  an  hoar ;  two  hours  after  his  depar- 
ture another  Coarier  sets  oat  after  him  from  J^tw-York^  supposed 
to  be  08  miles  distant  from  Trenton^  and  travels  at  the  rjite  of  1& 
mites  an  hoar.  How  far  must  t^e  second  Coprier  tcave^  before  he 
overtakes  the  first  I  ' 

•N    t;.  fi    -  M -w 

Let  a?  represent  the  number  of  miles  which  the 
second  courier  trav^s  before  he  t>vertaJ(es  the  first : 
then,  by  a  little  altention,  we  discover  that  this-  dis- 
taiiicc  should  be  eqtial  to  the  diltance  froip  Xew-York 
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• 

to  Trenton^  or  NT=68  miles,  phis  the  distance  travel- 
led by  the  first  courier  in  two  hours  which  his  depar- 
ture preceded  that  of  the  second,  together  with  the 
number  of  miles  which  the  first  trav^els  whilst  the 
second  courier  is  on  rout ;  that  fs,  NM,  or  a?==NT+ 
TR-fRM. 

Let  us  translate  the  two  last  distances,  that  is,  TR 
and  RM;  in  the  first  place,  2X8=16=TR=  the 
.number  of  miles  which  the  first  courier  travels  before 
the  second  sets  out ;  then,  in  order  to  find  aii  expres- 
sion for  MR  ;  we  shall  say,  since  the  distances  passed 
over  in  an  hour  are  as  8  :  |2,  or  2  :  3  ;  as,  2  :-3  :  MR 

2aj  * 

:  X  ;  and  consequently  MR= — .     So  that  we  obtain 

•       .  ^  * 

for  a  translation  of  the  enunciation, 

2/E  2.:r 

a?==68  +  16+:i?=84+~; 

by  multiplication,  3a;=252+^  ;  .*.  x=252, 

that  is  to  say,  the  two  couriers  would  meet  when,  the 

second  shajl  have  travelled  252  miles.    In  fact,  while 

the  second  travelled  252  miles,  the  first  travelled  168 

2a; 
miles  ;  since  < —  is  the  expressioo  for  the  number  of 

3  ^ 

miles  which  the  first  travelled  while  the  second  was 

2a?     2  X  252 
on  rout ;  that  is  substituting  252  for  a?,^= — - — b= 

—  =  168  miles. 
3 

NoWi  the  place  frorii  whence  the  first  courier  de- 
parted)  being  &^  miles  distant  from  New-Yorkj  he- 
sides,  he  has  the  advantage  of  having  travelled  16 
miles  before  the  second  set  out.  Consequently  68. 
-f  16+ 163  must  be  equal  to  the  number  of  miles 
which  the  second  courier  travels  before  they  meet.; 
that  is,  68+16+168=252. 

We  see  here  an  example  pf  verification  of  the  va- 
hie  of  the  imknown ;  ij;  is  a  proof  which  the  student 
can,  and  should  always  make* 


•  • 
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S63«  In  order  to  have  a  general  solution  of  this 
problem.  Let  us  therefore  represent  in  general,  by 
u  the  distance  between  the  two  places  of  departure, 
which  was  6B  miles  in  the  precedihg  question,  by  b  the 
the  number  of  hours  which  the  departure  of  the  first 
precedes  that  of  the  second,  by  c  the  number  of  miles 
that  the  first  courier  travels  per  hour,  and  by  d  the 
number  which  tbe  second  travels  in  the  same  lime. 
Let  jr=:  the  distance  which  the  second  courier  must 
travel  before  they  meet ;  then,  we  shall  have  the  dis- 
tance travelled  by  the  first  courier  during  the  time 
that  the  second  has  been  traveliiog,  .by  calculating 
the  fourth  term  of  a. proportion  tbat commences  thus ; 

•f    ^    *       cXa?       cap 
die  t:  ^z  — =-  or  -t-- 

d  d 

The  first  courier  travelling  c  miles'  an  hour,  ho  will 
have  travelled  cXb  miles  befi>re  the  second  sets  out. 

Therefore  by  the  condition  of  the  problem,  we 
shall  have.    ^   •  * 

^^j_iL    f        — I.  i(€b+a) 

•     a?=*^+6c+a :  whence  xas  ■>  ,■■ ' — ^, 

,»  o — c 

which  gives  the  solution  of  all  questions  of  tbe  same 
kindi  .  * 

In  order  to  show  the  use  of  this  formula,  let  us  re- 
sume again  the  prece4iDg  enunciation,  and  by  recol- 
lecting that  we  must  replace  a  by  68,  6  by  2,  c  by  0, 
and  d  by  12. 

Th^n  the  value  of  o^'becomes 

xsz-^X- — -— 2=252  miles  as  before. 
.12—8 

264.  Such  is  therefore  the  use  of  these  general  so- 
lutions, that  by  sub^ituting  in  the  place  of  the  letters, 
the  numbers  which  they  are  designed  to  represent, 
and  making  the  operations  indicated  bv  the  signs,  we 
have  the  answer  to. a  particular  enunciation* 

Let  us  now  suppose,  in  the  above  formula,  that  d^ 
c^  on  what  is  the  same  thing,  that  both  couriers  go 

26* 
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over  equal  spaces  in  equal  times ;  it  becomes  '7' 

=roo  ^  which  Bignifies  (hat  they  will  never  meet,  or 
that  the  two  <:oariers  will  meet  at  a  distance  greater 
than  any  given  quantity  whatever;  this  distance  cannot 
be  constructed,  and  we  learn  by  this  infinity  (hat  the 
problem  proposed  to  be  resolved  is  impossible,  (Art. 
238)«  This  impossibility  is  not  relative  to  the  position 
of  the  problem  (Art.  199),  as  it  happens  when  the 
value  of  a;  iB  negative,  it  is  an  absolute  impossibility. 
But  if,  at  the  same  time  that  c=:(/,  we  suppose  that 
a^O,  (=0,  that  is  to  say,  if  the  couriers  set  out  to- 
gether from  the  same  place,  and  trayel  with  the  same 

velocity,  we  shall  find  a[;=-{  since  here  the  result  is 

given  by  three  hypotheses,  it  amiounces  an  indetermi- 
nation,  as  we  have  alrejidy  seen,  (Art«  201)  ;  that  is^ 
X  admits  of  an  infinite  number  of  answers*  ' 

265.  Hitherto  we  have  supposed  that  both  couriers 
go  the  same  way ;  if  we  now  'suppose  that  the  two 
couriers  set  out  to  meet  one  smother ;  by  changing 
the  sign  of  c  (Art.  262),,  in  the  formula,  and  preserv- 
ing the  above  denominations,  we  shall  have  0?= 
d{a — be) 

d+c 

Let,  in  order  to  verify  this  formula,  d=c,  6=0 ; 
then  both  couriers  set  out  at  the  same  time,  and  tra- 
vel with  the  same  velocity :  we  find,  in  this  case, 

dt=s^,  which  indicates  that  that  the  two  couriers  ought 

to  meet  at  one  half  of  the  distance  between  the 
places  of  departure. 

265*  We  should  here  demand  how  does  the  value 

xaar-L-iJ   wfaich  anawers  to  the  case  where  ife=c, 
0 

satisfy  the  above  equation ;  for  it  is  an  essential  pror 
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pertj  of  Algebra  that. the  symbol  expressing  Uie  va^ 
lue  of  the  unknown  quantity,  whatever  it  may  be, 
being  submitteil  to  the  operpi'tions  indicated  upon  this 
unkdown  quantity,  should  satisfy  the  eq^iation  of  the 
problem* 

By  substituting  this  value  of  a;  in  the  equation 

d      *  • 

we  have 

Jidb+a)_cd{db+a)     ^.  ' 

0  dxO     ^     ^    * 

therefore,  clearing  of  fractions, 

c(rfZ^+«)=c(d6+a>+<&c4-a)XdX0; 
but,  since  dxO=?0,  (6c+a)XdX 0=0; 
••.  i,t  becomes  db+a^db+a^  an  equation  whose  two 
members  are  identically  equal,  and  therefore  this  value 
of  a;  satisfies  the  equation  of  the  problem. 

Prob.  27;  What  two  numbers  are  those  whose  dif- 
ference is  10,  and  if  15  be  added  to  their  sum^  the 
whole  will  be  43  ? 

Ans.  9  and  10. 

Prob,  29.  What  two  numbers  are  those,  *bose  dif- 

erence  is  14,  and  if  9  times  the  lessei^  be  subtracted 

from  six  times  the  greater,  the  i*eqrtainder  will  be  33  ? 

Ans.  17  sind  31. 
Prob.  29.  What  number  is  that,  Which  beisg  divi- 
ded by  6,  and  2  subtracted  from  the  quotient,  the  re- 
mainder will  be  2  ?  «  ;  , 
•  *  .  ,  Ans,  24i 
Prob.  30.  What  two  numbers  are  those,  whose  dif- 
ference is  14,  and  th^  quotient  of  the  greater  divided 
by  the  lesser  3  ?           . 

,     ^  Ans.  21  aAd  7. 

Prol).,  31 .  What  two  numbers  are  those,  whos6  sum 
Q%  and  the  greater  is  to  the  lesser  as  9  tio  3  ? . 

Ans.  45  and  15; 
Prob.  32.  What  number  is  that,  which  being  addeA 
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to  5,  and  also  maltiplied  by  5,  the  product'shall  be  4 
times  the  sum  ? 

Ans.  26< 
Prob.  33.  What  number  is  that,  which  being  mnh 
ttplied  by  1%  and  48  added  to  the  product,  tt^  sum 
shall  be  1 8  times  the  number  required  ? 

Ans*  8. 
Prob.  34.  What  number  is  that,  whose  i  part  ex- 
ceeds its  i  part  by  32  ? 

Ans.  640* 
Prob.  35.  A  Captain  sends  out  |  of  his  men,  pl^s 
10;  and  there  remained  i,  plus  15;  how  many  had 
he? 

Ans.  150. 

Prob.  3&  What  number  is  that,  from  which  if  8  be 

subtracted,  three-fourths  of  the  remainder  will  be  60? 

Ans.  86. 
Prob.  37.  What  number  is  that,  the  treble  of  which 
is  v»  much  above  40,  as  its  half  is  below  5}  ? 

Ans,  20. 
Pffob.  38.  What  number  is  that,  the  double  of  which 
exceeds  four-fifths  of  it$  half  by  40  ? 

Ans.  25. 
Prob.  39.  At  a'  certain  election,  946  men  voted, 
and  the  candidate  chosen  had  a  majority  of -558. 
How  many  men  voted  for  each. 

Ans,  194  for  one,  and  720  for  the  other. 

Prob>  40.  After  paying  away  i  of  mj  money,  and 

and  then  i  of  the  remaitipler,  I  had  140  dollars  left: 

what  had  I  aC  first  ?  •  -  ^    '     . 

*    /\  'Ans.  1 80  dollars. 

Prob.  41.    One  bfeing  asked  how  old  he  Was,  an- 
swered, that  the  product  of  Jj  of  the  years  he*ad  * 
lived,  being  multiplied  by  |  of  the  same,  would  be 
his  age.    What  was  his  age  ? 

.  Ans.  30. 

Prob.  42.  After  A  had  lent  10  dollars  to  B,  he 
wanted  8  dollars  in  order  to  have  a^  much  money  bs 
B  5  and  together  they  had  60  dollars.     What  money 

had  each  at  fifst  ? 

Anst  A  36,  and  B  24. 
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Pr6b.  43.  Upon  measuring  the  corn  produced  by  a 
iieid,  being  48  bushels;  it  appeared  that  it  yielded 
only  one  third  part  more  than  was  sown.  How  much 
was  that  ? 

Aas.  3G  bushels. 
ProK44.  A  Farmer  sold  96  loads  of  hay  to  i\Jio 
persons.     To  the  first  one  half,  and  to  the  second 
one  fourth  of  what  his  stack  contained.     How  many  - 
loads  did  that  stack  contain  ? 

Ans.  t^B  loads. 

Probf  45.  A  Draper,  bought  three  pieces  of  cloth, 

-   which  together  measured  )5d  yards.     The  second 

piece  was  15  yards  longer  than  the  first,  and  .{he  . 

third  24  yards  longer  than  the  second.    What  was 

r  the  length  of  each  ?     .>  - 

Ans.  35,  50,  and  74  yards  respectively. 

Prpb.  46.  A  cask  which  held  146  gallons,  was  filled 

with  a  mixture  of  brandy,  wine,  and  water.     In  it 

there  were  15  gallons  of  wine  more  than  there  wete 

of  brandy,  and  as  much  water  as  both  wine  and 

*  brandy.     What  quantity  was  there  of  each  ? 

Ans.  29,  44,  and  73  gallons  respectively. 
Prob.  47.  A  person  employed,4  workmen,  to  the  first 
of  whom  he  gave  2  shillings  more  than  to  the  second ; 
to  the  second  3,  shillings  more  than  to  the  third  ;  and 
to  the  third  4  shillings  more  than  to  the  fourt))*  Their 
wages  amounted  to  32  shillings.  What  did  eacB 
receive?  .  ' 

Ans.  12,  10,  7,  and  3  shillings  respectively. 
^  Prob.  48.  A  Father  taking  his  four  sons  to  school, 
divided  a  certain  sum  among  them.  Now  the  third  . 
had  9  shillings  more  than  the  younger ;  the  second  12 
shillings  more  than  the  third ;  and  the  eldest  18  shil- 
lings more  than  the  second ;  and  the  whole  sum  was 
6  shillfnga  more  than  7  times  tlie  sum  which  the 
youngest  received.     How  much  had  each  ?  ' 

Ans.  21,  30,  42,  and  60  shillings  respectively. 
Prob^  40»  It  is  required  to  divide  the  number  99 
into  five  such  parts,,  that  the  first  may  exceed  the 


^ 
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second  by  3;  be  less  than  the  third  by  10;  greater 
than  the  fourth  by  9 ;  and  less  than  the  fifth  by  16. 

Ans.  17,  14, 27,  8,  and  33. 

Prob.  50^  Two  persons  began  to  play  with, equal 
sdms  of  money :  the  first  lost  14  shillings,  the  o&er 
won  24  shillings,  and  then  the  second  had  twice-  aS| 
many  shillings  as  the  first.    What  sum  bad  eaeh  at  ^ 
first  ? 

Ans.  52  shillings. 

Prob.  51.  A  Mercer  having  cut  19  yards  from  each  .. 
of  three  equal  pieces  of  silk,  and  17  from  another  <>f 
the  same  length,  found  that  the  remanta  together  were  ? 
142  yards.     What  was  the  length  of  each  piece  ? 

,.  Ans.  54  yiards.' 

Prob.  52.    A  Farmer  has  two  flocks  of  sheep,  each 
containing  the  same  number.     From  one  of  these  be 
sells  39,  and  from  the  other  93;  and  finds  just  twice^ 
as  many  remaining  in  one  &s  in  the. Other*    How 
many  did  each  flock  originally  contain  ? 

^n«.  147. 

Prob.  53.  A  Courier,  who  travels  60  miles  a  jday, 
had  been  despatched  five  day^,  when  a  second  is  sftit 
to  overtake  him,  in  order  to  which  he  must  travel  75 
miles  a  day.  In  what  time  will  he  Overtake  the 
former? 

Ans.  20  da)ts.. 

Prob.  54.  A  and  B  trade  with  equal  stocks.   In  the 

*   £rat  year  A  tripled  his  stock,  jand  had  p7  to  spare ; 

B  doubled  his  stock,  and  had  $\5S  to  spare*    Kow 

the  amount  of  both  their  gains  was  five  times  the 

stock  of  either.     What  was  that  t 

Ans.  90  dollars; 

Prob.  55*  A  and  B  began  to  trade  with  equal  sums 

of  money.     In  the  first  year  A  gained  40  dollars,  and 

B  lost  40 ;  but  in  the  second  A  Tost  one^third  of  what 

■he  then  had,  and  B  gained  a  sum  less  .by  40  dollars, 

than  twice  the  sum  that  A  had  lost ;  when  it  appeared 

thftt  B  had  twice  as  much  money  as  A.  What  monoy 

did  each  begin  with  ?  ' 

Ans.  32Q^dlara.^ 
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Prob.  5S.    A  and  B  being  at  play,  severally  c6t 

Sacks  of  cards,  so  as  to  take  off  more  than^  they  left. 
Tow  it  happened  that  A  cut  off  twice  as  many  a^^ 
B  left,  and  B  cut  off  seven  times  as  many  as  A  left* . 
Hovr  were  the  cards  cut  by  each  ? 

Ans.  A  cut  off  48,  and  B  cut  off  28  cards. 
Prob.  57.  What  two  numbers  are  as  2  to  3 ;  to  each  ^ 
of  which  if  4  be  added,  the  sums  will  be  as  5  to  7  ? 

Ans.  16  and  24» 
Prob.  58.  A  sum  of  money  was  divided  between 
two  persons,  A  and  B,  so  that  the  share  of  A  was  to 
that  of  B  as  5  to  3 ;  and  exceeded  five-ninths  of  ihe  , 
whole  sum  by  50  dollars*  What  was  the  share  of 
^ach  person? 

^   *  Ans«  450,  and  270  4dollars. 

Prob.  59.  The  joint  stock  of  two  partners,  whose 

particular  shares  differed  by  40  dollars,  was  to  the 

share  of  the  leaser  as  14  to  5.    Required  the  shares. 

Ans»  the  shares  are  00  and  50  dollars  respectively. 

Prob*  60.  A  Bankrupt  owed  to  two  creditors  1400 

dollars ;  the  difference  of  the  debts  was  to  the  greater 

«8  4  to  9.    What  were  the  debts  ? 

Ans.  900,  and  500  dollar^* 
Prob.  61.  Four  placea  are  situated  in  the  order  of 
(he  four  letters  A,  B,  C,  D«  The  distance  from  A  to 
D  is  34  miles,  the  distance  from  A  to  B  :  distance 
from  C.to  D  t  :  2  :  3,  and  one-fourth  of  the  distance' 
from  A  to  B  added  to  half  the  distance  from  C  to  D, 
is  three  times  'the  distance  from  B  to  C.  What  are 
the  respective  di&tances  ? 

Ans.  AB=sl2,  BC=:4,  and  00=18  miles. 
^  Prob.  62.  A  General  having  lost  a  battle,  found 
that  he  had  only  lialf  his  a«my  plus  3600  men  left,  fit 
^r  action.;  one-eighth  of  tns  men  plus  600  being 
trouridedi^  and  the  real)  which  were  one-fifth  of  the 
whole  arm  J,  either  slain,  takep  prisoners,  or  missing. 
Of  haw  many  men  did  bia  army  consist  ? 

.     Ana.  24000. 
*  Prob*  93.  It  is  required  to  divide  the  number  91 


288  SOLUTION  OF  PROBLEMS 

» 

ioto  two  such  parts  that  the  greater  being  divided  hj 
their  diffeisetice,  the  quotient  may  be  7* 

Ans.  49  and  42. 
Prob.  64.  A  person  being  asked  the  hour^  answered 
that  it  was  between  five  anH  six  ;  and  the  hoar  and 
minute  hands  were  tx)gether.    What  was  the  time? 

Ans.  5  hoursf''^?  minutes  16^^  seconds^  ^ 
Prob.  65.    Divide  th6>  number  49  into  two  sueh 
parts,  that  the  greater  increased  by  C  may  be  to  tl|c 
less  diminished  by  1 1  as  9  to  2. 

^ .  Ans.  30  andi9« 

Prob.  G6.  It  is  required  to  divide  the  pumber  34 

into  two  such  parts  that  the  difference  between  the 

greater  and  18,  shall  be  to  the  difference  between  10* 

'  and  the  less  :  :  2  :  3. 

Ans.  2<2,  and  12.  ^ 
Prob.  67.  What  number  is  that  to  which  if  1,  5, 
and  1 3,  be  severally  added,  the  first  sum  shall  be  to 
the  second,  as  the  second  is  to  the  third., 

Ans.  3« 

Frob.  68.   It  is  required  to  divide  the  number  36 

into  three  such  parts,  that  one*half  of  the  first,  one 

third  of  the  second,  and  one-fourth  of  the  third,  shall 

be  equal  to  each  other, 

Ans.  8,  1%  and  IG: 
Prob. .69.  Divide  the  number  116  into  four  such 
parts,  that  if  the  first  be  increased  by  5,  the  second 
diminished  by  4,  the  third  multiplied  by  3,  and  (he 
fourth  divided  by  2,  the  result  in  each  case  shall  be 
the  sam^. 

Ans.  22,  31,9,  and  51. 
Prob.  70.  A  Shepherd,  in  time  of  war,  was  plun- 
dered by  a  party  of  sdldiets,  who, took  i  of  his  flocks 
and  I  of  a  sheep ;  another  party  took  from  him  I  cff 
what  he  had  left,  and  ^  of  a  sheep  ;  then  a  third  party 
took  ^  of  what  now  remained,  and  i  of  a  sheep. 
After  which  he  bad  but  35  sheep  left;     How  many 

had  he  at  first  ? 

Ans.  108. 

Prob.  71.  A  Trader  maintained  himself  for  3  years 

at  the  expense  of  £0/  a  year ;  and  in  each  of  those 
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y^ars  augmented  that  part  of  his  stock  which  was  not 
so  expended  by  \  thereof.  At  the  end  of  the  third 
year  his  original  stock  was  doubled.  What  was  that 
stock?  Ans.  740/. 

Prob.  72.  In  a  naval  engagement^  the  number  of 
ships  taken  was  7  more,  and  the  number  burnt  two 
fewer,  than  the  number  sunk*  Fifteen  escaped,  and 
the  fleet  consisted  of  8  times  the  number  sunk.  Of 
how  many  did  the  fleet  consist  ? 

Ans.  32, 

Prob.  73.  A  cistern  is  filled  in  twenty  minutes  by  • 
thre^  pipes,  one  of  which  conveys  10  gallons  more, 
and  the  other  4  gallons  less,  than  the  third,  per  mi- 
nute.    The  cistern  holds  820  gallons.     How  much 
flows  through  each  pipe  in  a  minute  ? 

Ans.  22,  7,  and  12  gallons.  ^ 

Prob.  74.  A  sets  outs  from  a  certain  place,  and  tra- 
vels at  the  rate  of  7  miles  in  Ave  hours  ;  and  eight 
hours  afterwards  6  sets  out  from  the  same  place,  and 
travels  the  same  rdad  at  the  rate  of  five  mtles  in  three 
hours.  How  long,  and  how  far,  must  A  travel  before 
be  is  overtaken  by  B  ? 

Ans.  50  hourSf  and  70  nnles. 

Prob.  75.  There  are  two  places,  154  miles  distant, 
from  wfajch  two  persons  set  out  at  the  same  time  (o 
to  me^t,  one  travelling  at  the  rate  of  3  miles  in  two 
hours,  and  the  other  at  the  rate  of  5  miles  in  four 
hours,.  How  long^  and  how  far  did  each  travel  before 
they  met  ? 

\    Ans.  56  hour^  ;  and  84,  and  70  miles. 

§    II.    SOLUTION    OF    PROBLEHS    PRODUCING   SIMPLE 

EQUATIONS,        « 

Involving  more  than  one  unknown  Quantity. 

26^  The  usual  method  of  solving,  determinjite 
problems  of  the  'first  degree,  is,  to  assume  as  many 
unknown  letters,  namely,  x,  ^,  z,  &Cm  as  there  are 
unknown  numbers  to  be  n>und  i  then,  having  properly 

26 
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examiDed  the  iheeniog  niid  con^tioos  of  the  problem, 
translate  the  several  conditions  into  as  many  distinct 
algebraic  equations .  and,  finally,  by  .  the  resolution 
of  these  equations  according  to  the  rules  laid  down 
in  Chapter  IV,  the  quantities  sought  will  be  deter- 
mined. It  is  proper  to  observe  that,  in  certain  cs^ee, 
other  methods  of  proceeding  may  be  used,  ,wbich 
practice  and  observation  alone  can  suggest* 

Problsm  I. 

There  are  two  numbers,  suck,  that  three  times  the  greater  added 
to  one-third  the  lesser  is  equal  96 ;  and  if  twice  the  greater  be  sob- 
traeted  from  6  times  the  lesser,aDd  the  remainder  divided  by  6,  the. 
quotient  will  be  4.    What  are  the  numbers.? 

Let  X  designateihe  greater  number,  and  y  the  lei- 
ser  number, 

Then3.+|=30  ^      c  9.+ ,=  ,ae(A), 

a„d5^%4  5j  ••     ?6y-2«=   32(B); 

Multiplying  equation  (A)  by  6,  6y+54a;=646  > 

but  6y—  2a;=  32  4 

»•.  by  subtraction,  56a?=610, 
and  by  division^  j?s=ll* 
From  equation  (A),  y=108-- 9«; 

.*.  by  substitution,  y=:  108—99,  or  y^9. 

# 

Frob.  %  After  A  had  won  four  shiUings  of  E,  he  had  ^nly  half 
as  many  shiUings  as  B  had^  left.  Bat  had  B  won  six  shillings  of 
A,  then  he  would  have  three  times  as  maay  as  A  would  have  had 
left.    How  many  had  each  ? 

Let  0?=  designate  the  number  of  shiUings  A  had, 
and  y=  the  number  B  had  ; 

theny — 4=2x+8, 
andy+6=»3a:  — 18;  * 

.*.  by  subtraction.  10=^«-^26, 
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and  by  transposition,  36  ==0;,  or  x=36; 
^  by  sabstitution,  y — 4=3X36  —  18; 

~         '  and  by  transposition,  y^ 84  3 

.•.  A  had  36,  and  B  84. 

^rob.  3.  What  fraction  is  that,  to  the  namerator  of  whfch  if  4 
be  added,  the  value  is  oae-half,  bat  if  7  be  added  to  the  denoioina- 
tor,  its  value  is  one-fifth  ?  -    - 


Let  a?=  its  numerator,  f  .,,,/.      i.-  *  ^ 

then  the  fraction-. 


«^=  denominator,  j     ^  *  ••"        ^         • 
Add  4  to  th0  numerator,  then  =^,  •••  2cc+8=» ; 

3D 

Add  7  to  tjie  denom',   then  — r--==i,  .•.  5x^y'\'7i 
.  y+7  ^ 


-  by  subtraction,  3a?— 8=7  ; 

by  trausposition,^3x=1d;  .*.  a?=5; 

aad  jtt=2a?+8j  •*.  by  substitution,  ^= 10+ B^be  18, 

.5 
and  the  fraction  is  — • 

18 

Prob.  4.  A  and  B  have  certalo-sams  of  money,  says  A  to  B,  give 
me  162  of  yovr  money,  and  I  shall  have  6  times  as  much  as  you 
have  left :  says  B  to  A,  give  me  bl  of  your  Money,  and  I  shall 
have  exactly  as  nntch  as  you  will  hAve  left.  What  sum  of  money 
had  eaeh  ? 

Let  x=^  A^  money, )  then  ^^  \b^  what  A  would 
y  ==:  B's,  5  have,after  receiving  1 8/  from 

B.  % 

%f — ]5s=  what  B  would  have  left. 
Again,  y+ 5=  what  B  would  have  after  receiving 
5/  from  A., 

a;— 5=  what  A  would  have  left. 
Hence,  by  the  {urobleai,  a?+15=c5X(y— 15)3=5^ 
-75, 
andy+S—ac— 5. 

By  transposition,  % — a? = 9  0, 
and    t^ — *==  — 10; 


■•n 
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.•.  by  subtraction,  4y= 100, 
and  by  division,  i/=25  B's  money. 
From  the  second  equation,  a;==y-H10  ; 

.'.  by  substitution,  a;=25+ 10=35  A's  money.  ^ 

• 

Prob.  6.  A  person  was  desirous  of  relieving  a  certain  nuoilier  of 
beggars  by  giving  Ihem  2s.  6d.  each,  but  found  that  he  had  not  mo- 
ney enough  in  his  pocket  by  3  shiUings;  he  then  gave  them  2 
shillinss  cacbj  and  had  foitr  shillings  to  spare.    What  money  had 
he  in  his  pocket;  and  how  many  beggars  did  he  relieve  ? 

Let  a;=  money  in  his  pocket  (in  shillingsyp 
2/=  the  number  of  beggars. 

Then  2^  Xy,  or  -~^=   number  of   shillings  which 

<^ 

would  have  been  given  at  28.  6d.  each  5 

and  2Xy,  or  2^=      .     .     .     .    at  :is  each. 

Hence,  by  the  problem,  -^=a?+3(A), 

«  and  2y=x— 4(B). 

.*.  by  subtraction,  ^=7, 

or  ^"s:  14,  the  number  of  beggars. 
From  equation  (B),^==2y+4=2'Xl'4+4,  by  sub- 
stitution, .-.  x=32,  the  shilh'ngs  in  his  pocket. 

Prob.  6.    There  is  a  certain  namber,  consisting  of  two  digits. 
The  mm  of  those  digits  is  5 ;   and  if  9  be  added.to  the  inimber  it-     - 
self,  the  digits  will  be  Inverted.    What  is  the  mimber  ? 

Here  it  may  be  observed,  that  every  number  con- 
sisSting  of  two  digits  is  equal  to  10  times  the  digit  in 
the  tens  place,  plus  that  in  the  units  ;  thus,  24=2  X 
10+4=20+4. 
Let  0:=  digit  in  4he  vnits places 

y=  that  in  the  tens. 
Then  10a? +y=  the  number  itself^ 

and  IO^+aj=  the  number  with  its  digits  inverted^ 
Hence,  by  the  problem,  a;+y=5(A)j 
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and  lOx+y+9— 10y+«5  or  by  transposition,  9qp—9y 
=5s-*-9;  •••  by  division,  a? — y=— 1(B). 
Sabtractitig  equation  (B)  from  {A),  2ya=6  ;* 

.\  yss:3,  and  a?=5 — y=5— 3=2  5 
,*.  the  number  is  (10a?+y)28. 
Add  9  to  this  number,  and  it  becomes  32,  which  is 
the  number  with  the  digits  ihveHed^ 

Prob.  7.  A  som  of  money  was  divided  equally  amongst  a  certain 
number  .of  persons ;  bad  tbere  been  four  more,  eaefa  would  bave 
r*ceived  one  sbiUing  less,  and  bad  tbere  been  four  fewer,  eacb 
would  bare  receiyed  two  sbilliugs  more  than  be  did :  required  tbe 
number  of  persons,  and  wbat  eacb  received. 

Let  X  designate  tbe  number  of  persons, 
y  the  sum  each  received  in  shillings  ; 
then  xy  is  the  sum  divided  : 

•••  3py+4y — X  — 4=s=a;y,  or      Ay —  x=45 
and  aj^T— 4y+2x— 8ss=a?y,  or  -^4y+2ic=8  ; 

•*•  by  addition,  a?= 1 2  • 
and  4y=4+a?=4-f-12;  ♦••yss4. 

Prob.  8.  A  man,  bis  wife,  and  son's  years  I0t1t«  9<^  of  wbicb  the 
father  and  9on*B  equal  the  wife's  and  16  years  over,  and  tbe  wife 
and  son's  equal  tbe  man's  and  two  years  over.  Wbat  was  the  age 
of  each  ?     , 


Suppose  X,  y,  and  z  =  their  respective  ages. 
Ist  condition  «+y4-^*=96,  i 
:2nd    .     •     .     X +2  =3^  + 1 5,  >    by  the  problem* 
3d      .     .     .     y+^=a?+  2,3 
Subtracting  the  2nd  from  the  l8t,y=96— y— I5j 

.%  2vs81,  and  y=40j  by  division. 
Subtracting  the  3d  from  the  Ist,  «a=s90— :c— 2 ; 

.*•  by  transposition  and  division,  x^Al. 
And  from  the  1st,  za=t96-*y-*-« ;  .•,  z^^l* 
And  their  ages  are  47,  40},  and  8}  resji^ctively. 

26* 
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Prob.  9.  A  labourer  working  for  a  geBttemao  during  12  days,  and 
having  bad  with  him,  the  first  seven  days,  his  wife  and  son,  re- 
ceived 74  shillings ;  he  wrought  afterwards  8  other  days,  dtiring  6 
of  which  he  had  with  hira  his  wife  and  son,  and  he  received  60 
shillings.  Required  the  gain  of  the  labourer  per  day,  and  also^  that 
of  his  wife  and  son.. 

Let  a?=  the  daily  gain  of  the  husband, 
y^  that  of  the  wife  and  son ; 
12  daj8  work  of  the  husband  would  produce  12a7, 
7  of  flbe  wife  and  son  would  be  7y ; 

.%  by  the  first  condition,  12x+  7y=  74 

and  by  the  second,     8a;-f  %==  50 

Multiplying  the  1st  equation  by  2,  54a;+l4y=Tl48 

2nd     .     .      by  3,  24a?+15y=150 


.*.  by  subtraction,  y=2» 
And  from  the  2nd,  8a?=50— 5y==50— M); 

.•.by  division,  a;==&. 
Conseqiiently  the  husband  would  h^ve  gained  alone 
5s«  per  day,  and  the  wife  and  son  2  shillings  in  the 
sanr^e  time. 

.  267.  Let  us  now  suppose,  that  the  first  sum  re- 
ceived by  the  workman  was  46s,  and  the  second  30s, 
the  other  circumstances  remaining  the  ssime  as  before ; 
The  equations  of  the  question  would  be 
J2«+7y=46,  and  8a;+5y==30- 
From  whence  we  find,  by  proceeding  as  above, 
'  a;=5,  and3(=— 2.        / 

By  putting  in  the  place  of  x  its  value  5,  in  the 
above  equations,  Ihey  become 

60+7^=46,  and  40+5y=30. 
The  inspection  alone  of  these,  equations  show  an 
absurdity.  In  fact,  it  is  impossible  to  form  46  by  add- 
ing an  absolute  number  to  60,  which  is  already  great- 
er than  It;  and  in  like  manner  it  is  impossible  to  form 
30  by  adding  an  absolute  number  to  40. 

Consequently  what  we  atlributed  as  a  gain  ta  the 
labour  of  the  wife  and  son,  must  be  an  expense  to  the 
husband,  which  is  also  verified  by  the  result  j?==— 2. 
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268.  The  negathre  value  of  y  makes  known  there-- 
fore  a  rectification  in  the  enunciation  of  the  problem  9 
since  that,  instead  of  adding  7y  to  120?  in  the  first 
equation,  and  5y  to  9x  in  the  second,  y  being  consi- 
dered a  positive  or  an  absolute  number,  we  must 
subtract  them  in  order  to  have  the  sum'  given  for  the 
common  wages  of  these  three  persons ;  or  what  is 
the  same  thing,  if,  in  place  of  considering  the  money 
atti^ibuted  to  the  wife  and  son  as  again,  we  would  re- 
gar^  it  as  an  expense  made  by  them  to  the  charge  of 
the  workman  -,  tl^en  we  must  subtract  this  money 
from  what  the  man  would  have  gained  alone,  and 
there  woqld  be  no  contradiction  in  the  equations, 
since  they  would  become 

60— 7y=46,  and  40— 5y=30; 
ffom  either  of  which  we  would  derive  y=^2 ;  and  we 
should  therefore  conclude  that  if  the  workman  gained 
5s«  per  day,  his  wife  and  son's  expense  is  2s«,  which 
can  be  otherwise  verified  thus  :  * 

For  12  days  Work,  he  receives  5X12  or  60s.  5  the- 
expense  of  his  wife  and  son  for  7  days,  is  2X7  or 
1 4s  ^^and  there  remain  46  shillings. 

Again,  he  receives  for  8  days  work  5  X  8  or  4Qs.,  the 
expense  of  his  wife  and  son  during  5  days  is  2X5'or 
10s.  'y  therefore  bis  clear  gain  is  30  shillings.  ^ 

269.  It  is  ,very  evident  tjiat,  in  place  of  the  enun- 
ciation of  (Prob.  9),  we  must  substitute  the  following, 
tn  order  that  the  problem  proposed  may  be  possible, 
with  the  above  given  quantities  : 

i^  labourer  working  for  a  gentleman  during  12  days, 
having  had  with  him^  the  first  7  days^  his  wife  and  son, 
who  occccsion  an  expense  to  Aam,  received  46  shillings  ; 
he  has  wrought^  afterwards^  for  8  other  days^  on  5  of 
which  he  had  with  him  his  wife  and  son^  whqse  expenses 
h^r  must  still  defray^  and  he  received  30  shillings •  lie- 
quired  the  salary  of  the  workman  per  day^  and  alsor 
tjvf  expense  of  his  wife^and  son  in  the  same  time* 
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*  Desigaating  by  « the  iktly  wages  of  the  workman, 
and  by  y  the  expense  of  his  wife  and  son,  for  the 
same  time;  the  equations  of  the  problem  shall  be 

12«— 7y=46,  and  8aj-^$y«s30j 
which,  being  resolved,  will  give 

cBs^ds,  andyss^^. 

270.  Although  negative  raiues  do  not  answer  the 
enunciation  of  a  concrete  question,  as  has  been  ob- 
served (Art.  199),  yet  they  satisfy  the  equations  of 
the  problem,  as  maybe  rea,dily  verified,  by  substitu- 
fmg  5  for  07,  and  — 2  fory,  in  the  equations  (Art.  267), 
since  they  would  then  become  identically  equal* 

Prob.  10.  Two  pipes,  the  water  flowing  in  each  uniformly,  ^lleU 
a  cistern  containing  330  gallons,  the  one  running  during  6  hours, 
and  the  other  during  4;  the  two  same  pipes,  the  first  runniiig^during 
two  hours,  and  the  second  three,  filled  another  cistern  containing 
195  gallons.^   The  discharge  of  each  pipe  is  required. 

Let  07  represent  the  discharge  of  the  first  in  an 
hour;  y  that  of  the  second  in  the  same  time.    . 

And  in  order  to  have  a  general  solution,  put  a==&. 
6=t4,  c=330,  a'=s2,  i'=3)  c'=195;  then  by  the  con- 
ditions of  the  problem  we  shall  have  these  two  ^ua» 
tions, 

,  ax+by^Ci  and  o'a?+i^=c' ; 

which,  being  resolved  as  in  (Art.  209),  will  givfe 

b'c — be'        J        ac' — a'c 

Now,  by  restoring  the  values  of  a,  6,  c,  &c.,  we  have 

990—780     210     ^^  • 

15—8  7  ' 

975—660     ,, 
andy=_-_.=45. 

Thus,  the  first  pipe  discharges  30  gallons  ^er  hour, 
and  the  second  45. 

271.  Let  us  now  suppose  that  the  first  pipe  running 
during  3  hours,  and  the  second  during  7^  filled  a  cis- 
tern containitig  190gallons ;  that  afterwards^  the  first 


•    t 
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runniiig  4  hour^,  and  the  sec<Dnd  6,  fiiled  a  cistern  con- 
taining 120  gallons. 

In  this  case,  a=3,  6=7,  c=190,  a'=4;  6'=6,  c'= 
120;  and,  consequently,  &'c—5c'=  1140—840=300, 
a6'— a'6=18— 28=  — 10,  rtc'— a'c= 360— 760=  — 
400,  which  will  give  x=^— 30,  and  y=40« 

In' order  td  understand  the  meaning  of  these  re^ 
sult«,  we  must  return  again  to  the  conditions  of  the 
problem,  or  what  amounts  to  the  same,  we  must  try 
how  these  values  of  x  and  ^  satisfy  the  equations  of 
the  problem: 

Thus,  if  we  substitute  —30  for  a?,  and  40  fory,  in 
the  equations  3x+7y=l90  and  4a;+6y=120,  result- 
fng  from  the  above  problem,  we  find  first,  that  3x= — 
90,  and  7y=280,  consequently 3aD+7y=— 90+280, 
which  in  eifeet  is  equal  to  190.  In  like  manner  4a: 
+6y  is  found  to  be  —  120 +S:40,  which  is  equal  to  120. 

Having,  therefore,  discovered  haw  the  values  — 
30  and  +40  of  a?  andy  answer  the  equations  3x+7y 
=s190  and  4ir+6y=120,  w^  perceive  at  the  same 
time  how  they  would  answer  the  conditions  of  the 
problem ;  for  since  the  usethat  has  been  made  of  the 
quantities  3a;  and.4x,  which  express  the  quantities  of 
water  discharged  by  th^  first  pipe  in  the  first  and  se* 
cond  operation,  was  to  subtract  them  from  7y  and 
from  6y,  which  express  the  quantities  furnished  in  the 
s^me  operations  by  the  second  pipe.  The  first  pipe 
must  be  considered  in  thid  case  as  depriving  the  cis« 
terns  of  water  instead  of  furnishing  any,  as  it  did  in 
the  preceding  problem,  and  as  it  was  supposed^n  ex- 
pressing the  conditions  of  this  problem. 

272l  Hence,  in  almost  every  question  solved  after 
a  general  manner,  we  may  always  conclude  that  when 
the  Talue  of  the  unknown  quantity  becomes  negatiHrey 
the  quantity  expressed  by  it,  should  be  considered 
as  being  of  an  opposite  kind  from  what  it  was  sup- 
posed  in  expressing  the  conditions  of  the  ptoblem. 
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What  has  been  said  with  respect  to  uDknownqtlaa- 
ttties,  is  equally  applicable  to  known  quantities,  that 
is,  when  a  general  solution  is  applied  to  any  particular 
case,  if  any  of  the  given  quantities,  a,  6,'  c,  &c.  m  the 
problem,  are  negative* 

273.  Let  it  be  proposed,  for  example,  to  find  what 
should  be,  in  the  foregoing  problem,  the  discharges  of 
two  pipes,  that  the  first  furnishtog  water  during  *3 
hours,  and  the  second  4,  may  fill  a  cistern  containing 
320  gallons,  and  that  the  second  pipe  afterwards  foi^- 
nishing  water  during  €  hours,  whilst  the  first  dis- 
charges it  during  S  hours,  may  fill  a  cistern  contmn- 
ing  1 80  gallons. 

We  have  only  to  put  in  the  general  solution  (Art. 
270),  tf«3,  A^4,  c=s320,  o'=  — 3,  6'=€,  c'=Jao^ 
and  there  will  result  x=40,  and  ^=s:50* 

From  whence  it  appears  (hat  the  discharge  of  the 
first  pipe  is  40  gallons  per  hour,  either  to  carry  uway 
the  water  as  in  the  second  operation,  or  to  furnidi  fit 
as  in  the  first,  and  the  discharge  of  the  second,  #0 
gallons  an  hour,  which  it  furnishes  in  both  operati<Mis« 

Prob.  !!•  A  certain  sum  of  money  put  out  to  in- 
terest, amounts  in  8  months  to  297/,  12^. ;  and  in  15 
months  its  amount  is  306/  at  simple  interest.  What 
is  the  sum  and  the  rateper  cent ? 

Ans«  288/,  at  5  per  cent. 

Prob.  12.  There  is  a  number  consisting  of  two 
digits,  the  secand  of  which  is  greater  than  the  first,  and 
if  the  number  be  divided  by  the  sum  of  its  digits,  the 
quotient  is  4  ;  but  if  the  digits  be  inverted,  and  that 
number  divided  by  a  number  greater  by  2  than  the 
difierence  of  the  digits,  the  quotient  becomes  14* 
Required  the  number. 

Ans.  48. 

Prob.  13»  What  fraction  is  that,  whose  numerate 
being  doubled,  and  denominator  increased  by  7,  the 
value  becomes  f ;  but  the  denominator  being  doubled, 
and  the  numerator  increased  by  2,  the  valae  becomes 
?  ?  Ans.  f . 
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Prob.  14,  A  Farmer  partiDg  with  his  stock,  |e]Is  to 
one  person  9  Worses  and  7  cows  for  300  dollars ;  and 
to-another,  at  the  same  prices,  6  horses  and  IS  cows 
for  the  same  sum*     What  was  the  price  of  each  ? 

Ans.  the  price  of  a  cow  was  12  dollars,  and  of  a 
borse  ^4  dollars. 

'  Prob»  15.  A  Vintner  has  two  casks  of  wii^e,  from* 
the  greater  of  which  he  draws  15  gallons,  and  from 
tile  less  11;  and  finds  the  quantities  remaining  in  the 
proportion  of  8  to  3.  After  they  became  half  empty, 
he  puts  10  gallons  of  water  into  each,  and  finds  that 
th^  quantities  of  liquor  now  in  them  are  as.  9  to  5. 
How  many  gallons  will  each  hold  ? 

Ans*  the  larg^  79,  and  the  smaller  S5  gallons. 

Prob*  I  &•  A  person  having  laid  out  a  rectaosular 
bowling-green,  observed  thait  if  each  side  bad  been 
4  yards  longer,  the  adjacent  sides  would  have  been  in 
the  ratio  of  5  to  4 ;  but  if  each  had  been  4  yards 
shorter,  the  ratio  would  have  been  4  to  3.  What  are 
the  lengths  of  the,  sides  ?     , 

Ans-  ^6,  and  28  yarfls. 

Pfob.  17-  A  sets  out  express  from  C  towards  D, 
and  three  hours  afterwards  B  sets  out  from  D  towards 
C,  travelling  2  miles  an  hour  more  than  A.  When 
they  meet  it. appears  that  the  distances  they  have 
trayelfed  are  in  the  proportion  of  13  to  15  ;  but  had 
A  traveliedfive  hours  less,  and  B  had  gone  2  miles. 
an  hour  more,  they  would  have  been  in  the  propor- 
tion of  2  :  5.  How  many  miles  did  eachgo  j!7er  hour, 
and  how  many  hours  did  they  travel  before  they  met  ? 

Ahs«  A  went  4,  and  B  6  miles  an  hour,  and  they 
travelled  10  hours  ^fter  B  set  out« 

Prob.  1  ^.  A  Farmer  hires  a  farm  for  245/  ptr 
annunHf  ^e  arable  land  being  valued  at  2/ an  acre, 
and  the  pasture  at  28  shillings:  now  the  number  of 
acres  of  arable  is,  to  half  the  excess  of  the  arable 
above  the  pasture  as  28  :  9.  How  many  acres  were 
there  of  each  ? 

Ans.  98  acres  of  arable,  aiid  35  of  pasture. 

Prok  19*  A  and  B  playing  at  backgammon,  A  bet 
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38.  to  2a.  on  every  game,  and  after  a  certain  number  of 
games  Tound  that  he  had  lost  17  shillings.  Now  had 
A  won  3  more  from  B,  the  number  he  would  then 
have  won,  would  be  to  the  number  B  had  won,  as  5 
to  4*     How  many  games  did  they  play  ? 

Ans.  9» 
•  Prob.  30*  Two  persons,  A  and  6,  can  perform  a 
piece  of  work  in  16  days.  They  work  together  for 
4  days,  when  A  being  called  off,  B  is  left  to  finish.it, 
which  be  does  in  36  days  more.  In  what  time  would  . 
each  do  it  separately  ? 

Ans.  A  in  34  days,  and  B  in  48  days. 

Prob.  21.  Some  hours  after  a  courier  had  been 
seht  from  A  to  B,  which  are  147  miles  distant,  a  second 
was  sent,  who  wished  to  overtake  him  just  as  he  en- 
tered B  ;  in  order  to  which  he  found  he  must  perform 
the  journey  in  38  hours  less  than  the  first  did.  Now 
the  time  in  which  the  first  travels  17  miles  added  to 
the  tinie  in  which  the  second  travels  56  miles  is  1 3 
hours  and  40  minutes.  How  many  mile^  doe^t  each 
go  per  hour?        * 

Ans.  the  first  goes  3,  and  the  second  7  miles  an    - 
hour.  ' 

Prob.  23.  ^wo  loaded  wagons  were  weighed,  and 
their  weights  were  found  to  be  in  the  ratio  of  4  to  5. 
Parts  of  their  loads,  which  were  in  the  proportion 
of  6  to  7,  being  taken  out,  their  weights  were  then 
found  to  be  in  the  ratio  of  3  to  3  $  and  the  sum  of 
their  weights. was  then  ten  tons.  What  were  the 
weights  at  first  ?  .  ^ 

Ans.  16,und  30  tons. 

Prob.  33.  A  and  B  severally  cut  packs  of  cards;  so 
as  to  cut  c^  less  than  they  left.  Now  the  number  of 
cards  left  by  A  added  to  the  number  cut  off  by.B, 
make  50  ;  aUo  the  number  of  cards  left  by  both  ex- 
ceed the  number  cut  off,  by  64.  How  many  did  each 
cut  off?  • 

Ans.  A  cut  off  11,  and  B  9. 

Prob.  34.  A  and  B  speculate  with  different  sums  ;    v 
A  gains  150/,  B  loses  50/,  and  now  A's  stock  is  -to  B^s 
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ms  3  to  2,  But  bad  A  k>st  50/,  and  B  gained  lOQl^ 
then  A*8  stocfc  would  have  been  to  B's  as  5  to  9. 
Wbat  was  the  stock  of  each  ? 

.  Ans,  A's  was  300/,  and  B's  350L 

Prob.  25.  A  Vintner  bought  6  dozen  of  port  wine 
and  3  dozen  of  white,  for  12/«  12  shillings;  but  the 
price  of  each  afterwards  falling  a  shilling  p^r  bottle,, 
be  had  20  bottles  of  port,  and  3  dozen  and  0  bottles 
W  white  more,  for  the  saa>e  sumr  What  was  the 
price  of  each  at  first  ? 

Ans.  the  price  of  port  was  3s.  and  of  white  2s^  per 
'  bottle. 

Prob.  26,  Find  two  numbers  in  the  proportion  of 
5  to  7,  to  which  two  other  required  numbers  in  the 
j^topartion  of  3  to  5  being  respectively  added,  the 
stims  shall  be  in  the  proportion  of  9  to  13 ;  and  the 
difference  of  .those  suni«'=  16^ 

Ans.  the  two  first  numbers  are  30  and  42  ;  the  two 
otherv^  and  10*-^ 

Prob;  27.  A  Merchant  finds  that  if  he  mixes  sherry 
^nd  brandy  in  quantities  which  are  in  (he  proportion 
of  2  to  1,  he  can  sell  the  mixture  at  7o3./>€r dozen; 
but  if  the  proportion  be  as  7  to  2,  he^ust  sell  it  at 
79  shillings  a  dozen.  Required  the  price  of  each 
^tqitor, 

Ans.  the  price  of  cherry  Was  Sis.,  and  of  brandy 
'  72s.  )>€r  dozens,    / 

Prol).  28.  A  number  conaislrng  of  two  digits  wboR 

dVvided  by  4,  gives  a  certain  quotient  and  a  remainder 

'  of  3  ;.  when  divided  by  D  gives  another  quotient  and 

^  a  remaiuder  of  8.     Now  the  value  of  the  digit  oi)  the 

.  ieft»hand  is  equal  the  quotient  which  was  got  when 

wthe  number  was  divided  by  9 ;  and  the  other  di^it  is 

equal  ^th  of  the  quotient  got  when  the  number  was 

divided  by  4. :  Required  the  mimber* 

Am.  71. 

Prob.  29.    To  find  three  numbers,  such,  that  the 

Jirsi  with  |  the  htitn  of  the  second  and  thiri  shall  be 

120  5. the  second  with  |tb  the  difference  of  th^  (hird 

27 
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and  first  shall  be  70 ;  and  \  the  sum  of  tbe  three 
numbers  ihall  be  95.  .        ^ 

Ans.  50, 65,  and  7d» 

Prob.  30.  There  are  two  nambers,  sueb,  that  \  the 

greater  added  to  \  the  Iiesser  is  13 ;  and  if  }  th^lesser 

be  takf  n  from  ^  the  greater,  the  remainder  is  nothing. 

What  arc  the  numbers  ? 

Ans«  10,  and  IS. 
Prob.  31.  There  is  a  cedaki  number,  to  the  «ufn 
of  whose  digits  if  you  add  7,  the  result  wilt  be  ftree 
times  the  tcu-hand  digit ;  and  if  from  the  number  it- 
self you  subtract  10,  the  digits  will  be  inverted*  What 
is  the  number  ?  '  - 

"  Ans.  53:; 
Prob.  32.  A  person  has  two  hordes,  and  a  saddle 
worth  10/. ;  if  the  saddle  be  put  on  the  Ji^st  horse, 
his  value  becomes  dotible  that  of  the  second  ;  but  if 
the  saddle  be  put  on  the  second  horse,  his  value  will 
not  amount  to  that  of  the  Jirst  horse  by  13/.  What 
is  the  value  of  each  tiori^e  ? 

Ans.  56  and  ^5. 
Prob.  33.  A  gentleman  being  asked  the  age^of  his 
two  sons,  answered,  that  ff  to  the  sum'  of  their  ages 
18  be  added,  the  result  will  be  double  the  age  of  the 
elder ;  but  if  6  be  taken  from  the  difference  ofaheijr 
ages,  the  remainder  will  be  equal  to  the  age  of  the 
younger.     What  then  were  their  ages^ 

Ans.  30  and  !?• 
Prob.  34.  To  find  four  numbers,  such,  that  the  sum 
of  the  1st,  2d,  and  3d,  shall  be  13  5  the  sum  of  the" 
Ist,  3d,  and  4ih,  15 ;  the  sum  of  the  1st,  3d,  and  4tb, 
18  i  and  lastly  the  sum  of  the  2d,  3d,  and  4th,  20. 

'  ,  Ans.  2,  4,  7,  9. 
Prob.  35.  A  son  asked  his  father  how  old  he  Was; 
His  father  answered  him  thus.  If  you  take  away  5 
from  my  years,  and  divide  the  remainder  by  8,  the 
quotient  will  be  }  of  your  age ;  but  if  you  add  2  to 
your  age,  and  multiply  the  whole  by  3,  and  theii  sub- 
tract 7  from  the  product,  you  will  have  the  number 
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of  the  years  of  my  age.    What  was  the  nge  b(  the 
fjlther  a&d  son  ? 

Ab3«  53,  and  18. 

Prob.  3$.  Two  persoB&,  A  and  B,  had  a  mind  to 
purchase  ar  house  rated  at  1200  dollars  ;  says  \  to  6, 
if  you  give  me  |  of  your  money,  I  can  purchase  the 
house  alone  j  but,  says  B  to  A,  if  you  will  giVe  me 
^th  Virf  yenrs,  I  shall  be  able  to  purchase  the  house. 
How  much  money  had  each  of  them? 

Ana.  A  had  800,  and  B  600  dollars. 

Prob.  37.  There  is  a  cistern  into  which  water  is 
admitted  by  three  cocks,  two  of  which  are  exactly  of 
the  same  dimensions*  When  they  are  all  open,  five- 
twetfths  of  the  cistern  isilled  in  4  hours ;  and  if  one 
of  the  equal  cooka  be  stopped,  seven-ninths  of  the 
cisterQ  is  filled  in  10  hours  and  40  minutes.  In  bow 
^fiaay  hours  would  eachxock  fill  the  cistern  ? 

Ans.  Each  of  the  equal  ones  io  32  hours,  and  the 
other  in  24.  ^ 

36.  Two  shephetds^  A  and  B,  are  intrusted  with 
ike  charge  of  two  -flocks  of  sheep.  A^s  consisting 
chiefly  of  ewes,  many  of  which  produced  lambs,  is  at 
ibe  ead  of  the  yrar  inereased  by  80 ;  hut  B  finds  his 
stock  diminished  by  20 ;  whea  their  numbers  are  in 
Ibe  pcopor^n  of  8  :  3«  Now  bad  A  lost  20  of  his 
sheep,  and  B  had  an  increase  of  90,  the  immbers 
would  have  been  in  the  proportion  of  7  to  10.  What 
were  the  Ruoibers  ? 
V  Ana.  A's  160,  and  B's  1 10. 

Prob«  39.  At  an  ele&tioH  for  two  members  of 
ooi^ress,  three  men  offer  themselves  as  candidates ; 
the  Bumber  of  voters  for  the  two  successful  ones  are 
in  the  ratio  of  9  to  8 ;  and  if  the  first  had  bad  7 
mote^  his  majority^  over  the  second  would  have  been 
to  the  majority  of  the  second  over  the  third  ad  12 :  7. 
Now^if  the  first  and  third  had  formed  a  coalition,  and 
had  oncf  more  voter,  they  would  each  have  succeeded 
by  a  majority  of  7.    How  many  voted  for  eaoh  ? 

Ans.  369,  326»  and  300,  respectively. 
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CHAPTER  Vf. 


OH 

THE  INVOHJnON  AND  EVOLUTION 

OF  NUMBERS,  AKD  OF  ALGEBRAIC  QUANTITIES. 

S74.  The  powers  of  any  quuntihf^  are  the  Htetsegsivt 
products^  arising  from  tmity,  corUinuaUy  muliiplied  by 
that  qtumtiiy*  Or,  the  power  of  the  order  m  of  a 
quantity,  m  being  a  wbole  positive  mimber,  is  the 
product  of  that  quantity  continually  multiplied  nt-^l 
times  into  itself,  or  till  the  number  of  factors  amount^ 
to  the  number  o{  uBits  in  that  given  power* 

275.  Involution  is  the  method  of  raising  any  quan- 
tity to  a  given  power,  Evolution,  of  the  extraction, 
of  roots,  being  just  the  reverse  of  Involution,  is  the 
method  of  determining  a  quantity  ivhich,  raised  to  a 
proposed  power,  will  produce  a  givep  quantity. 

NoTE.-^The  term  root  has  been  already  defined, 
(Art  15). 

§    L    INVOLUTION   OP   ALGEBEAIC   QUANTITIES.  \ 

276.  It  has  been  observed,  (Art.  13),  that  the 
powers  of  alge)>raic  quantities,  are  expressed  by  pla- 
cing the  index  or  expomnt  of  the  .power  ov<er  the 
quantity.  ^ 

Hence,  if  a  proposed  roof  Be  a  single  lethr  undzoitk" 
out  a  coefficient^  any  required  power  of  it  mil  be  ««- 
presssed  by  the  same  letter  mith  the  index  of  the  po^oer 
written  over  it^  Thus,  the  nth  power  of  a  is  ;==;«%  m 
being  any  positive  number  whatever. 
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277*  If  the  proposed  root  be  ilfelf  a  pow/tt^  the  re^ 
quired  power  will  be  obtained  by  mtUt^ying  the  index 
^  the  given  power  into  that  of  the  required  poMr* 
Thus  the  mth  power  of  fl?,  or  (aJ')"»=a~^  ;  for  since, 
(Art.  2^74),  (ay)"'=fl^Xa'Xa^  &c.    ==aHi»-+*+-^«= 

fl^. (^) 

where  the  number  of  factors  a^  it  equdi  torn. 

27a.  Also,  if  a  sin^k  mjmntiljf  be  composed  of&eyt- 
raifaeiore<i  it  can  be- raised  to  any  power  by  multiplying 
the  it^dex  of  every  factor  in  the  quantity  by  the  expo- 
nent '  of  $hc  power » ,  Thus  the  »ith  power  of  (o't^c*'), 
or(a'*6«c0"  is  =  a»*«i«"»cr'* ;  for  since  (Art.  274), 
afJv)^=(a'6V>X(a^i«c''),  &c.  «  a^a^^  . ...  6<ir«  .  •  * 
c'-c'  .  .  .  =(ay)«X(&^^)~X(€'^)"'  ;  .  .  .  .  (2); 
hy^ob^erviDg  that  in  each  of  these  products,  such  as 
€^€^  &C*,  or  b  M  &c«,  there  enter  m  equal  Actoi^. 

Cor,  Heace,  if  the  proposed  quantity  has  a  numeri- 
cal €0^fficiefU<f  it  must  also,  be  involved  to  the  required 
power ^  Thus  tlie  fourth. power  of  Su^b^  is  =5s  3  a^** 
6a*«=:3x3X3X3Xo»6*=81a«6».  For  the  numeri- 
cal coe^&Qiept  is  in  this  case  the  same  as  any  other 
fiMptor. 

'     ROOTS  AND  POWERS  OF  NUMBERS. 


1st. 

•       ■ 

r 

1 

2 
3 
4 
5 
6 
7 
8 
0 


• 

« 

^ 

Sqaare 

2d. 

1 

3d. 

4tfa. 

5tb, 

6th. 

7th. 

root , 

1 

1 

1 

• 

1 

1 

1 

4 

8 

16 

32 

64 

128 

1.414213 

9 

27 

81 

243 

729 

2187 

1.732 

16 

64 

256 

1024 

4096 

16384 

2. 

25 

125 

625 

3125^ 

1 5625 

78125 

2.236 

36 

216 

1296 

7776 

46656 

'279936 

2.449 

4d 

343 

2401 

16807 

117649 

823543 

2.646 

64 

512 

4096 

32768 

262144 

2097152 

2.828 

81 

729 

6561 

59049 

[531441 

4782969 

3. 

Cube 
root. 


1 

1.26 

1.442 

1.587 

1.71 

1.817 

1.913 

2. 

l-iios 


27^ 
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379.  Jhny  power  of  a  friBietumis  equal  to  the  same 
power  of  the  numerator  divided  by  the  like  power  of  ike 
denominator* 

Thus  the  mth  power  of  ^,  or  (t|"=t;s5      f<^i' 

(Art.   274),   Y|V«?xJxJ,  &c.    «   (Art.   166), 

ax  a  Xa,  etc.    a"       ,         ..  ,        ^r    i.       «  • 

7 — 7 — 7-    .    =7r;  where  the  number  of  Actors  -r  is 
6x6x4,  etc.    6**       .  6 

equal  to  m* 

a  6< 
And  in  like  manner  the  ?nth  liower  of  — -  or 

280.  jf  ny  even  power  of  a  positive  or  negative  qtuzn- 
tittfj  is  necessarily  positive,  in  feet,  2m  being  the  for- 
mula of  eren  numbers,  we  have  (±a)®**=3:{(i*ti)"] 
*=(+«")"«+«*"*     .........     (4). 

281.  Any  odd  power  of  a  quantity  wHl  have  the  same 
sign  as  the  quantity  itself.  For,  the  general  formula 
of  odd  numbers,  (Art.  Ul),  beii^  2m+I,  we  have 

sfca)««+»=r  (=t:a)  "^X  (=fco)  =«*"'X=t:a=^=ta»'«+» 

The  involution  of  algebraic  quantities  is  generalljr 
divided  into  two  cases^ 


CASE  I. 
To  involve  a  simple  algd>raic  Quantiti/. 

EULE. 

282.  Raise  the  coefficient,  if  any,  to  the  required 
power,  then  multiply  the  index  of  each  factor,  or  let- 
ter^ by  the  index  of  the  required  power,  and  write 
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their  several  products  over  tbeir  respeetive  factors  :* 
Let  the  quantities  tbas  tirising  be  annexed  to  each 
other  and  to  the  same  power  of  the  coefficient,  pre* 
fixing  the  proper  sign,  and  it  will  be  the  power  re- 
quired. Or,  multiply  the  quantity  into  itself  as  many 
times  less  one  as  is  denoted  by  the  index  of  the  power,, 
and  the  last  product,  with  the  proper  sign  ^i^efixed) 
will  be  the  answer. 

Ex.  L  Required  the  square,  or  second  power  of 

Here,  (2ai)'=4Ka»x6«=:4a»A«.  Mt. 

Ex.  2.  What  is  the  cube  of  —  SaH"*  ? 

Here,(— 3a«6«)»=  (Art.  281), -T-(3a«6^)3=-.81 

Ex.  3.  What  is  the  4th  power  of  — Sa^a?'  ? 
Here,  (— 2fla«>)*=t  (Art.  280),,  +(2a^x»)*  =  16  X 
a»«  a:»**«iea*»aj'.  Am.  .  ^ 

Ex.  4.  What  is  the  cube,  or  third  power  of  €iic  ? 
Here,  a6cXa6cXa6c=saXaXax6x6x6XcXcX 

283.  Whm  the  quantity  to  he  involved  is  a  fractionji 
raise  both  the  aumerator  and  denoroiuator  to  the 
power  proposed  (Art.  279). 

Ex.  ^.  Required  the  4th  power  of  — — . 
Here,  (-L\*^^(L\*=L^ty,Ly^L=. 

16a*  \     2a)  (2rt)*    2*  Xa*     \6a* 


Ei.  6.  What  is  the  4th  power  of  ~|^  ? 

*^  3a? 


,        i6a* 
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Et.  7.   What  is  tte  8tb  power  of  Za^  % 
Ex.  8.  What  is  the  7th  power  of  —a:  ? 


a'  , 


Ex.  9.  What  18  the  6th  power  of 

Ans* 


c  .    .         c' 


Ex.  10.  What  i&the  JSIh  power  of  -  ?   Aos.  jj^« 
Ex.  1 1 .  What  is  the  4th  power  of  ~ 


? 


Ex.  12.  Required  the  cube  of  -. — -jp.?  ^ 


626** 

^'^*  iioF 

36 

AQ8«   — ^ 


Ex,  13.  Required  the  square  of  +a^6«  ? 

Ans.  a*6*. 

Ex.  14.  Required  the  9tb  power  of  -~a?y  ? 

.        Ans.  — op*^*. 
Ex.  15.  Required  the  ath  power  of  xy? 

Ans.  I. 

Ex.  16.  Required  ttie  4th  power  of  a-^  ? 

*  A  -2«  1 

Ans.  a,     or  — -. 

a' 

CASE  II.  ■  ' 

2b  involve  a  comp&un^  algebraic  Quantity.  * 

RULE    I.  - 

284.  Multiply  the  given  quantity  contidually  into 
itself  as  many  times  minus  one  as  is  denoted  by  the  \ 

index  of  the  power,  as  in  the  multiplication  of  coca- 


INVOLUTION,  309 

pound' algebraic  qnantities  (Art.  79),  and  the  last  pro- 
duct will  be  the  power  required. 

Ex-  1.  What  is  the  square  of  o+2*  ? 

.  '    a+26 


.. : —     f 

Square  =aa'+4aA+46* 


EXr  2.  What  IS  the  cubje  of  a*—a;^  ^ 

a* — x* 


a^  — «» 
Cube  =a»-~3<r»aj«+3a^«*— 3D* 


Ex.  3.  Bllsquired  the  fourth  power  of  a+Sh 

Ans.  a*  +  12a«6+54a^6'  +  108a6'  +  8l6*. 

Ex.  4.  Required  the  j^ruare  of  3ap*+2aj+5./ 

Ans*  9a?*  +  12x^+34a5*+20a?+25* 
Ex.  5.  Required  the  cube  of  S«*— 5v 

Aqs.  2ra?»— I35a?3+225x— 125. 
Ex.  G.  Required  (he  cu^e  of  x'-^^x+l, 

Ans.  »•— 6«*  +  I5a;*— 20a»  +  15a*— 6,«+l. 
Et«  7«  Required  the  fourth  power  <^{  3+3a;. 

An».  16+96ir+216««+2l6.T'+8JvT*. 
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Ex*  fi«  Reqaircd  4be  J^ik  pomur  of  1  --3x. 

Ans.  I— lOap+40«»— 80aj»+80a*~3Sa;«. 
Ex.  9.  Required  the  square  of  a+^+^+^« 
Ana.  a«+*«+c*+d*+2(ciA+«c+tfd-f6c+M+crf). 

285.  In  the  inyolotion  of  a  binomial  or  •  residual 
quantity  of  the  form  a+^  or  a— 6 ;  the  several  teinfls 
in  each  saccessive  power  are  found  to  bear  a  certain 
relation  to  each  other,  and  observe  a  certain  law, 
which  the  following  Table  is  intended  to  explain. 


TABUB   or   TH£   POWfiRS  OF  a+b* 


Powers. 


Square. 


Cube. 


4th  power. 


5th  power. 


6th  powen 


Mode    of  ex- 
pressing them. 


(a+6)». 


(«+&)*. 


(a+6)*. 


■^  ^ 


{a+h) 


Powers  expanded. 


ft^+2a6+6«. 


a^+Sa^i+Safc^+fr^ 


+6^ 


{a+by 


b^+5(a*+bK 


The  successive  powers  of.  a— -6^  are  precisely  the 

game  as  those  of  a+^y  except  that  the  signs  of  the 

terms  will  be  alternately  +  and  — .     Thus,  tb^  ffth 

pmer  of  a— 6  is  a**-5a*6+10a'6»  — 10»«6«-f  5aA* 

-*^  . 

386.  In  reviewing  that  column  of  the  above  Table 
which  contains  the  powers  of  a-f-i  expanitdt  we  m^f 
observe,  -  .   -, 

1.  That  in  etch  case,  tbe/r^f  term  is  raised  to  tbe 
given  power  J  and  the  last  term  is  b  raised  to  the  *ame 
power ;  thus,  in  tbe  a^rty  the  Jint  term  is  a*  ^  and 
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ihe  laUb^ ;  in  the  ctsbe,  the  first  feruft  is  e^,  and  the 
l&si  b^ ;  and  so  on  of  the  rest. 

IL  That,  with  respect  to  the  ititermediate  teitne, 
the  powers  of  tt  dfcrease^  and  the  powers  of  b  in- 
crease^ bj  unity  in  each  sirccessive  term*  Thns,  in 
the  fifth  power,  we  have 

In  the  ^econc?  term,  •  •••.....  a*4; 

third, aH'  ; 

jPburthy a'b^i 

fifih,  • -.  .  .  .  aft*; 

dnd  so  on  in  other  powers. 

III.  That  in  each  case,  the  coefficient  of  the  second 
term  is  the  same  with  the  index  of  the  given  power* 
Thus,  in  the  square^  U  is  2  ;  in  the  cube,  it  ia  3  ;  in 
the  fourth  power,  it  is  4  ;  and  so  on  of  the  rest. 

.IV.  That  if  the  coefficient  of  a  in  any  term  be  mnl- 
iiplied  by  its  index^  and  the  product  divided  by  the 
number  of  terms  to  that  place,  this  fl^ua/tenl  will  give 
the  eoefficient  of  the  next  term*  Thus,  in  the  fifth 
pow^r,  the  coefficient  of  a  in  the  second  term  multi- 
plied Jby  its  index,^Sii\d  divided  by  the  number  of 

terms^  to  that  p!ace=;--r—=---=  10=  coefficient  of 

*^  2         2 

the  third  term* 

r«  4U^  «:-♦!,  ^^^^^       Cocff.  of  a  in  Hie  4tb  iermXitt  index  "^ 

In  toe  sixtn  power,     — ^ — r — --rz r. .  ,  -. = 

*-  ^  number  oi  terms  to  that  place* 

20X3     CO  ♦  «?  .     X    /.  .1      j^j^i 

— T^^T"^^^^^^  -  ^^^"^    •    ^^^  -^^  '^'^^ 

H^nce,  we  are  furnished  with  the  followfne  general 
rule  for  raising  a  binomial  or  residual  quantity  to  any 
power,  without  the  process  of  actual  multiplication. 

Rule  If.     ' 

287.  Find  the  terms  wi^out  the  coefficients,  by 
observing  that  the  index  of  the  first,  or  leading  quan- 
tity, begins  with  that  of  the  given  power,  and  de- 
creases continually  by  1,  in  every  term  to  the  last; 
and  that,  in  the  following  quantity,  its  indices  are  1 , 
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I 

2^  3,  &LC»  Then,  6nd  the  coefficients,  by  observing 
that  those  of  .the  first  and  last  terms  are  alwayr  f ; 
and  that  the  coefficient  of  the  second  term  is  the  in- 
dex of  the  power  of  the  first ;  and,  for  the  rest,  ifthe 
coefficient  of  any  term  be  multiplied  by  the  index 
of  the  leading  quantity  in  it,  and  the  product  be  di^ 
vided  by  the  number  of  terms  to  that  place,  it  will 
give  the  coefficient  of  the  term  next  following* 

Ex.  1.  Required  the  dlh power  of  a  +-6. 
Here  the  terms,  without  the  coefficients,  are 

©•,  a''6,  o«6S  a«iS  a*6S  a^frS  a=6%  at',  6^ 
And  the  coefficients,  according  to  the  rule,  will  b£ 

1,  8.  if2=28.  ?2>L6=56.  ^-^=,70,  '^==^ 

56X3_^^    28X2     „    8X!      ,  * 

6  '7  '8 

Then,  Ihe  terms  are  thus :       » 
The^r^Merm  is    ...•.••«•'• 

second,   •     •     •     *     •     .     •     •     8a^A. 

third/  ,     •     .     l^Xa«ft*=28a»6^        ' 
fourth,      -,   .     ^^^a'b'=-5GaHK 

4 
sixth,  .     *     .      ~^i: —  =5:66a^.6\ 

6 
eighth,      .     .  Xab\=^Bab\ 

ninth,  ■»     *     .     X     t'=         &'• 

8 

And  thus  we  have,  (o+i)*=a»+8o''i+28a«&'^ 

56a  d2  +  70a*6*+56a'6*+28a«6«+8^r+6'. 


fM: 
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988.  yrom  this  example  and  the  foregoing  Table  the 
whole  number  of  terms  will  evidently  be  one  more 
than  the  index  of,  the  given  power;  after  having  cal- 
ealated  therefore  as  man;  terms  as  there  are  units  in 
the  index,  of  the  given  power,  we  may  immediately 
proceed  to  the  last  term.  And  in  like  ipanner  it  may 
be  observed,  that  when  the  number  of  terms  in  the 
resulting  quantity  is  even,  the  coefficients  of  the  two 
middle  terms  is  the  same  ;  and  that  in  all  cases  the 
coefficients  increase  as  far  as  the  middle  term,  and 
then  decrease  precisely  in  the  same  manner  until  we 
come  to  the  last  term.  By  attending  to  this  law  of 
the  caeJicienU^  it  will  only  be  necessary  to  calculate 
them  as  far  as  the  middle  ttrm,  and  then  set  down  the 
rest  in  aq  inverted  order. 

Thus,  in  the  above  example,  the  middle  term  is 
70a  *6*,  and  we  have. 

The /r«/ four  coefficients,    1,    8,  28,  56. 

The  last  four     .     •     .     •  56, 28,    8,    1  • 

389.  But  we  are  not  yet  arrived  at  the  most  gene^ 
vml  form  in  which  this  Rule  may  be  exhibited.  Sup- 
pose it  was  required  to  raise  the  binomiaJ  a-f-i  to  any 
power  devoted  by  the  number  (n).  Proceeding  with 
n  as  we  have  done  with  the  several  indices  in  the  pre-* 
ceding  examples,  it  appears  that, 

The  first  term  would  be  a*  • 

The  second^       .     .     .    «a'**"*i# 

Theiftirrf,    •     ...     VktZ:l)La^^h. 
'^  The  fourth,'    .    .    .    ^^^-^^^^^^-^n^oj.. 

^,  fifth,  . . .  ^^tzll^^^ 

The  sixth,  n(n^l)X(n.^2)X(n^3)X(;.^4)^^^^ 
^  2X3X4X6 

Thehft, .6". 

. .      '         38 
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Or,  (a+6)"=a"+n»»->6+5&5^««-^6«,-f 

M(n-l)X(n-2)^^.,^3  .n(n-l)X(n-2)X(n-3) 

2.3  2.3.4 

«^*6«&c .     .     r    .     +6". 

By  the  same  process,    (a— 6)"=a" — no""'6+^ 
n(n~l)^„.^,  _n(n-l)X(n-2)^,^^, _j^ 

.«(n-1)X(n-2)X(n-3)^,.,^,_^^      the  signs  of 
2.3.3.  ^ 

the  terms  being  alternately  +  and  — 1 ;  and  the  sigo 
of  the  last  term  is  +  or  — 1,  according  as  n  is  eVen 
or  odd  ;  we  have  the  last  term  in  the  fonntr  case  is 
+6^  and  in  the  latter  — 6*. 

This  general  and  compendious  method  of  raising  a 
binomial  quantity  to  any  given  power,  is  called  from 
the  name  of  its  celebrated  inventor,  Sir  Isaac  New- 
ton's "  Binomial  Theorem.^'  The  demonstration  of 
this  Theorem^  with  its  application  to  the  finding  the 
powers  and  roots  of  compound  quantities^  forms  the 
subject  of  another  Chapter.  Its  present  use  will  ap- 
pear from  the  following  Example. 

Ex.  2.  Required  the  fifth  power  of  a:'+3y«* 
Substituting  these  quantities  for  a,  A,  w,  in  the  fore- 
going general  formula,  it  appear$,  that 

term,     S 
2nd,    .     .     (na^^'b)  .  ii  5X(x*)SX3i^^  •  =15»V- 

3d,  .  (!i<!izJ]a-^6^)  .  is5xiK(^')^X(3y^)^- 

4th,  .  (»(n-l)  X(n~2)^,_,^A,  ^  J,  3^4^3^^^,j, 

V  2.3  /  06     3 

X(%^>^  .         .         .       -.         .         =270a>4y«. 

'       V  2.3,4,  •    /  2     3     4 

Xa?»X(3y)*  ....         =4a3a?»y». 

Ust,    .    ..     (b^)    .     .     .     is{Sy^y    ..=243y'^ 


N^ 
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y» +405a?«y » +^43y  *  \ 

290*  By  fQeans  of  this  Theorem^  we  are  enabled  to 
raise  a  trinomial  or  quadrinomial  quantity  to  any 
power,  without  the  process  of  actual  multiplication. 

Ex.  3.  Required  the  square  of  a-fb+c  ? 

Here,  including  a+b  in  a  parenthesis  (a+6),  and 
considering  it  as  one  quantity,  we  should  have  {a+b 
+cy<=i[{a+b)+cY  ;  and  comparing  them  with  the 
general  formula ; 

we  have,  (a«)=(a+6)3  t^sa^  +2ab+b^ 
(na*^*6)=-2(a+6)Xc=:2ac+2ic 

Hence,  (a+b+cy=^(a+by+2{ti+b)>ic+c^:=^a' 
+2ab+b^+2ac+'2b€-^c^. 
Ex.  4.  Required  the  seventh  power  of  a — 6. 

Ex»  5.  Required  the  sixth  power  of  3a;4-Sy« 
Ans.  729a?+29iea?«y4-4860a?  V +4320a?'y3+2160 
x«y*+576a;y«-f64y«. 
Ex.  6*  Required  the  square  of  x  -j-y+^r. 

Ans.  aj*+3ay+y*+6a?z+6yr+9r*. 
Ex.  7.  Required  the  fifth  power  of  l+^o;. 

Ans.  l  +  lOa?+40a;«+80»»+80«*+32x^ 
Ex.  8.  Required  the  cube  of  a:* — 2a?y+y*« 
Ans.  a?*— 6a?*y+15aj*y^— 20a?ay^  +  15a;*y*  — 6a?y^ 
+y*' 

§  EVOIAJTION  OF  AI.GEBRAIC  QUAN-  1 

TITIES. 

291.  The  quantity  which  has  been  raised  0  any 
power  is  called  ;Ae  root  of  that  power  ^  thus  the  mth 
root  of  a  power,  is  that  quantity  which  we  must  con- 
tinually multiply  into  itself,  till  the  number  effec- 
tors be  equal  to  m  m  beiQg  a  positive  whole  number, 
in  order  to  produce  the  power  proposed.  We  may 
isonclude  from  (his  definition,  andfrom  the  Artioles  in 
the  preceding  section* 
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292.  That  the  r»th  root  of  a  quantity  suck  as  <*^, 
pm  being  a  multiple  of  p,  is  obtained  by  dividing  the 
exponent  pm  of  this  quantity  ^  by  the  index  of  the  re- 

quired  root.    Thus  j)ie  mth  root  of  a?" =o  *»  ^a^ ;  the 
the  sqoare  root  of  a*  =a*=a^,  and  the  cybe  root  of 


a*=a'=fl* 


293.  Also  that  «Ac  mth  root  of  a  product  such  as 
a^b^,  is  equal  to  the  mth  root  of  each  of  its  factors 
multiplied  together.     Thus,  the  mth  root  of  0**6  "  is 


2in 
m 


=  the  mth  root  of  a^"X  the  mth  root  of  6««=:o 

294.  And  that  the  mth  root  of  a  fradton  sw^h  us 
?-,  is  eaual  to  the  wth  root  oflhe  numerator  divided  by 
the  mth  root  of  its  denominator. 

Thus  the  mth  root  of  ^^^^^l' 


an  affirmative  quantity  may  be  exther  -r  »^  J 

the  square  root  of  a»«a  or  —a;  for  X^^^Xl^Xc 
n2   J^A  _« V  -fl=-^fl«.     In  fact,  the  2mth  root  of 


2Q5.The  square,  the  fourth  root,  or  any  even  foot  of 
an  affirmative  quantity  may  he  either  +  or  i ;  Aa»5 
the  square  root  of  a'  «=a 

a^,  and  — aX  — (i=+fl*.     ***  •-— ^  -  -  .^_^f^x^^\2  v 
a^  is  equal  to  -fa  <^r  or  —a ;  for  (=*=;«)    — i.===o)  ;^ 

a«=5=a^{Art.  280). 

296.  Any  odd  root  ef  a  quantity,  mil  have  the  same 
sign  as  the  quantity  itself     Thus  the  (2m+l)th  root . 
r^t  ofrto*^*  isequal  todfca  ;  for  (=±=a)^+*  is  equal 
to  =i=rt*^*  (Art.  281)1 

297.  Evolution,  or  the  rule  for  extracting  the  root 
of  any  algebraic  Quantity  si^hatever,  is  divided  iwo 
the  four  following  Cases. 
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CASE  I-  .  - 

'  To  find  any  root  of  a  simple  aigebraie  Qaantitp 

;  BULE* 

29a.  Extract  the  root  of  the  coefficfent  for  the  na- 
nocral  part,  and  the  root  of  the  qaantity  subjoined  to 
it  for  (he  literal  part,  by  the  methods  pointed  out  m 
the  above  propositions ;  then,  these,  joined  together, 
irill  be  the  jroot  required. 

Ex*  1.  It  is  required  to  find  the  square  root  of  «*• 
Here,  (Art.  295),  the  square  rootof  «*5==*:V^*=' 

(Arif.>92)=to^i=z±=a?«. 

Ex.  2.  Required  the  cube  root  of  — 27«^o*. 

Here,  (Art.  ^6),  the  cube  root  of  — 27«  o»  =  — 
|/^»*a«=«*  (Art.  293)  — v^27X  Va?^— X  V«'— ^ 
X  =a?  X  a3  =— 3a»  a?. 


a^x' 


«c* 


Ex*  3.  Required  the  square,  root  of  j 

-  Here,  the  square  root  of  a^ac^ = Va«  Var^  =flfa;,  and 
the  square  root  of  6<c^=  1/6^  x  Vc*=si«/;  .•.  (Art. 

294,  295),  db--  is  the  root  required. 

Ex.  5.  it  is  required  to  find  the  square  root  of  64 

Ans.  8a»%  or  — 8iia;*. 
Ex.  6.  It  is  required  to  find  the  cube  root  of  729 

Ans.  9a'a?*. 
Ex.  7.  Required  the  fourth  root  of  256a*6'. 
'-  Ans.  4ai^,  or — 4fl6*. 

.  Ex.8.  Required  the  fifth  root  of  32(»?a7i<^r 

Ans.  2aaj^. 
'  2B* 


318  EVOLUTION. 

V 

Ex.  9.  Reciuired  the  sixth  root  of  ^^§^'. 

Ans* 
Ex.  10-  Required  tUe  ninth  root  of  — ^  ^    > 


Ex.  tl«  Required  the  square  root  of 


Aos*  ^ 


Sab 


Ans« 


2«y 

Ex.  12.   Required  the  cube  root  of  -—-rr^* 

.         4x 
Aqs« 


San* 
CASE  II. 

To  extract  the  square  root  of  a  compound  Quantiitf.  ^ 


RULE. 


8d9.  Observe  in  what  manner  the  teims  of  the 
root  niay  be  derived  from  those  of  the  power  5  and 
arrange  the  terms  accordingly  ;  then  set  the  root  of 
the  first  term  in  the  quotient ;  subtract  the  square  of 
the  root,  thus  found,  from  the  first  term,  and  bring 
down  the  two  next  terms  to  the  remainder  for  a  divi- 
dend. 

Divide  the  dividend,  thus  found,  by  double  that 
part  of  the  root  already  determined,  and  set  dd^n 
the  result  both  in  the  quotient  and  divisor. 

Multiply  the  divisor,  so  increased,  by  the  term  of 
the  root  last  placed  in  the  quotient,  and  subtract  the 
product  from  the  dividend,  and  to  the  remainder 
oring  down  as  many  terms  as  are  necessary  for  a  divi*^ 
dead,  and  continue  the  operation  as  before.     - 
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Ex.  t.  Required  the  square  root  of  a^<f  3ai+&'  ? 


2(1+6 


3a&-f6' 
2aft+6» 


MMaaah^BB^ 


On  comparing  0+6  with  a*+2a6+6^,  we  observe 
fbat  the  first  term  of  the  power  (a')  is  the  square  of 
the  first  term  of  the  root  (a).  Put  a  therefore  for  the 
first  term  of  the  root,  square  it,  and  subtract  that 
square  fron^  the  first  term  of  the  power.  Bring  down 
the  other  two  terms  3aA+i',  and  double  the  first 
term  (a)  of  the  root ;  set  down  2a,  and  haring  divi-< 
ded  the  first  term  of  the  remainder  {2ab)  by  it,  we 
bare  by  the  other  term  of  the  root ;  and  since.  2ab*^ 
b^  =:{2a+b)Xbj  if  to  '2a  the  term  b  is  added,  and  this 
«um  multiplied  by  6,  the  result  is  2aA-f6^ ;  which 
being  subtracted  from  the  terms  brought  down»  no- 
thing remains.  ^ 

Ex.  2.  Required  the  square  rootof  a'+2a&+63  4. 
+2ac+26c+c»  ? , 

a^+2a6+6*+2ac+26c+c*(a+6+c 


a* 


2a+6 


2116+6* 
2a6+6* 


»*mm^ 


2a+26+c 


2ac+26c+c* 
2ac+26c+c^ 


On  comparing  the  root  a+b+c,  thus  found  with 
its  power,  the  reason  of  the  rule  for  deriving  the  roof: 
from  the  power  is  evident.  And  the  method  of  ope- 
jation  is  the  same  as  in  the  last  example*^   Thus^ 
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bavin|[  found  the  two  first  terms  of  the  root  as  bef<irej 
we  briDg  down  the  remaining  three  terms  2a+2bc^ 
c^  of  the  power,  and  dividing  2a€  by  2a,  it  gives  c, 
the  third  term  of  the  root*  rfext,  let  the  last  term 
(6)  of  the  preceding  divisor  be  doubled,  ^nd  add  c  to 
the  divisor  thus  increased^  and  it  becomes  ^a+^b^^c ; 
multiply  this  new  divisor  by  c,  and  it  gives  ^ac-^^bc 
+c^9  which  being  subtracted  from  the  terms  last 
brought  down,  leaves  no  remainder*  In  like  manner 
the  following  Examples  are  solved. 

Ex.  3.   Required  the  square  root  of  4x*-f  Sap^-h 
a 

*  \  2 


4 


Ax 


4x^  + 


9 
4 

4x«+3x+^)20a?*  +  I5a;+25 

20x*  + 15a?  4-25 


Ex.  4«  Required  the  square  root  of  a;*+4aj*+3»* 

Ans.  a?^+2ac^— ar+SL 
Ex»  5.    Required  the  square  root  of  ap*-f-4aa?'-l- 

6o^a?^+4a3a;+a*. 

Ans.  x^+2ax+«*. 
Ex.  6,  Required  the  square  root  of  a*— 2a'-f }«« 

Aus.  a^— rt-(^i. 
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1 

Jin.  7*  Rccpiired  the  sqatreroot  of  4a*  +  12a'a?'f 

An$.  2a«+3flx+aj». 
Ex.  8,  Required  the  sqaare  root  of  9a?*  +  l^a:*+ 
S4a;*+20a?+25. 

Ans.  Sx^+2x+5. 
Ex.  9.  Required  the  sqaare  root  of  a*+2(i6+6*  + 

2ac+2tc-hc^  +3a<i+2W+2c<i+d*.     ' " 

Am*  a+b+c+d. 
Ex.  10.  Required  the  square  root  of  a^  +  l2aH+ 

Ans.  a^+6ab+9b^. 
Ex.  11.  Required  the  sqaare  root  of  a^-^6a^x+ 

Ans.  a»— 3a»a5+3a««  — »^. 
Ex;  12.  Required  the  square  root  o(  a*— 2a^£P*  + 


X** 


Ans.  <i»— '»*. 
CASE  III. 
To  extract  the  ctAe  root  of  a  compound  Qmntity. 

300^  Arrange  the  terms  as  in  the  last  case;  and  set 
ihe  root  of  thefirsi  term  in  the  quotient;  subtract 
the  cube  of  the  root,  thus  found,  from  the  first  term, 
and  bring  down  three  terms  fqr  a  dividend. 

.  Next,  divide  Hke  first  term  of  the  dividend  by  3 
times  the  square  pf  that  part  of  the  root  already  de- 
termined, and  set  the  resiUt  in  the  quotient ;  then,  to 
3  times  the  square  of  that  part  of  the  rooiy  annex  8 
times  the  product  of  the  same  part  and  the  last  result, 
and  also  the  square  of  the  last  resuliy  with  their  proper 
fligds ;  and  it  mil  give  the  divisor,  multiply  the  divi* 
fior  by  the  tetm  of  the  root  last  placed  in  the  quo- 
ttent^  and  subtract  the  product  from  the  dividend, 
bring  down  three  termd  or  as  many  as  may  be  neces- 
sary for  a  dividtod^  and  prc^oeed  as  before. 


^ 

4 
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Ex.  1.  Reqaired  the  cube  root  of  a^+3a*M-3ai^ 

a^+3a*6+3aft*+6' 

3a»^+3ai+i*)3a»6+3a6»  +6* 

3a»6+3a*«+63 


The  reason  of  the  rule  may  be  made  evident  from 
a  comparison  of  the  rmt  with  t^«  cube. 

Or,  thus,  if  the  quantity  whose  root  is  to  he  ex- 
tracted, has  an  exact  root,  the  root  of  the  leading 
term  must  be  one  term  of  its  coot ;  that  is,  the  <:ube 
root  of  a',  which  is  a,  is.  one  term  of  the  root,  and 
the  remaining  terms  being  brought  down,  the  root  of 
the  last  term  b^  is  consequently  another  temii  of  the 
root ;  but  as  the  root  may  consist  of  more  terms  than 
two ',  the  next  term  {h)  of  the  root  is  always  found  by 

dividing  ("o-T"*^')  *be  first  term  of  the  dividend  by 

three  times  the  square  of  the  divisor,  and  the  iifo  re- 
maining terms  of  the  dividend  3aA*+*^=(3a5+6?)6  j 
hence  Sab+h^  must  be  added  to  3o*  for  a  divisor^ 
and  so  on« 

r 

Ex.  2.  Required  the  cube  root  of  a?*+6««— 40a?^ 
+96ap— 64. 

(c«+€a?*— 40a?^+96a:— 64  (aj^+Sa;— 4 


3a?4+6a?3+4a}*)6a?^— 40a;* 

6a;*  +  l2x*+8a?* 


Sv-p^  +  lSai^— 24a+16)— 12a;*— 48jc'+96x— 64    , 

—  12x*— 48a?«+96a?— 64 


■»«• 
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3^3 


Bx.  3.   Required  tbe  cute  root  of  (a+4)^+3(a 

Aus«  fl+i+c* 
Ex*' 4*  Required  the  cube  root  of  aj* — 6x^  +  l5x* 

Am.,  a^— 2a?+l. 

Ex.  ^*  Required.tb^^  cube  rootof  ^•+6a;*y+15ac* 

y* +20ay  4  J  6a;»y* +Gy« +y*. 

Ana.  ar^4-2ay+j2 

Ex-  ft.  Required  the  cube  root  of  1— fiac+lSac^ 

.  -  Ans.  1  — 2x. 

CASE  IV. 
To  ^0jid  any  rmt  of  a  compound  Quaniifjf. 


h 


RXTLE. 

301,  Find  the  root  of  the  first  terao,  nvhicb  place 
IB  the  quotient;  and -having  subtracted  its  corres* 
ponding  power  from  that  term,  bring  down  the  second 
terin  for  a  dividend.  Divide  this,  by  twice  the  part 
of  the  root  above  determiued,  for  the  square  root;^ 
by  three  times  the  square  of  it,  for  the  cube  root; 
by  four  times  the  cube  of  it,  for  the  fourth  root,  &c. 
and  the  quotient  vnll  be  the  next  term  of  tbe  root 

Involve  the  whole  of  tbe  root,  thus  found,  to  its 
proper  power,  which  subtract  from  the  given  quan- 
tity, ana  divide  the  first  term  of  the  remainder  by  the 
same  divisor  as  before.  Proceed  in  the  same  man- 
ner, for  the  next  following  term  of  the  root  ^  and  so 
on^  till  the  whole  is  finbhed*  . 

302.  This  rule  may  be  demonstrated  thus ;  {a+b)f 
^a*+na*-"*6+  &c;  (Art.  289).  Here  the  nth  root 
of  a*  is  a,  and  the  next  term  na^^  b  contains  6,  (the 
otbe»  teraaof  the  root)  na*"'Hinaesj  hence,  if  we 
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divide  na*~*6  by  na^'K  we  have  6,  or  — r:r=*i ;  and 

so  on,  for  any  compound  qoantity,  the  root  of  which 
consists  of  more  than  two  terms. 

Now,  if  nssSj  tben^the  divi8orno*"*=^2a,  for  the 
square  root; 

ifn:=a;tben,    .    .     .    ntf»^*=*Sa*,&rthe 
cube  root ; 

if  ti:=:4  ;  then,    .    .    •    fia»-^=4irt%  for  the 
4th  root; 

if  n^S  ;  then,   ,    .    .    na'^^^^Sa'^,  for  the 
5  th  root.  ^ 

And  80  on  for  any  otiier  root,  tiiat  is,  invol^re  the 
first  term  of  the  root^  to  the  next  lowest  power,  and 
multiply  it  by  the  index  of  the  given  power  for  a 
divisor* 

Ex.  1.  Required  the  sqtmre  root  of  o^ — ^a^x+ 
a 


2a*)— 2o»a? 


(a'— aaf)»ss:a*  -Sa'ap+c'o^ 


«*« 


2o*)+2a"a?* 


Ex.  2.   Required  the  4th  root  of  lea^—dBaH-i- 
216a«a;»— 216ax*+81a;*. 

16a*-96a«a:+.216a*a«— 216oaj^+81a:*(2a— 3a; 
16o* 


4X(2a)»=32a»)— 96o«a? 


■A^BMi 


(2a— 3a:)««=16a*— 96a'a:+216a»ap*— 216aaj«+81x* 


rf    I  Wl 
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303.  As  this  rule,  in  high  powers,  is  often  foand  to 
be  Terj  laborious,  it  may  be  proper  to  observe,  that 
the  roots  of  certain  compound  quantities  may  some« . 
times  be  easily  discovered  :  thus,  in  the  last  example, 
the  root  is  2a— Sx,  which  is  the  difference  of  the^ 
roots  of  the  first  and  last  terms  ;  and  so  on,  for  other ^ 
compound  quantities. 

Hence,  the  following  method  in  such  cases ;  ex- 
tract the  roots  of  all  the  simple  terms,  and  connect 
them  together  by  the  signs  +  or  — ,  as  may  be  judged 
most  suitable  for  the  purpose ;  then  involve  the  com- 
pound root  thus  found,  to  its  proper  power,  and  if  it 
be  the  same  with  the  given  quantity,  it  is  the  root  re- 
quired. But  if  it  be  found  to  differ  only  in  some  of 
the  signs,  change  them  from  -f  to  — ,  or  from  —  to 
+,  till  its  .power  agrees  with  the  given  one  through- 
out. However,  such  artifices  are  not  to  be  used  by 
learners,  because  the  regular  mode  of  proceeding  is 
more  advantageous  to  them ;  besides,  a  knowledge 
of  those  artifices  which  are  used  by  experienced 
Algebraists,  can  only  be  acquired  from  frequent  prac- 
tice. 

Ex.  3.  Required  the  square  root  of  a^+2ab+b^  + 
2ac+2bc+c'. 

Here,  the  square  root  of  a''=^a;  the*  square  of  6* 
=6  ;  and  the  square  root  c^=^Cm  Hence,  a+ft+c,  is 
the  root  required,  because  {a+b+c)'  =a^  +^ab+h^ 
+2ac-^-26c+c^ 

Ex.  4.  Required  the  fifth  root  of  32a?'— 80«*  + 
80a;3— 40x*+10a?  — 1. 

Ans.  2a?  — T. 
Ex.  5.  Required  the  cube  root  of  x*— 6x*  +  15x* 
+20x3— 15x«+5a?— 1. 

Ans.  x^ — 2x-f-K 
Ex.  6.    Required  the  fourth  root  of  a*     4a*x-f- 
6a*x^ — 4rtx-f' X*. 

Ans.  a — X. 

29 


3S«  EVOLUTION. 

£x.  7«   Required  the  square  root  of  x*-f2x*^* 

Ans.  a;*+y*. 
^    Ex.  8.  Required  the  square  root  of  a?'  — 2a?*y*  +^* . 

Ans.  3c* — y*, 
Ex.  9.  Required  the  cube  root  of  a^— 6a^x+12aa:^ 
— 8I?^ 

Ans.  a — 2ac. 
Ex.  10.  Required  the  sixth  rootof  a;«— 6a?*  +  15jc* 
— 20x*  + 1 5x*— do;  4-1. 

Ans.  ac — 1. 
Ex.  11.  Required  the  fifth  root  of  a;'®  +  15a?V  + 
96a;V+270a;V+'*05aj»y*+243y*^ 

Ans.  a?^+3y*. 
Ex.  12,  Required  the  square  root  of  x^+2xy+t^^ 
+6xz+6yz+dz'. 

Ans.  x+y+Sz, 

§  HI.  INVESTIGATION  OP  THE  RULES  FOR  THE  EX- 
TRACTION or  THE  SQUARE  AND  CUBE  ROOTS  OF  NUM- 
BERS. 

304.  It  has  been  observed,  (Art.  104),  that,  a  de- 
noting the  tens  of  a  number,  and  b  the  units,  the  for- 
mula a^  +2ab+b^  would  represent  the  square  of  any 
number  consisting  of  two  figures  or  digits  ;  thus,  for 
example,  if  we  had  to-square  25  *,  put  a=20  and  6:=: 
5,  and  we  shall  find 

0^=400 

2a6=200 

6^=  25 


(a-f6)>  =(25)^=625. 

305.  Before  we  proceed  to  the  investigation  of 
these  Rules,  it  will  be  necessary  to  explain  the  na- 
ture of  the  common  arithmetical  notation.  It  is  very 
well  known  that  the  value  of  the  figures  in  the  com- 
mon arithmetical  scale  increases  in  a  tenfold  propor- 
tion from  the  right  to  the  left  *,  a  number,  therefore, 
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may  be  expressed  by  the  addition  of  the  uniis^  tefis, 
hundreds^  &c»  of  which  it  consistQ ;  thas  the  number 
4371  may  be  expressed  in  the  following  nuanner,  viz. 
4000+300+70+1,  or  by  4  X 1000+3  X 100+7  X 10 
+  1 ;  also,  in  decimal  arithmetic,  each  figure  is  sop* 
posed  to  be  multiplied  by  that  power  of  10,  positive  or 
negative,  which  is  expressed  by  its  distance  from  the 
figure  before  the  point:  thus,  672.53=6X10^ +7X10* 
+2X10«+5X10~»+3X  10~«=6X  100+  7X10+2 

Xl+i7;+7?7;=672+i2.+J-=6724^.   Hence,  if 
10     100  100     100  100  ' 

the  digits  of  a  number  be  represented  by  a,  6,  c,  J, 

€,  &c.  beginning  from  the  left-hand  ;  then, 

A  number  of  2  figures  may  be  expressed  by  lOa+6. 

3  figures     .     .     .     by  100a +106+ c* 

4  figures      by  lOOOa+1006+lOc+d. 

&:c.  _  &c.  &c. 

By  the  digits  of  a  number  are  meant  the  figures 
which  compose  it,  considered  independently  of  the 
value  which  they  possess  in  the  arithmetical  scale* 

Thus  the  digits  of  the  number  537  are  simply  the 
jEuimhers  5,  3  and  7 ;  whereas  the  5.  considered  with 
respect  to  its  place,  in  the  numeration  scale,  means 
500,  and  the  3  means  30. 

306.  Let  a  number  of  three  figures,  (viz.  lOOa 
+  106+c)  be  squared,  and  its  root  extracted  accord- 
ing to  the  rule  in  (Art.  299),  and  the  operation  stands 
thus ; 

I.     1 0000a«+2000a6+l  006* +200ac+ 206c +c« 
lOOOOa*  (lOOa+106+c 

200a+ 1  O6)2O0Ofl6 + 1 006^ 
2000a6+l006* 


200a+206+c)200ac+206c+c^ 

200ac+206c+c» 
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?^^  f  .  and  the  operation  is  transformed 
^  J  t     into  the  following  one ; 

40000+12000+900+400+60+1(200+30+1 
4O0OO 


400+30)12000+900 


400+60+ 1)400+60+ 1 

400+60+1 


111.  But  it  is  evident  that  this  operation  would  not 
be  affected  by  collecting  the  several  numbers  which 
stand  in  the  same  line  into  one  sum,  and  leaving  out 
the  ciphers  which  are  to  be  subtracted  in  the  opera- 
tion. 

53361(231 
4 


43 


461 


133 
129 

401 
461 


Let  this  be  done  ;  and  let  two  figures  be  brought 
down  at  a  time,  after  the  square  of  the  first  figure  in 
the  root  has  been  subtracted  ;  then  the  operation  may 
be  exhibited  in  the  manner  annexed  ;  from  which  it 
appears,  that  the  square  root  of  533C1  is  231. 

*  307.  To  explain  the  division  of  the  given  number 
into  periods  consisting  of  two  figures  each,  by  placing 
a  dot  over  every  second  figure  beginning  with  the 
units,  as  exhibited  in  the  foregoing   operation.     It 
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must  be  observed,  that,  since  the  square  root  of  100 
is  10  ;  of  10000  is  100  ;  of  lOOOOOO  is  lOOQ ;  &€•  &c. 
it  follows,  that  the  square  of  a  number  Us$  than  100 
must  consist  of  one  figure  ;  of  a  number  between  100 
^nd  10000,  odvo  figures  ;  of  a  number  between  16OOO 
and  1000000,  of  three  figures ;  &c.  &c.,  and  conse- 
quently the  number  of  these  dots  will  show  the  nuni- 
ber  of  figures  contained  in  the  square  root  of  the 
given  num1>er«  From  hence  it  follows,  that  the  Jint 
figure  of  the  root  will  be  the  greatest  square  root  con- 
tained iu  the  first  of  those  periods  reckoning  from  the 
lejt*  •    •    • 

Thus,  in  the  case  of  53.361  (whose  square  root  is  a 
number  consisting  of  three  figures) ;  since  the  square 
of  the  figure  standing  in  the  hundred^s  pflace  cannot 
be  found  either  in  the  last  period  (61),  or  in  the  last 
but  one  (33),  it  must  be  found  in  the  first  period  (5) ; 
consequently  the  first  figure  of  the  root  will  be  the 
square  root  of  the  greatest  square  number  contained 
in  5  ;  and  this  number  is  4,  the  first  figure  of  the  root 
will  be  2.     The  remainder  of  the   operation  will  be 
readily  understood-by  comparing  the  steps  of  it  with 
the  several  steps  of  the  process  for  finding  the  square 
root  of  (a+b+cy  (A^t.  299) ;  for,  having  subtracted 
4  from  (5),  there  remains  1  ;  bring  down  the  mxt 
two  figures  (33),  and  the  dividend  is  133;  double  the 
first  figure  of  the  root  (2),  and  place  the  result  4  in 
.    the  divisor;  4  is  contained  in  13  three  times;  3  is 
therefore  the  second  figure  of  the  root ;  place  this 
both  in  the  divisor  and  quotient,  an4  the  former  is  43; 
multiply  by  3,  and  subtract  129,  the  remainderis  4 ; 
to  which  bring  down  the  next  two  figures  (61),  which 
gives  461   for  a  dividend.     Lastly,  double  the  last 
figure  of  the  former  divisor,  and  it   becomes   46^; 
place  this  in  Che  next  divisor,  and  since  4  is  contained 

29* 
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in  4  once^  I  is  the  third  figure  of  the  root ;  place  I 
therefore  both  in  the  divisor  and  quotient ;  multiply 
and  subtract  as  before,  and  nothing  remains. 

308.  The  method  of  extracting  the  cube  root  of 
numbers  may  be  understood  by  comparing  the  pro- 
cess for  extracting  the  cube  root  of  (a+6+c)',  (Art. 
300),  with  the  following  operations,  in  which  is  de- 
duced the  cube  root  of  the  number  13997521. 

13997521(200+40+1 
a»=(200)» =8000000 

1  St  remainder  5997521 


3a»=3X(200)*=  divisor, 

...  3a>6=3(200)*  X 40=4800000 

3a6«=3X200X(40)«=  960000 

6^=40X40X40=     64000 


5824000 


2nd  remainder     173521 


3(a+6)«c=(200+40)«  X  1  =  172800 
3(a+6)c* =3(200+40)  X  1  =        720 

c»==lXlXl=  1 


173521 


3d  remainder  000000 


Omitting  the  superfluous  ciphers j  and  bringing  down 
three  figures  at  a  time,  the  operation  will  stand  thus^ 
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13997521(241 
2»=  8 


5997 


300X2^X4=  4800 

30X2X4*=     960 

4^=       64 


5824 


173521 

300X(24)«X  1  =  172800 

30X24X1*^       721 

T=  1 


173521 


309.  These  operations  may  be  explained  in  the 
following  manner ; 

.  S  nee  the  cube  root  of  1000  is  10,  of  1000000 
IS  100,  &c.;  it  follows,  that  the  cube  root  of  a  num- 
ber less  than  1000  will  consist  of  one  figure;  of  a 
number  between  1000  and  1000000  of  two  figures, 
&c.  &c. ;  if,  therefore,  the  given  number  be  divided 
into  periodsj  each  cohsisting  of  three  figures,  by 
placing  a  dot  over  every  third  figure  beginning  with 
the  units,  the  number  of  those  dots  will  show  the 
number  of  figures  of  which  the  cube  root  consists  ; 
and  for  the  reason  assigned  in  the  preceding  Article, 
(respecting  the  first  f^ure  of  the  square  root),  the 
first  figure  of  the  root  will  be  the  cube  root  of  the 
greatest  cube  number  contained  in  the  first  period. 

If.  Having /7om/ed  the  number^  we  find  that  its 
cube  root  consists  of  three  figures.  The  first  figure 
is  the  cube  root  of  the  greatest  cube  number  con- 
tained in  13 ;  this  being  2,  the  value  of  this  figure  iis 
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200,  or  a=200 ,  consequently  a^  =^8000000 ;  subtract 
this  number  from  13997521,  and  the  remainder  is 
699752 K  Find  the  value  of  3a*,  and  divide  this  lat- 
ter number  by  it,  and  it  gives  40  for  the  value  of  b, 
the  second  number  of  the  root ;  put  this  in  the  quo- 
tient, and  then  calculate  the  value  of  Sa^b+3ab'  +b^ 
and  subtract  it,  and  there  remains  173521.  Find 
now  the  valu^e  of  3  X(a4-&)'f  and  divide  173521  by  it, 
and  it  gives  1  for  the  value  of  c,  the  third  member  of 
the  root ;  put  this  in  the  quotient,  and  then  calculate 
the  amount  of  S{a+bye+3{a+b)c^  +c^j  which  sub- 
tract, and  nothing  remains. 

HI.  In  reviewing  the  Jlrst  of  these  two  operations, 
it  is  evident  that  six  ciphers  might  have  been  reject- 
ed in  the  value  of  a^,  and  thret  in  the  value  of  3a^b+ 
3ab'+b^j  without  affecting  the  substance  of  the  ope- 
ration ;  having  therefore  simplified  the  process  as  in 
the  second,  operation,  we  are  furnished  with  the  fol- 
lowing rule,  for  extracting  the  cube  root  of  numbers. 

RuLV*  ' 

310.  Point  off  every  third  figure,  beginning  with 
the  units ;  find  the  greatest  cube  number  contained 
in  the  Jirst  period,  and  place  the  cube  root  of  it  id 
the  quotient.  Subtract  its  cube  from  the  first  period, 
and  bring  down  the  next  three  figures;  divide  the 
number  thus  brought  down  by  300  times  the  square  of 
the  first  figure  of  the  root,  and  it  will  give  the  second 
figure ;  add  300  times  the  square  of  the  firot  %ure, 
30  time^  the  product  of  the  first  and  second  figures, 
and  the  square  of  the  second  figure  together,  for  a 
divisor;  then  multiply  this  divisor  by  the  second 
figure,  and  subtract  the  result  from  the  dividend,  and 
then  bring  down  the  next  period,  and  so  proceed  till 
all  the  periods  are  brought  down. 

The  rules  for  extracting  the  higher  powers  of 
numbers,  and  of  compound  algebraic  quantities,  are 
very  tedious,  and  of  no  great  practipal  utility. 
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Examples  for  Practice  in  the  Square  and  Cube 

Roots  of  Mimbers* 

Ex.  1.  Required  the  sqaare  root  of  106929. 

106929(327 
9 


62 


109 
124 


647 


4529 
4529 


Ex.  2.  Required  the  cube  root  of  48228544. 


... 


48228544(364 
27 

32r6)21228  Divide  by  300  X  3«  ==27-00 
19666  30X3X6==540 
6X6=»3e 

39336)  157254.4 


157^544  ■  ~  Ist  UlVlBUr  acjZ/O 


Divide  bj,  (36)^  X300=:388800 

30X38X4=     4320 

4X4=  16 


2d  Divisor  390136 

Ex.  3.  Required  the  square  root  of  152399025. 

Ans.  12345. 
Ex.  4.  Required  the  square  root  of  5499025. 

.   Ans.  2345. 
Ex.  5.  Required  the  cube  root  of  389017. 

Ans.  73. 
Ex.  6.  Required  (be  cube  root  of  1092727.. 

Ans.  i03i 
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CHAPTER  VII 


ON 


IRRATIONAL  AND  IMAGINARY 

i|UANTITIE8. 

§    I.   THEORY    OF    I&KATIONAL    QUANTITIES. 

311.  It  has  been  demonstrated  (Art.  2^2),  that  the 
mth  root  of  oF^  the  exponent  />  of  the  power  being 

exactly  divisible  bj  the  index  m  of  the  root,  is  a"*. 
Now  in  case  that  the  exponent  jti  of  the  power  is  not 
divisible  by  the  index  m  of  the  root  to  be  ex- 
tracted, it  appears  very  natural  to  employ  still  the 
same  method  of  notation,  since  that  it  only  indicates 
a  division  which  cannot  be  performed  :  then  the  root 
cannot  be  obtained,  but  its  approximate  value  ma j  be 

tional  exponents  will  therefore  denote  imperfect 
powers  with  respect  to  the  roots  to  be  extracted  ;  and 
quantities,  ha^ving  fractional  exponents,  are  called  irra- 
tional quantities^  or  surds • 

It  may  be  observed  that  the  numerator  of  the  ex- 
ponent shows  the  power  to  which  the  quantity  is  to 

m 

be  raised,  and  the  denominator  its  root.  Thus,  an 
is  the  nth  root  of  the  mth  power  of  a,  and  is  usually 

312.  In  order  to  indicate  any- root  to  be  extracted, 
the  radical  sign  V  is  used,  which  is  nothing  else  but 
the  initial  of  the  word  root,  deformed,  it  is  placed 
over  the  power,  and  in  the  opening  of  which  the  in- 
dex m  of  the  root  to  be  extracted  is  written. 
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p 

We  have  therefore  !;/a?*=a«.  For  the  square  root, 
the  sign  V  is  used  without  the  index  2 ;  thus^  the 
square  root  of  a^  is  written  faJ^i  as  has  been  alreadj 
observed,  (Art^  18).  • 

Quantities  having  the  radical  sign  V  prefixed  to 
them,  are  called  radical  QiiantiHes :  thus,  ^a,  Vij 
\/c^,  x/x^i  &c*  ^^^  radical  quantities  ^  they  are>  also, 
cojumonly  called  Surds. 

313.  From  the  two  preceding  articles,  and  the  rules 
given  in  the  second  section  of  the  foregoing  Chapter, 
we  shall,  in  generaf,  have, 


Therefore,  l^aH=^a^Xl/b=^aX\/b=<^^b  ; 

,  3    ^a^b^__l/a^bH^  ^l^a^  X  ^6^  X  \/c^ 

_a^bl/c^  _a^b  s /c\ 
exl/xz       ex  ^  xz*  _ 

314.  Two  or  more  radical  quantities,  having  the 
same  iodex,  are  said  to  be  of  the  same  demmdnationj  ^ 
or  kirid;   and  they   are   of  different  denomruitions^ 
when  they  have  diflFerent  indices. 

In  this  last  case,  we  can  sometimes  bring  them  to 
the  same  denomination  ;  this  is  what  takes  place  with 

respect  to  the  two  following,   ^/a^b^  and  \/a^b^=s^a*^ 

X6*»a^.6^=  l/a^6»=  i^a^i*.  In  like  manner,  the 
radical  quantities  l/'Ha'^b  and  \/Ua^,  may  be  reduced 
to  other  equivalent  ones,  having  the  same  radical 
quantity;  thus,  V2«'*=-V«*  X  V26=a'V2*'*»d 
V  lea^i  =  V  8a^26=  V^^V  «'*  V  2*  =  2flV  2*5 
where  the  radical  factor  ^2b  is  common  to  both. 
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31 5«  The  addition  and  subtraction  of  radical  quan- 
tities can  in  general  be  only  indicated  : 

Thus,  v^a'  added  to,  or  subtracted  from  ^/bf  is 
written  y/bztil/a^^hiiA  no  farther  reduction  can  be 
made,  unless  we  assign  numeral  values  to  a  and  b. 
But  the  sum  of  ya^6,  >^a*6,  and  ^/Aa^b  is  =a  Vb-^- 
a  1^6+20^6=40  1^6;  3t/«*— V«*  =2^0*  ;  and 
l/a6«+Vo*fr*=6Y«+«6V«'=  6  l/fl+aft  ^a=(6+ 
ab)  i/a. 

316.  Hence  we  may  conclude,  that  the  addition 
and  subtraction  of  radical  quantities,  having  the  same 
radical  part,  are  performed  like'  rational  quantities. 

Radical  quantities  are  said  to  have  the  same  tadi- 
cat  partj  when  like  quantities  are  placed  under  the 
same  radical  sign ;  in  which  case  radical  quanti- 
ties are  'similar  or  like.  It  is  sometimes  necessary  to 
simplify  the  radical  quantities,  (Art.  313),  in  order  to 
discover  this  similitude,  and  it  is  independent  of  the 
coefficients. 

Thus,  for  example,  the  radical  quantities  Sby/2a'b', 
8o5/2a*6*,  and  —7abl/2a^b^^  become,  bj^  reduction, 
3a6^2a*6S  8a6(/2a'6">  «»d  —labl/^aH' -,  which 
are  similar  quantities,  and  their  sum  is  =4ab^2a^b^. 
317.  We  have  demonstrated,  (Art,  313),  this  formula, 
"yo''6V=!J/a'X"J/6'X!5/c*';  from  which  the  rule  for 

the  multiplication  of  radical  quantities,  under  the 
same  radical  sign,  may  be  easily  deduced. 

318.  Let  us  pass  to  radical  quantities  with  different 
indices,  and  suppose  that  we  had  to  find,  for  instance, 

the  product  of  y/a'  by  V^S  ^^  that  of  am  by  6» :  we 
can  bring  this  case  to  the  preceding,  by  reducing  to 

the  same  denominator,  (Art.  152), , the  fractions—, 

m 

a  ?-  -2      ^ 

and  -^ :  and  we  shall  have  y/a'  X  T/b^^^ambm'ssamm^  X 

h^=^^a^X'^^h'^=^'^^a^'bv^. 

319.  The  rule  for  dividing  two  radical  quantities 
of  the  same  kind,  may  be  read  in  this  formula  (Art. 
294). 
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L*t  therefore  -/of  be  divided  by  V*« :  by  nassinff 
from  radical^^n,  to  fractional  eJpolntsX'Ta^ 

We  miiy  likewise  suppose,  under  the  radical  sigoff, 
any  number  of  factors  whatever,  and  it  shall  baeasv 
to  assign  the  quotient,  (Art.  51 3) .  "^ 

Let  DOW  a^h  in  the  formula 

rt.l>€come8,  by  passing  from  radical  signs  tofraclfonal 

^-    1  .  ?±?      ?.  1 

Therefore  the  rule  demonstrated  (Art.  71),  with 
regard  io  whole  positive  exponents,  extends  to  frac- 
tional exponents.  - 

320.  In  the  same  Hypothesis  6==a    the  quotient 

f_  *      .      ^ 

^  becomes  -7=  v/^«=!^aP"^=a  «  =«• 

dm 

another  extension  of  the  rule  given  (Art.  86),  to  frac 
tional  positive  exponents. 

321.  We  may,  in  the  preceding  formula,  suppose 

^^0;  audit  becomes,  (since  a^=a^=a«=:l)— -~ 

g       ^  a' 

a  "»,  a  transformation  demonstrated,  (Art.  86),  in  the 
case  of  whole  exponents,  and  which  still  takes  place 
wften  the  exponents  are  fractional. 

30 


IL.  g 
iM    m 
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322.  If  we  now  admit  tbe.two  equalities^ 

1         m      I  JL 

and  if  we  multiply  them  member  by  member,  w^  ahall 
have  the  equal  products, 

Jt     -4.    -£ul 

—  X— = ;     or  «    Xa=^a 

(I**      O*"      d*"    **• 

It  appears  therefore  evident,  that  exponentials^ 
with  fractional  negative  exponents,  follow .  the  same 
rule  in  their  multiplication,  as  those  with  whoU  posi- 
tive exponents.  ' 

323.  The  division  of  o"*,  by  a*",  gives  for  the  quo- 

tient  3r=-^=^«"'  "=«        . 
a"*    a"*  ^ 

Now  the  exponent  of  the  quotient,  namely  -;r*='«  i  's 
the  exponent  of  the  dividend,  minus  that  of  the 
divisor,  which  is  still  a  generality  of  the  rule  (Art. 
86),  relative  to  the  division  of  exponentials. 

324.  The  rules  that  have  been  demonstrated  in 
the  preceding  articles  may  be  extended  to  radical 
quantities    having    irrational  exponents :     For    in- 

11 

stance,  a  ^^,  AV'^,  &c.  since  that  the  roots  of  -/^ 
and  v^3  might  be  obtained  with  a  sufficient  degree  of 
approximation,  and  such  that  the  error  may  be  neg- 
lected ;  so  that  these  exponents  shall  be  -terminated 
decimal  frsjictions,  which  can  be  always  replaced  by 
ordinary  fractions. 

325.  The  formation  of  the  powers  of  radical 
quantities,  is  nothing  ejse  but  the  multiplication  of  a 
number  of  radical  quantities  of  the  «ame  denomiha- 
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lion,  marked  by  the  degree  of  the  po^er;  so  that  it 
is  8a£BcieBt  to  raise  the  quantity  qnder  the  radical 
sign  to  the  proposed  power,  and  afterwards  to  affect 
this  power  with  the  comnfion  radical  sign.'  If  the 
index  of  the  radical  sign  is  divisible  by  the  exponent 
of  the  power  in  question,  the  operation  then  is  per- 
formed by  dividing  that  index  by  the  exponent  of  the 
power.  Let  os  giv^  two  exampleB  for  these  two 
cases,  (Va''6')*= Va'^'6*' ;  (":iJ/aPfe')'=^ar6«. 

326.  If  the  exponent  of  the  power  is  equal  to  the 
index  of  the  radical  sign,  jthe  power  is  the  quantity 
under  the  radical  sign.  In  fact,  the'indication  !v/A^ 
shows  that  a'  is  the  mth  power  of  a  certain  number 
^vX^i  which  we  can  always  assign,  either  rigorously, 
or  by  an  approximation,  so  that  the  mth  power  of 
"^(^  is  dP.  In  like  manner,  the  square  of  ^/a  is  a ; 
the  cube  of  \/a  is  a ;  the  5th  pow^r  of  V( — ^^)  is  — 
a?  ;  and  so  on. 

327.  A  rational  quantity  may  be  reduced  to  the  form 
of  a  given  surd^  by  raiding  it  to  the  power  whose  root 
the  surd  expresses,  and  prefixing  the  radical  sign.  Thus 


m 


J 


aaa=:»/a*«==!^o3.=  v^a*,  &c.  and  a+x^(a+x)  «. 
In  the  same  manner,  the  form  of  any.  radical 
quanti/y  may  be  altered^  thus  -v/(<*4-a:)— :v/(a+a:)*  = 

:  V(a+x)%&c.  or  (a+^)*==(a+a?)*==(a+a;)*,&c. 
Since  the  quantities  are  here  raised  to  certain 
powers,  and  the  roots  of  (hose  powers  are  again 
taken ;  therefore  the  values  of  the  quantities  are 
not  altered.  Also,  the  coefficient  of  a  surd  may  be 
introduced  under  the  radical  ^ign^  by  first  reducing  it 
t/>  the  form  of  the  surd,  and  then  multiplying  as  in 
(Art.  318).     Thus,  ay/x^s^a""  y.^x^^a^x\  Gy^S 

afcV'SexVSsrv^?^;  and  a?(2a— a?)•=^(a?2)^X(2a- 
328.  Conversely  any  quantity  may  be  made  the  co* 
efficient  of  a  surd,  if  every  part   under  the  sign  be 
divided  by  this  quantUy^  raised  to  the  power  whose  root 
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the  sign  expresses.  Thus,  ^(a'-a*«)=a- y^ii*  X  \/(a-^) 
=a^(a-«)  ;  v/60=>/(4  X  15)=-v/*  X -v/15=2v^l5  5 

and  y  (a-*-a"x»)  =!5/[a"x  (a'^a:*)]=!5/ir»X ^/(^-^ 

329.  Let  us  pass  to  the  extraction  of  roots  of 
radical  quantities,  aad  let  the  mth  root  of  jya*  be 
required,  which  we  indicate  thus,  IJ^^o**  We  shall 
put  v/^«'=a;,  or  y^a'^x,  by  making  jyij^ss^a^  In- 
volving both  sides  to  the  power  m,  we  find  a'  or  y^a' 
=j^y  raising  again  to  the  power  n,  we  obtain  o*^ 
x**».  If  the  mnth  root  of  both  sides  be  extracted,  we 
have  another  enunciation  of  x ;  namely, 

We  shall  find,  by  a  like  calculation, 


=0",  whence  jy<r=«"»,  and  o"'=|/«*=«'-»  j  arf 

Thus,  for  example,  the  1 2th  root  of  the  number  a 
can  be  transformed  into  \/^%/a.  • 

330.  Ifj  in  the  equality  5/ «=*"•  where  ^a  is  sup- 
posed to  represent  a  number  greater  than  unity,  wc 

make  m=^  ,  we  shall  have  J/a^a^.    Let  now  q^o, 

and  we  shall  be  conducted  to  ^a^a^  =«•=!  ;  Now 
\  is  equal  to  infinity,  (Art.  165,)  or  it  is  the  superior 
limit  of  numbers  -,  therefore  uni^ji  is  the  limii  of  tht 
roots  whose  index  conttnuallt/  incrtasts. 

If  0=0,  we  have  ;/a^(f  .  Therefore^rom  th^iafJex 
zero  to  infinity^  the  root  passes  from  infinity  to  mitt/. 
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331.  To  the. hypothesis  pssa,  corresponds 

So  that,  ia  passing  from  the  index  1  to  the  index 
zero,  the  i:oot  runs  over  the  digression  of  numbers;; 
from  the  given  number  incli^ively  to  infinity. 

And,  finally,  let  us  suppose  that  p=o,  and  9=0; 

then  a  «  =^a " ,  which  is  an  indeterminate  quantity  \ 
since  the  exponent  -  is  the  mark  of  indetermination 

(Art.  201), 

332.  It  is  to  be  observed,  that  radical  quantities, 
or  surds,  when  properly  reduced,  are  subject  to  all 
Uie  ordinary  rules  of  arithmetic.  This  is  what  ap- 
pears evident  from  the  preceding  considerations.  It 
may  bp  likewise  remarked,  that,  in  the  calculaiion  ot 
surds,  fractional  exponents  §re  frequently  more  con^ 
venient  than  radical  signs. 

§  11.    RiEDUCTION   OP    RADICAL  ItUANTITlES    OR    SURDS. 

CASE  !• 

yb  reduce  a  rational  qiuantitv  to  the  form  of  a  given 

Surd. 

* 

-^  RULE. 

333 i  Involve    the  given   quantity  to    the   power 
whose  root  the  surd  expresses ;  and  over  this  power 

Elace  the  radical  sign,  or  proper  exponent,  and  it  will 
e  of  the  form  required. 

^x.  1.  Reduce  a  to  the  form  of  the  qibe  root. 
Here,  the  given  quantity  a  raised  to  the  third  power 
is  «^  and  prefixing  the  sign^,  or  placing  the  frac- 
tional exponent  (0  orerit,  we  have  a^i/a^=^(a^r 
rArt.  312). 

30*  *: 
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334.  A  rational  coefficient  may)  in  like  manner)  be 

reduced  to  the  form  of  the  surd  to  which  it  is  joined; 

by  raising  it  to  the  power  denoted  by  the  index  of  the 

radical  sien. 

Ex.  2.  Let  5v'o=v^25Xv'a=^25ir  (Art.  317), 

Ex.  SL    Reduce  —da' ft  to  the  form  of  the  cti6e 

TOOU 

.  Here,  (— 3a*J)3=.^27a«6^ ;  .•.  ^\/Vla^V  is  the 
surd  required. 

Ex.  4.  Reduce  -*4a^  to  the  form  of  the  squart 
root. 

Here,  (— 4«y)*  =  16a;y  ;  .-.(Art.  116),  — 4a?y 
=—- /16x*y«. 

Ex.  5.  Reduce  jx  to  the  form  of  the  cube  root. 

Ans.(i»3)3. 

Ex.  6«  Reduce  a+2  to  the  form  of  the  square  root. 

J. 

Ans.  {a^+^az+2^y. 
Ex.  7.  Reduce  43^^  to  the  form  of  the  cube  root. 

Ans.  (V'64a?^)  or  (64a?^)\ 

JL    J. 

Ex.  8.  Reduce  — x^y^  to  the  form  of  the  square 
root.  Ans,  — \/xt/» 

Ex.  9.  Reduce  —  a6  to  the  form  of  the  square 
root.        ^  Ans.  —y/a*b^^ 

CASE  II. 

To  reduce  Surds  of  different  indices  to  other  equivalent 
oneSf  having  a  common  index • 

RCLE. 

335..  Reduce  the  indices  of  the  given  quantities  to 
tractions  having  a  common  denominator,  and  involve 
each  of  them  to  the  power  denoted  by  its  numera- 
tor; then  1  set  over  the  common  denominator  will 
form  the  common  index. . 

Or,  if  the  common  index  be  given,  divide  the  in 
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dices  of  t&e  aaantities  by  the  given  indez^  and  the 
quotients  will  oe  the  jiew  indices  for  those  qaantities. 
Thea  over  fiie  said  qaantities,  with  their  new  indi- 
ces, set  the  given  inides,  and  they  will  make  the 
equivalent  quantities  iought. 

Ex.  1.  Reduce  n/a  and  \/h  to  surds  of  the  same 
radical  sign. 

Here,  4/  a^a  ,  and  %/h^h^^  Now,  the  fractions 
\  and  \  reduced  to  the  least  common  denominator, 

are  |  and  f  5  *•.  a*»a*=:(a»)*=:  V^S  and  6*=6*= 

Consecm^itlj  ^a^  and  %/h^  ate  the  surds  re- 
quired. 

Ex.  ^.  Reduce  y/a  and  \/x  to  surds  of  the  same 
Radical  sign  %/^  or  to  the  common  index  i* 

X  X 

(Art.  315),  v^a=a*,  and  Va^==  a?*  ;  then  J-T-i=iX6 
=3 ;  and  ^r4= J  X^s^} ;  .•.  Vo'  and  ^a^  or  (a^)* 
and  {x  )  ,  are  the  quantities  required. 
Ex.  3«  Rednce  a^  and  6^  to  the  same  radical  sign 

?/•  Ans.  V«%  a«i«^  V'*** 

r  X 

Ex.  4.  Reduce  a-  and  a^^  lo  surds  of  the  same 

radical  sign. 

Ans. ' (/«'  an«l  *v^«*- 
Ex.  5.  Reduce  ^a  and  !^y  to  surds  of  the  aame 
radical  sigii*    * . 

Ans.  T5/0*  and  "Jj/y*. 

X  X 

^   £x.  6.  Reduce  a^  and  h^  to  surds  of  the  same 
radical  sign. 

Ans.'{/«*  and  »4/6». 

E]^.  7.  Raduce  SV^^^d  ^^/^  to  the  same  radical 
sign  Ans .  3^4  and  2 V 1 25. 

Ex.  8.  Reduce  ^o^y  and  Vax  toihe  same  radical 
sign. 

Ans.  ^V«?*»*  «^n*  ^-^'a^x^ 
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CASE  lU. 

To  reduce  radUtU  QuotUtftet,  or  Sicnb,  to  their  mott 

simple  forms. 

EULB. 

336.  Resolve  the  given  nomber,  or  qaantitj,  under 
the  radical  sign,  if  possible,  into  two  factors,  so  that 
one  of  them  may  be  a  perfect  power;  then  extract 
the  root  of  that  power,  and  prenz  it,  as  a  coefficient, 
to  the  irrational  part.  ^ 

Ex.  !•  Reduce  ^a*b  to  its  most  simple  fbrm. 

Here  ^a^b^y^d^  y^^h^a  X  y/h^a^yh. 

Ex.  2,  Reduce  !ya*"ap  to  its  most  simple  form. 

m 

Here  yy^^x^'^ti^  x!v/a:=a'"x;j/a;=aX^a?. 
Ex.  3.  Reduce  v^72  to  its  most  simple  form* 
Here  v/72=^(36X2)=v'3eX-v/2==6^2. 
•337,  When  the  radical  quantity  has  a  rational  co- 
efficient prefixed  to  it ;  that  coefficient  must  be  mul- 
tiplied by  the  root  of  the  factor  above  mentioned  ; 
and  then  proceed  as  before. 

Ex.  4.  Redifce  5^24  io  its  simplest  form.' 

Here  5^24=5^(8 XS)«5^6 X|/3=:5 X2 X  ^/^ 

3=105/3. 
Ex.  5.  Reduce  t^a'^hc  and  \/98«'»  to  their  most 

simple  form. 

Ans.  a*  y^6c,  and  7a v/23:. 
Ex.  6.  Reduce  (/243  and  {/96  to  their  most  simple 
form. 

Aas.  3^3  and  2^3. 

Ex.7.   Reduce  VC^'+osi^)  to  its  most  simple 

form.  •    :  Ans.  a(/(l+6*). 

Ex.  8.  Reduce  ^(«!izi2^!±if*!)    to    Us 

(I—*  2^ 
most  simple  form.  Am* \/^(' 
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Bk.  9.  Iledacc(a+*)^[(a— A)»Xx»]  t^iU  most 
sioiple  form* 
■.-     .  Ana.  (a*  — 6»  V)x* 

•  338.  If  the  quanttig  tmder  the  raiiccd  sign  be  « 
fractianj  it.f$aj/  be  reduced  to  a  whole  quantity^  thus  : 
.  Multiply  both  the  numerator  and  denominator  by 
socfa  a' quantity  as  will  make  the  denominator  a  com- 
plete'power  corresponding  to  the  root ;  then  extract 
the  root  of  the  fraction  whose  uamerator  and  deno- 
minator are  complete  powers,  and  take  it  from  under 
t6e  radical  sign«  - 

•c  0^ 

Ex*  1.  Reduce  jX^Z-r-  to  an  inlegral  surd  id  its 

a  o 

most  simple  form. 

^b.         . 

.   £x.  3*    Reduce  iVH  to  an  integral  sard  in  its 

simplest  form. 

HereaVH=*v(2^)  =i?/AX  Vi^i^^iV^ 

f   Ex.  3.  ^eddce  f  y^f  to  «n  inti^ral  surd  in  its  most 
simple  form.  Aos^  A\/l^* 

Ex.  4.  Reduce  x^-  and  a  ^  -^  to  integral  surds- 

y  « 

in  their  mostsimple  form.     ^  Ans.  '^^/ifif  and  ^c^a^. 

Ex.  5.  Reduce  Va  ^^^  li/i  to  integral  surds  in 
their  most  simple  form.  Ans.  ^  :^37  and  iv^3. 

^     '       54  a' 

Ex.6.  Rediice Vr^^>^\/^^toflleirlllOBtatm- 
3  tf      ' 
pie  form.                               Ans.  -^  and  T-;v^2a 

o  4X 
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339.  The  utility  of  redacing^  surds  to  dieir  most 
simple  forms,  especially  when  the  surd  part  is  frao* 
tionaU  will  be  readily  perceived  from  the  Sd  exam- 
ple abbve  given,  where  it  is  found  that  ?\/f  ^=»  A\/^^) 
IQ  which  case  it  is  only  necessary  to  extract  the 
square  root  of  the  whole  number  14,  (or  to  find  it  in 
some  of  the  tables  that  have  been  calculated^  for  that 
purpose),  and  then  multiply  it  by  ^  f  whereas  we 
must,  otherwise,  have  first  divided  the  numerator,  by 
the  denominator,  and  then  have  found  the  root  of  the 

Siotient,  for  the  surd  part ;  or  else  have  determined 
e  root  of  both  the  numerator  and  denominator,  and 
then  divide  the  one  by  the  other ;  which  are  each  of 
them  troiiblesome  processes  ;  and  the  labour  would 
be  much  greater  for  the  cube  and  other  higher  roots* 

340.  There  are  other  cases  of  redticing  algebraic 
Surds  to  simpler  forms,  that  are  practised  on  jseveral 
occasions ;  for  instance,  to  reduce  a  fraction  whose 
denominator  is  irrational,  to  another  that  shall  have 
a  rational  denominator.  But,  as  this  kind  of  reduc- 
tion requires  some  farther  efucidation,  it  shall  be 
treated  of  in  one  of  the  following  sections. 


§    IIL    APPLICATION   OP    THE  PUKrDAJrENTALRUI.ES  OF 

ARITHMETIC   TO    SURD   QUANTITIES. 

r 

CASE  I. 
To  add  er  subtrjact  Surd  QuofUUie^. 

■  r 

.   RULE.       ' 

341.  Reduce  the  radical  parts  to  their-  simplest 
terms,  as  in  the  last  case  of  the  preceding  sectioji  ^ 
then,  if  they  are  similar^  annex  the  common  surd  part 
to  the  sum,  or  difference  of  the  rational  parts,  and  it 
will  give  the  sum,  or  difference  required. 

Ex.  1.  Add  4^07,  ^Xf  and  b^x  together. 


IRRATIONAL  QUANTITIES.  347 

Here  the  rftclic.al  parts  areJalready  in  their  simplest 
terms,  and  the  surd  part  the  same  in  each  of  them ; 
.•.  4-/flc+v'a?+^V^«=(4+r+5)Xv^af=10v/aj  the 
sum  required. 

Ex.  2*  Find  the ^um  ai^d  difference  oi  ^l^^x  and 

(Art,  31^3),  yl6a*x=v/16tf'X-v/a;=4av'a?,: 
and  v^4«»aj=v^4a^  X  V'a?=2av^a? ; 
.*.  the  ^um=(4ii+2a)Xv/aj=6a-v/a;5 

and  the  €li^ere»ce=(4a — 2a)Xv/<»=^fl\/«* 
Ex.  3.  Find  the  sum  and  difference  oi  \/\Q^  and 
9^32. 

Here  vi^8=5=^27XV4=3Xi/4=3V4, 
and  9-^32=:9ViiXV4=18XV4=18V4, 
the  fit^m?=(l8+3)xy4=21V4; 
and  the  di/fcr6ncc=(tO— 3)X^4=15V4. 
342.  If  the  surd  part  be  not  the  ^ame  in  each  of 
the  quantities,  after  having  reduced  the  radical  parts 
to  their  simplest  terms,  it  i^  evident  (Artt  315),  that 
the  addition  or  subtraction  of  such  quantities  can  only 
be  indicated  bj^  placing  the  signs  +  or^etweeu 
them., 

Ex.  4.  Find  the  ^vm  and  difference  of  Z\/a*h  and 
h^c*d.  ^ 

•     ;  Here  \/a^b^S^a^y.l/b—Zay.%/h—^a%/b, 
.     and  by/c^d=^b^/c^  y.^d^bcy<^d=:be^d ; 
ihesfjan^3a\i^b'\'bc^d'j      ,>     . 
and  the  difference^saSa^b^bc^d. 
^   Ex.  5.  Find  the  sum  and  difference  of  v^^\  and  y/i, 
Ans.  The  sum;  =<^\/6,  and  differences:'^ ^/S, 
^x.  6.  Find  the  9um  and  difference  of  ^^la^co  and 
y'3a*a?.      ~  . 

Ahs.  The5«OT=:4a^v'^*»  *^^  di/fcrenccc=2a^V'^^' 
Ex.  7.  Find  the  sum  and  difference  of  ^v^a^i  and 


Ai^s.  The  ^t/m^as  ( -  ^  j"      )v^?  arid  df^< 


erence 
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Ek*  a.  Reqamd  tbe  sum  and  dj^er^nce  of  3^625 
and  2i/185. 

Am.  The  nim=:=2iy5,  and  <7^iKrmce=9^5. 
Ez«  9.  Required  the  ewn  and  differetkM  of  V^  a*i' 

and  l/*y  • 
Ad8.  The  fum=«v^ai+a?^»*y*,  and  aj/fer#«cc= 

CASE  II. 
7b  inti/<^/;y  or  divideSur  d  Quantities.  ' 

343.  Reduce  them  to  equivalent  ones  of  the  same 
deDomination,  and  theii  .multiply  or  divide  both  the 
rational  and  the  irrational  parts  by  each  other  xe- 
spectively. 

The  product  or  quotient  of  the  irrational  parts 
may  be  reduced  to  the  most  simple  form,  by'^the  last 
case  in  the  preceding  section. 

Ex.  1.  Multiply  v<«  by  ^J,  or  a"*  by  6». 
The  fractions  ^,^nd  |,  reduced  to  comnfon  denomi- 
nators, are  f  and  f . 

,-.  ««=a*=*/a3 .  and  A*^6*=t/*^ 
Hence  ^/a  X  l/b^\/a^  X  \/b^  =V«^^*- 
Ex.  3.  Multiply  2v/3  by  3V4. 

By  rcJuc/1071,  2v<3=2X3'^=2X  V3»  =2^27  ; 

and  3 V4=«3  X  4^3=^5/4*  «at/16. 
.•.  2v'3X3V4==2V27X3Vl6?c6V432. 
Ex.3.  Divide  8V^5 1 5  by  4^2. 

Here  8-r4=2,  and  V^12h-V2«><256=4^4. 
.•.8(/512-?^2=2X4V4=8t/4. 
Ex.  4.  Divide  ^^bc  by  S^ac. 

,  Now  2V6c=2X(6c)^=2X(Ac)*=2Vi'c% 

and  3-/ac=3  X  («c)'=3  X  (ffc)^=3Vo'c^  ;      ^ 

3ac  ^ 
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S44«  ^  two  surds  httve  the  same  rational  quantitt/ 
under  the  radical  signsy  their  product^  or  qtioHent^  is 
obtained  by  making  the  sum,  or  differences  of  the  indices, 
fhe  index  of  that  quantiti/  (Art.  319,  320). 

I    Ex.  5.  Muhiply  l/a*  b>  ^a«,  or  a*  by  aK 

Here  as +al=:a3+l=rtl=a3.  Or  ^a*  X  \/a^  = 
V(a*  Xa^)=^l/a^=^a',  as  before. 

Ex.  6.  Divide  ^a^  by  \/a*j  or  ai  by  ds. 

Here  a*-i.a*=aH=a^^*^o^'=s  -i-^a/J-. 

a 

S45»  J/*  compound  surds  are  to  be  multiplied,  or  di- 
vided, by  each  other,  the  operation  is  usually  performed 
as  in  the  multiplication,  or  division  of  compound  alge- 
braic quantities*     It  frequently  happens  that  the  divp-  ' 
sion  of  compound  surds  can  only  be  indicated. 

Ex.  7.  Multiply  -v/3— Va""  bj  V^+V<^* 

^/3— V«*  I  Since  v^3Xt/3=3*X3f = 
V3+V«   5  y(3^X3«)=^(27X9)  = 
6^243 

-5^243— ^(3a^) 

+V(27a^)— a 


Product=^243- V3a'  +y27a« 
Ex.  8.   Divide  y^b'ca  +  ^a^b  —bt  —  ^abc  by 


V'A*  ca+ v^a*  &— 6c -r  v^aftc 


^■■Ma*i 


— be — i^abc 

*-bc — ^abc 


y/bc+^a 

Quot. = ^ba^y/bc» 


Ex.  ».  Multiply  ^16  by  v/ 10.  Ans.  -5/225000. 

Ex.  10.  Multiply  J  ^6  by  f-^18.  Ans.  ^4. 

Ex.  1 1.  Multiply  ^18  by  ^4.  Ans.  10^9. 

Ex.  12.  Multiply  i^S  by  ^i/9.  Ans.  i^^t/S. 

Ex.  13.  Divide  4^50  by  ^y/5.  Ans*  Sy^lO, 

31 
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Ex.  14.  Divide  }^i  by  i^^.  Ads.  |v^10« 

Ex.  15.  Divide  ^a^dH'  by  ^d.  Ans,  ^ab. 

Ex.  16.  Multiply  a^xi  by  ai«i^.  Ans.  aHa?§. 

Ex.  17.  Multiply  ^aHH'  by  \^an^c*. 

Ans.  a^i^c*. 

Ex.  18.  Divide  (a*+d')f  by  (a*+ft^)  *• 

Ans.  ^(a*4-60: 
Ex.  1 9.  Multiply  4+2  v^2  by  2—  v^2.         Ans.  4. 

Ex.  20.    Multiply  v'(«— -/(*— -v/^))   V  •(<»+ 
^^(6— -x/3)).  Ans.  -v/(a— 6+^/3). 

Ex.  21.  Divide  a*6— a6*c  by  a'+a^bc. 

Ans.  «6 — by/be. 

Ex.  22.  Divide  a*+a?*  by  a^'+ax^+x^. 

Ans.  a^  — aa;Y/2+a;*.' 

346.  It  is  proper  to  observe,  since  the  powers  and 
roots  of  quantities  may  be  expressed  by  negative  ex- 
ponents (Arts.  86,  311),  that  any  quantity  may  be 
removed  from  the  denimiinator  of  a  fraction  into  the 
numerator;  and  the  contrary^  by  changing  the  sign  of 
its  index  or  exponent ;  which  transformation  is  of  fre- 
quent occurrence  in  several  analytical  calculations. 

1  ^ 

Ex.  1.  Thus,  (since-T-assj-s),  6^  »"»J  be  expressed 

—  '  g^_     1 

by  a^b"^  5  and  (since  a*  =«-«),  we  have  63~"i»a-a 

Ex.  2.  The  quantity  ^4^5  may  be  expressed  by  a^ 

Ex.  3.  Let  the  denominator  of  >L_  be   removed 

cb^ 

into  the  numerator. 

Ans.  a^a?V»6-'. 

Ex.  4.  Let  the  numerator  of  I  be  removed  in- 
to the  denominator.  1 

Ans.  a'  x'^H. 
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Ex*  5*  Let  x^y^a^  be  expressed,  with  a  negative 
ejEpoiient»^  1 

Ans.  a*"*j'**a""5» 
CASE  III. 
To  involve  or  raise  Surd  Qwmtiiies  to  any  power r 

RUL£« 

347.  Involve  the  rational  part  int6  the  proposed 
power,  then  multiply  the  fractional  exponents  of  the 
surd  part  by  the  index  of  that  power,  and  annex  it  to 
the  power  of  the  rational  part,  and  the  result  will  be 
the  power  required. 

Compound  surds  are  involved  as  integers,  observ« 
in^  the  rule  of  multiplication  of  simple  radical  quan- 
tities. 

Ex.  1.  What  is  the  square  of  ^v^a  ? 

The  square  of  2^a=(2iiJ)«  sb2»  X«» **  =i4a. 
Ex.  2.  What  is  the  cube  of  ^(a«  — 6*+v^3)  ? 

The  cube  of  V(«*— *''+i/3)=(a«— 6«+v^3)3*^ 

348.  Cor.  Hence,  if  quantities  are  to  be  involved 
to  a  power  denoted  by  the  index  of  the  surd  root, 
the  power  required  is  formed  by  taking  away  the 
radical  sign,  as  has  been  already  observed  (Art.  326). 

Ex.  3.  What  is  the  cii6«  of  f^^ax. 
Here(J)»=i,  and  (v^2aa?)»=tr(2aa:)a*'+(2aa?)t 

=(2ax)X(2aa;)i-j  .•.iX2a«x(2aa?)¥c» 
iaapy^2ax  i^  the  power  required. 

Ex*  4.  It  is  required  t6  find  the  square  of  ^a'-- 
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a — ^ab 
The  iqoare  a— 2^a6+6. 


Ex.  5.  It  18  reqaired  to  find  the  square  of  3%/ 3. 

Ana.  d\/d. 
Ex.  6*  Find  the  cube  of  ^/a. 

Ans.  d^a* 
Ex.  7.  Find  the  4th  power  of  —  V«». 

Ans.  a'\^a*» 
Ex.  8.  Find  the  5th  power  of  —  (/o6. 

Anis.  — ah, 
Ex.  9.  Reqaired  the  cube  of  a — ^6. 

Ans.  a*  —  3a*  ^b+3db  — b^b. 
Ex.  10.  Required  the  square  of  3+\/5«   : 

Ans.  14+6^5. 

Ex*  II.  Required  the  cube  of  —(/(%/« ""-v/*^)* 

Abs«  x^bc — -y/ff. 

CASE  IV. 

To  evolve  or  esi^r($ct  the  Bq<^  of  SMrd  Quantities. 

RULE. 

">  ..■"■' 

349.  Divido  the  index  of  the  irrational  part  by  the 
index  of  the  root  to  be  extracted ;  tbeo  apn^x  the 
result  to  the  prpper  root  of  th^  rational  part,  and 
they  will  give  the  root  required. 

If  it  be  a  compound  surd  quantity,  its  root,  if  it 
admits  of  any,  may  be  found,  as  in  Evoiution.  And 
if  op  S9€h  root  can  be  bund,  prefix  the  radical  sign, 
which  indicates  the  root  to  be  extracted. 

Ex.  1«  What  is  the  square  root  of  81  y^a. 


_ 
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Here  y^ar=9,  and  the  square  root  of  ^a  or  a  <=^ 
^a        ssa       =a  =V«7  •••  V'(81\/»)'^^V«»  0' 

Ex.  3.  What  is  the  sqmre  root  of  a'  — 6a^^+9i, 
a*— 6a^6 + 9i(a— 3-v/* 


2a-«3-/6)— 6a-v/6+9i 
— Bay'* +96 

Ex.  3.  Find  the  square  root  of  9^3. 

Ans.  S%/2, 

Ex«  4.  Find  the  4th  ro6t  of  if  i/a^ 

Ans.  f  ya. 

Ex.  6.  Find  the  cube  rooto((5a^  — 3a?*)^. 

Ans.  v/(5a»— 3a?»). 

Ex*  6.  Required  the  cube  root  of  ^a^fr. 

Ans.  ia\^b. 

Ex.  7.  What  18  the  Jiflh  root  of  32V*'* 

Ans.  2  V^* 
Ex.  8.  What  is  the  4tbroot  of  16a  V*« 

Ans.  Zya*x. 

Ex.  9.  What  is  the  nth  root  of  !r/a*aj». 

1    *> 
Ans.  a^a?  ■•*• 
Ex.  10.  It  is  required  to  find  the  cube  root  of  a^ 

Ans.  a — 4^x^ 

§  lY.  METHOD  or  REDUCING  A  FRACTION,  WHOSE 
fiXNOJflNATOR  IS  A  SIMPLE  OR  A  BINOMIAL  SURD^  TO 
ANOTHER  THAT  SHALL  HAVE  A  RATIONAL  DENOMI- 
NATOR. 

350.  A  fraction,  whose  denominator  is  a  simple 
sard,  is  of  the  form  - — ;  where  x  may  represent  any 

31* 
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nttanftl  q«9i|titi«i  wbatever»  either  simple  oc  .com- 
pound; thus, 

he  a  c^d     J, 

«re  fractions,  whose  denominators  are  simple  surd 

quantities.  ^ 

351.  It  is  evident  that,  if  a  surd  of  the  form  ^x 

be  multiplied  by  V^*^'  ^^^  product  shall  be  rational; 

since  !;/*><V**"'=*V(*^**^*)=V**=**  5  in  like 
manner,  if  \/{a+3>),  be  multiplied  by  \/{a+x)'y  the 
product  will  be  a+«* 

353«  Hence«  if  the  nvmerntor  and  denominator  of 

a  fraction  of  the  form  —   be  multiplied  by  1^a^\  the 

Ttndt  will  be  a  fraction,  whose  denominator  shall  hi 
rational. 
Thus,  let  both  the  numerator  and  denominator  of 

fraction  <~  be  multipKed  by  \/x,  and  it  becomes 

it  y«r 

-— ;  and  by  multiplying  thQ  numerator  and  deoo- 
nunator  of  the.  fraction  ,  ,    . — n  by  t/(tf+«)  ,  itbc- 

c«ne.M^4]=»tef£  Or,  i&  general,  i/ 
both  the  numerator  and  denominator  of  a  fraction  of 
the  form  —     be  multiplied  by  V^*~N  ^^  becomes 

--^ 1  a  fraction  wbo$e  denominator  is  a  rational 

X 

quantity. 

353.  Compound  surd  quantities  are  such  as  consist 
of  two  or  more  terms,  some  or  all  of  which  are 
irrational ;  and  if  a  quantity  of  this  kind  consist  only 
of  two  terms,  it  is  called  a  ninomial  surd ;  and  a  frac- 
tion whose  denominator  is  a  himmiai  sord,  is,  in 

general,  of  the  form  — — ;j--r-. 
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354^  If  a  nmltif  lier  be  required,  that  shall  reader 
any  binomial  sard,  whethet  it  consist  of  even  or  odd 
roots,  rational,  it  may  be  found  by  substituting  the 
giTen  numbers,  or  letters,  of  which  it  is  composed,  in 
the  plaees  of  ttieir  e^als,  in  the  following  general 
formula : 

Binomial^  l/odb*/*? 

Multiplier,  •/^'^sp  V^"^*+V'»*^**=^V^^***+ 
&c.,  where  the  upper  sign  of  the  multiplier  miist  be 
taken  with  the  upper  sign  of  the  binomial,  and  fhe 
low^r  with  the  lower;  and  the  series-Continued  to  n 
terms.  This  multiplier  is  derived  from  observing 
the  quotient  which  arises  from  the  actual  division  of 
the  numerator  by  the  denominator  of  the  following 
fractions:  thus,     - 

If  • 

terms,  whether  n  be  even  or  o«?d,  (Art.  108). 

to  n  ternis,  when.n  is  an  even  number,  (Art.  109). 

to  n  terms,  when  n  is  an  odd  number,  (Art.  110)* 

355.  Now  let  «*=a,  y*=:6;  then;  (Art.  116), 
a?=!y/a,    y=!^6,     and    these    fractions    severally 

become  r • ,  and  r rr~T ;  and  b\ 

the  application  of  the  rules  in  the  preceding  section 
we  have  a:*-*=!^a'*-* ;  aj^-^srr^/a""^ ;  3c*""®= V^*"  ^^* 
also,  y»=s=!;/63  ;    y3_,«^j3  •    &c,  ;     hence,    a;*"-*y= 

a«-%a  j^  ^^^  gy  sub^ti  tilting  these  vs^lucs  of  a;*"\  a?*"Vj 
a«-3y«,  &c.,    in    the    several    quotients^    we   have 

;rr—T^'^V^'''^+V  •  •  •  + 

V**^"*  to  n  terms ;  where  n  may  be  any  whole  num- 
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bcr  whatever.    And  -^^M.  «  v<<^'*-  V«*"^*  -f 

V«*^**  — &c.  •  .  .  *;/*•-»  to  n  terms ;  whece  the 
terms  b  and  V^*^*  have  the  sign  Hk*  where  n  is  an  o<U 
nomber :  and  the  sign  — ,  when  n  is  an  even  number* 

356.  Since  the  divisor  maltiplied  bv  the  quotient 
gives  the  dividend^  it  appears  firom  the  foregoing  ope- 
rations that,  if  a  bnwmial  surd  of  the  form  \/a— !^&  be 

nn^  whole  nnmber  whatever),  th$ product  will  be  a — by 
a  rational  quantity ;  and  if  a  binomial  sard  of  the 
form  :ya+\fb  be  maltiplied  by  ^a'»-»  -  J^a'^^b^ 
V"^**— &c.  .  .  .  sfeV**""**  *«  product  will  be 
«+&  or  a — i,  according  as  the  index  n  is  an  odd  or 
an  even  number. 

357.  Hence  it  follows,  that»  if  the  numerator  and 
denominator  of  the  fraction  (Art.  353),  be  multiplied 
bjf  the  multiplier,  (Art.  3d4),  it  becomes  another  egutva- 
lent  fraction^  whose  denominator  shall  be  rational* 

There  are  some  instances,  in  which  the  reduction 
may  be  performed  without  the  formal  application  of 
the  rule,  which  will  be  illustrated  in  the  following, 
examples. 

Ex.  1*  Reduce  ^!?'*'^1     to  a  fraction  with   a 

rational  denominator. 

To  find  the  multiplier  which  shall  make  ^5  -^  ^3 
rational^  we  have  n=2,  tf=5,  6=3 ;  .%  (Art.  364), 
\/(^''^+\/a*'^b=^  {since   a*-2=«"==a'=  1)    v^5+ 

,o.    •    v/20+v/l2^5+v/3_16+4v-15_       ^ 

^^'  •  •     v^5-^3    ^^5+^3 2  ^+^ 

^15. 

358.  This  multiplier,  ^5+\/3,  could  be  readily 
ascertained,  without  the  application  of  the  formula, 
by  inspection  only  ;  since  the  sum  into  the  difference 
of  two  quantities  gives  the  difference  of  their  squares  ; 
also  the  multiplier  that  shall  render  ^a+^b  rational^ 
is  evidently  ^a—^b.    In  like  manner,  a  trinomial 
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9ard  may  9l1so  bp  rendered  rational,  by  cbaDging  the 
sign  of  one  of  its  terms  for  a  axaliiplier ;  and  a  quad- 
rinomial  surd  by  chaogiog  tbe  signs  of  two  of  its 

Ex.  2,  Reduce  ---7-; — ■-- — t-t  ^  *  fraction  with 

vO+,^3— ^2 
a  rational  denominator. 

Inthp  im  place,  — — V^ X ^^+^/^+y/^_^ 

6+2^15  '  i+y/l5       ^-3+v/15 

^- ..2L 21—4^ — i -Js:: — 1  IS  the  fraction  rc- 

quired, 
ijx.  3.  Reduce  3  l      —  to  a.  fraction  witb  a  ra- 

•  tional  denominator.  .  . 

To  find  the  multiplier  which  shall  make  ^3--^2 
rational^  we  have  n=3,  aaeS,  6«2  ;    ••.V«*'"*  + 

Kow  (V3— l^2)(V9+t/6+V4)«a-i=3— 2=1 ; 
•*.  ihe  denominator  is  1,  and  the  fraction  is  reduced 
to  V9+V^+\/4. 

359.  Hence  for  the  sum,  or  iiference^  i^  two  cube 
roots,  which  is  one  of  the  most  usefiit  cases,  the  mul- 
tiplier will  be  a  trinomial  surd  consisting  of  the 
squares  of  the  two  eired  terms,  and  their  product, 
with  its  sign  cfaangea^ 

Ex.  i.  Reduce  ^^|f7^^^  ^ a  fraction  with  a 
rational  denominator.  Ans.  — Il2V^« 

2  . 
3 

Et.  g.  Reduce    ■  ■     >  /to  a  fraction  with  a  ra- 

tional  denominator.  Arii.  ^^"^V^. 

5— »■ 
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Ex.  6.  Reduce  : — rrr-r  *©  a  fraction  whose 

denominator  shall  be  rational. 

Ans.  4+2v'2— ^v^e. 

Ex.  7.  Reduce r-: —  to  a  fraction  whose  de- 

nominator  shall  be  ratioQal. 

Ex.  8.   Reduce  7 — -rr —  to  a  fraction  whose  de- 

aominator  shall  be  rational. 

Ans.  ^125— V75+V^5— V27. 

360.  It  may  not  be  improper  to  take  notice  here 
or  another  transformation  which  binomial  surd  quan- 
tities majr  undergo  by  an  equal  inyolution»,  and  evola- 
tioa« 

Ex.  1.  To  transform  ~  ^2+^3  to  a  unirersal 
surd.  \ 

lt8  square  ==^5+2^6 ;  .•.  the  root  =y<(5+2-^6). 

Ex.  i.  To  reduce  ^27+^4B  to  a  universal  surd« 

Here  (v/274-v'48)*=27+2v/l296+48=l47  ; 
••.  V'274--/48=v^J47«=v^49X3==7v/3. 

Ex.  3.  To  transform  t/320—  ^40  to  a  general 
surd. 

Here  (^320— i/40)'»320— 3^^  4096000+3  ly 
.512000—40=40;  .-.  ^320—^40=2^5. 

36  f.  This  transformation  is  reiy  useful,  since,  by 
means  of  it,  we  can  always  reduce  the  sum  or  dilBbr* 
ence  of  any  two  surd  quantities,  ifr  they  adiftit  of  the 
same  irrational  part,  to  a  single  sard.  This  may  be 
proved,  in  general,  thus ;  if  V^  ^^^  V^  admit  of  the 
same  irrational  part,  they  must  be  of  the  form  "^/a^^m 

andy6'^»;and(V«'»m+V*'^)*==<*^+**V  («'"^*"*^ 
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'\/(o'"m+nma'*~' 6'*+&c.  .  .  .  6'*m)=  the  nth  root 
of  a  rational  quantity.  Hence  the  product  of  ^a  by 
^h  is  rational  if  ^/a  and  y^i  admit  of  the  same  irca- 
tional  part  5  abo,  ^a*  X  X/h^  or  \/a  X  X/h^^i  is  rational, 
if  ^a  and  %/h  admit  of  the  same  irrational  part ; 
and,  in  general,  V^**^'  XV*vOr  V^XV^*"'?  w  ra- 
tional, if  V^  ^^^  V^  admit  c^  the  same  irrational 

part. 

362.  It  is  proper  to  observe,  that/ for  the  addition 
or  subtraction  of  two  quadratic  surds,  the  following 
method  is.  given  in  the  Bua  Ganita,  or  the  Algebra 
of  the  Hindus,  translated  by  Strachey.  Thus,  to 
find  the  sum  or  differmce  (^  two  surdsj  y/a  and  -y/J, 
for  instance* 

RtJXiE. 

Call  a+b  the  greater  sard  ^  and,  if  a  X  6  is  rational, 
(that  is,  a  sqtiare)^  call  ^^/ab  the  Hsa  surd,  the  sum 
will  be  y/{a+b+2y^ab),  (= -/a  ±  ^by ,  and  the  dif- 
ference  ^{a+b—^^ab)*  If  a  X  6  is^  irrational,  the 
addition  and  subtraction  are  impossible  ;  that  is,  they 
oan  only  be  indicated. 

Example.  Required  the  sum  and  difference  of\/2 
and  v'S.  Here  2+8=10=>  surd;  2X8:^=16, 
,..^16=4,  and  2y/'16=:2X4=.8=<surd.  Then 
iO+8=18,  and  10-8=2 ;  .•.  v^l8=  sum,  and  v^2 
=  difference. 

ANOTHER   RUi;,E. 

Divide  a  by  ft,  and  write  ^/i  ^^  ^^^  places.  In 
the  first  place  add  1 ,  and  in  the  second  subtract  I ; 
then  we  shall  have  y/t  (  \/|+ 1 V  X  6]  =  v^a  -f 

V^fr,and  \/l(\/~lVxi]=-v/fl--v/*. 
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If  \/x  is  irratioDal,  (that  is,  notasquare)vthe4d- 

dition  or  subtraction  can  be  only  made  by  coooecting 
tbe  surds  by  tbe  signs  +  or  —  1,  as  they  are. 

Sturmius,  in  his  Mkxthtsis  Enucltata^  has  also  given 
a  method  similar  to  the  above* 

Ex.  4.    To  transform  ^2+'v^3  to  a  general  surd. 

Ans.  vf{5+2-v/6), 

Ex.  5.  To  transform  ^a—^^x  toa  univei'sal surd* 

Ans.  -v/(a+4a?— 4-y/aa?). 

Ex.  6.  To  transform  S^J-f  ^72  to  a  universal 
surd.  Ans.  ^9. 

§  V.   METHOD  OF   BXtaACTING   THE   SQUARE   ROOT    OF 

BINOMIAL   SURDS. 

363.  The  sqvare  root  of  a  quantity  cannot  he  partly 
rational  and  partly  a  quadratic  surd.  If  possible,  let 
v^n=fl+y^i»;  then  by  squaring  both  sides,  n=^a^  + 
2ay/m'\*m,  and  2av<m=n — a^  — m ;  therefore,  ^m^ 


>l-"-HX^  —  Wl 


,  a  rational  quantity,  which  is.  contrary  to 

4 

the  supposition. 

A  quantity  of  the  form  y/a  is  called  a  quadratic 
surd* 

364.  In  any  equation  x-^^y^^a+^b,  consisting  ef 
mtional  quantities  and  quadratic  sufds,  the  rational 
parts  on  each  side  are  equal ^  and  also  the  irrational 
parts. 

If  X  be  not  equal  to  a,  let  x=^a+m ;  then  a+m-i- 
^y=^a+^b^  or  m+^y=^^b  ;  that  is,  -v/fr  is  partly 
rational,  and  partly  a  quadratic  surd,  which  is  impos- 
sible, (Art.  363)  ;  .•.  x=a,  and  \/y^=^^b. 

365,  If  two  quadratic  surds  ^x  and  y'y,  cannot  be 
riduced  to  others  which  have  the  same  irrational  party 
their  product  is  irrational. 

If  possible,  let  ^xy=trx^  where  r  is  a  whole  number 
or  a  fraction,     Then  xy=s:r^x^^  andyssr^o?  5  ••.  -j/y 


1 
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•  -:=^f^x ;  ^hat  18,  ^y  and  ^x  may  be  so  reduced  as  to 
bave  the  same  irrational  part,  which  is  contrary  to 
the  supposition* 

566.  Om  quadratic  surd,  v^x,  cannot  be  made  iqi  of 
tTPO  others^  y/m  (md  y/n^  which  have  not  the  same  irra* 
iionalpart* 

If  possible,  let  ^x=iy/m+^n]  then  by  squaring 
both  sides,  a?=m+2y'mn+w,  anda?-r-m — n=2y/»mH 
a  rational  quantity  equal  to  an  irrational,  (Art.  3G6), 
which  is  absurd* 

'     J 

367.  Let  (a+6)*'~x+y,  where  c  is  an  even  nuimber, 
a  a  rational  quantity^  b  a  qufidraHc  eurdf.x  and  y^  one 

or  both  of  themy  quadratic  surdsy  ihen  (a+^)*=5=ac — y^ 

c — 1 
By  involution,  a4-i==«^'+cx*"*y+c.——**""^y^  + 

&c.,  and  since  c  is  even,  the  odd  terras  of  the  series 

are  rational,  and  the  even  terms  irrational ;  .^a^o^ 

c— 1  c— •!  c— *^ 

+c. a:***j* +&;c»,   and  6  =  cx*^*y+ c.-— .-— -X 

«  ,  .  z        «#  - 

1  x*="»y3  4.  &c.(Art.  364)5  bence,a— 4=5=«*— c»^»y+c. 
-^^jp*-*y*—  &c. ;   and  consequently,  by  evolution. 

(a— i)«=a?— y. 
'       368.    If  c  be  an  odd  mmbtr,  a  and  by  one  or  botk 
'  quadratic  surds^  and  9  and  y  involve  the  same  surds 

that  a  and  b  do  respecciveiy^  and  ato  ((i-f-6)"i  sa  x+^ 

(J— I 
t      By  inv(>fution,  a+h^x^'-^cx^-^y+c.-—-  m""^  y*  + 

&c.)  wher6  the  odd  terms  involve  the  same  surd  that 
^  does,  because  c  is  at^  odd  number,  and' the  even 
terms,  the  same  surd  that  y  does  ;  and  since  no  part 
of  a  can  consist  of  y  and  its  parts^  ^Art.  366),  a^x°  ■ 

-f  c*^^^--»^y  +  ,&c^  and  i»4ja>-»y+c,5^*^. 

38 
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af^y'+  &c.;  hence,  o-fiss**— c«*~*y+c.^^^  x"*^  v* 

2 

^&c. ;  •••  by  eToltition,  (a— i)  •x=ap— y. 

369.  7%e  iquart  root  (^  a  binomial j  one  of^hose 
Urms  is  a  quadratic  surd,  and  the  other  rational,  may' 
sometimes  oc  e^fpressei  by  a  binomial,  one  or  both  of 
mhosh  terms  are  quadratic  surds. 

Let  a+y/b  be  the*  giv^  biDOmial,  and  Qoppose' 
V^(a+y^ft)==»+y;   where  x  and  y  are  ODe  or  both 
quadratic  surds ;  then  v' a— v^6)=a;— y,  (Art.  367) ; 
•%  by  multiplication,  -v/(fl* — 6)=a;*— y*, 
also,  by  squaring  both  sides  of  the  first  equation, 
a-f  v/-6=«''+2apy+y%  and  a=a;a +y«(Art.  364); 
.•/by  addition,  a+v^(a«— 6)=2a;*,  and  by  subtrac- 
tion, a— v^(o*— i)=:2y«  ;   and  the  root  a;+y=v^r4<i 
+V{a»-6)]+^[ia^V(^»-6)]. 
,  From  this  conclusion  it  appears,  that  the  square 
root  of  a+-^6  can  only  be  expressed  by  a  binomial 
of  the  form  x+y,  one  or  both  of  which  are  quadratic 
surds,  when  a^'^b  is  a  perfect  square. 

By  a  similar  process  it  might  be  shown  that  the 
square  root  of  a—^b  is  -/[ia+iy^C^*— *)]-"\/[^« 
— iVCfl'— ft)],  subject  to  the  same  limitation. 

Ex.  1.  Required  the  square  root  of  3+2-y/2« 

Let  V'(3+2v'2)=a?+y ',  then  v'(3— 2v^2)=a^ 
-*-y ;  by  multiplication,  -v/(0— 8)=x*— y* ;   that  is. 

,  Alsoy  by  squaring  both  sides  pf  the  first  equfeition, 
3+2v/2=a?2+2xi/+5r',  and  x«+2/«=3,  (Art.  264)  5 
.•.  by  addition,  2a?*  =4,  and  x=^2. 

Agaiq,  by  subtraction,  2^a=2;  .-.  y=l,.and  x+y 
=V2+ 1  =  the  root  required. 

Or,  the  root  may  be  found  by  substituting  3  for  a, 
2y^i>=:v^8  for  ^b,  or  8  for  b,  in  the  above  formula  ; 
thus, 

aJ+y='^/[|+V(9-a)]+^[|_V(9~8)=•(|+ 
^)+v'(i-i)=^2+l. 

Ex.  2.  Required  the  square  root  of  194-8^3. 

Ans.  4+^/3. 
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«    Ex«  3.  What  U  the  8<}jiiace  root  of  Id— v^UO  ? 

'   Am.  -v/7— ^5. 
Ex.  4.  Fiod  the  square  root  of  7+4^3. 

Ana.  2+^3. 
fix.  5.  Fiad  the  «quarc  root  of  7—2^10. 

Ans.  v^5— \/2. 

Ex/6.  Find  the  square  root  of  31 +  12-/ -^5. 

Ana.  6+v^ — 5. 

Ex.  7.  Find  the  square  root  of  13— 10v/-7. 

Ans.  5— v' — 7* 

Ex<8.  Find  the  square  rootof  --l+4^~5.       • 

Ans.  2+^—5. 

370*  The  cih  root  of  a  binomial,  one  or^  both  4f 
whose  terms  are  possible  quadratic  surds,  may  some- 
iimes  be  expressed  by-  a  binomial  of  that  description* 

Let  A4-B  be  the  given  binomial  surd,  in  which  ' 
both  terms  are  possible;   the  quantities  under  the 
radical  signs  whole  numbers  ;  and  A  is  greater  than  B. 

Let  VU  A+B)  X  -v/Q]=a;+y-; 
then  \/[{^—B)  X  ^/Q3=a?^^,  (Art.  367)  ; 

.•.by  multiplication,  V[(A*— B2),XQ]=a?*— 3^' ; 
now  let  Q  be  so  assumed,  that  (A*— B»)  xQ  may  be 
a  perfect  cth  power  =n%  then  a?* — y^=n. 

Again,  by  squaring  both  sides  of  the  two  first  equa*- 
tions,  we  have 

.V[(A+B)»xQ]=^x-«+2a?y+y* 
VLf  A-B)»  xQl=a;*  -2a?y+y* 
.-.  V[(A+B)?  XQ]+V[(A-^B)*  XQ]  =2x»+2^^  : 
which  is  always  a  whole  number  when  the  root  is  a 
binomial  surd;  take  therefore  s  and  /,  the  nearest 
integer  values  of  y[(A+B)"  XQ]  and  V[(A—B)* 
XQ],  one  of  which  i«  greater  and  the  other  less  than 
the  true  value  of  the  corresponding  quantity ;  then 
since  the  sum  of  these  surds  is  an  integer,  the  frac*- 
tional  parts  must  destroy  each  other,  and  2a?'  H-2y"  =s: 
s+ti  exactly,  when  the  root  of  the  proposed  quantity 
can  be  obtained.  We  have  therefore  these  two  equa- 
tions, a?*— y*=^n,  and  a;»+y*=s=J^-f-a* ;  •••by  addi- 
tion, 2x*  «n-f- J*+ j^  and  a;=sjy^(2n-f*+0  >  and*y 
subtraction,  2y'^js+it-^nf  andy=Jv'(H-*— 2n). 
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a 

Consequently,  if  the  root  of  the  binomial  ^/KA-f- 
«)X  v/Qj  be  of  the  form  x+jr,  it  is  J  ^{^in-^s-hO-h 
iV[8+t-^^^n)\     and    the    cth    root    of   A+B    is 

V^(2n+5+0+  V{s+(—^n) 

-    -■■     "■  '  ■• 

Ex.  1.  Required  the  cube  root  of  lO+\/106. 

In  this  case,  V\OB  is  >I0;  .%  A=108,  B=ia, 
A«—B^  =  108  —  100^8,  and  SQ^n^.  Now,  since  B 
IS  a  cube  aumber,  Q  may  be  taken  equal  to  1  ;  theo 
CQ=:8=/i';  .•.  n=2.  Also,  V[(A+B)« ]=?+/; 
V[(A— B)«]=: I  — /,  where/is  somefraction  less  than 

1^124-2 

"^  -  •  . 

If  therefore  the  cube  of  10+  V]QB  can  be  ex- 
j^resscd  in  the  proposed  form»  it  is  1^3+1 ;  which  os 
trial  is  found  to  succeed* 
Ex.  2.  Find  the  cube  root  oC  2e+l5V3. 

Ans.  2+  1^3. 
fix.  8.  Find  the  cube  root  of  9  V^—l  1  1^2. 

Ans,  ^3 — ^Q, 
fix.  4.  Find  the  cube  root  of  4  |/6+8. 

Ans.  i¥t». 
1/2 

371..  In  the  operation,  it  is  required  to  find  a  num- 
ber Q,  such,  that  (A^  —B)^  XQ  may  be  a  perfect  ctb 
^oWer ;  this  will  be  the  case,  if  Q  taken  equal  to 
(A*^,— -B«)<^*  ;  but  to  find  a  less  number  which  will 
answer  this  condition,  let  A* -^B*  be  divisible  by  a,^ 
ff,  .  .  .  (m) ;  6,  6,  •  •  •  (n)  ;  d^dj .  .  .  (r) ;  &;c.  va  suc- 
cession, that  is,  let  A» -^ B^  =a*'6"d'"  &:c. ;  also,  let  Q 
=^a*byd\Sic.  Then  (A^  —  B«).Q=sa-H^  X6'»+y  X  dr-^, 
^c,  which  is  a  perfect  cth  power,  if  a,  y,  z,  &c.,  be 
so  assumed  thatmHha;,n4-yi  r+z^  &c.  are  respectively 
equal  to  c,  or  5ome  multiple  of  c.  Thus,  to  find  a 
number  which  multiplied  by  2250  will  produce  a 
perfect  cube,  divide  2250  as  often  as  possible  by 
the  prime  numberjs  2,  3,  5,  &c.  and  it  appears  that 
2X8X3X5X5X5==2X8^Xfi^==»2250pf,therefQre^ 


I^GINARY  QUANTITIES.  365 

it  be  UMiUipIiBd  by  2*  X3,  it  becomes 23  XS'  X5',  or 
(2.3*5)^ ;  a  perfect  cube.     See  WooD^ft  Algebra. 

§^VI«    CALCULATION   OF   IMAGINARY   QDANTITIEfi. 

372.>  Iivtbe  Involution  of  negative  quantitiesy  it 
was  observed,  (Art.  280),  that  the  even  powers  were 
all  affected  With  the  sign  +,  and  the  odd  powers^ 
(Art*  281),  with  —  ;  there  is  consequent!/  no  quan- 
tity which,  multiplied  into  itself  in  such  a  manner 
that  the  number  of  factors  shall  be  ereit,  can  generate 
a  negative  quantity*     Hence  quantities  of  the  form 

'  y-^a*,  V-^l^j  V""«%  V"~«S  ^^^  ^^  generrf, 
xZ-^ttf  have  no  real  roots ;  and  are  therefore  usually 
called  impossible  or  V7%agihary» 

It  is  to  observed  that  all  quantities,  either /^oWfive 
or  negativej  or  even  irrational,  are  considered  to  be 
real* 

•  .    373.  Altliough  the  values  of  imaginary  quantities 

,  are  unassignable  in  numbers,  they  are  yet  of  great 

use  in  some  of  the  higher  branches  oianalysiS)  as 

well  as  in  showing  when  a  result  of  tliis  kind  occurs, 

.  that  the  question,  under  the  propose  condititos,  h 

impossible. 

Thus,  if  it  should  be  required  (o^nd  a  number 
Tohost  square  subtracted  from  3,  gives  7  for  a  remain* 
der*     We  have  for  a  translation 

3— a;»=7;  .-.  xa=3— 7=— 4. 
The  unknown  quantity  x  is  therefore  the  square 
root  of  the  number  —4,  a  root  which  is  imaginaiji^ 
(Art*  372);  and  in  fact,  the  enunciation  comprehends 
an  impossibility.  If  we  bad  thus  proposed  the  ques- 
tion,  to  find  a  number  whose  squqre  added  to  3,  givefi 
7  for  a  sum,  we  should  have  had  for  the  tranalation 
cc'  +3=i7;  -•.  a?^=4  and  aj=3,  which  is  a  real  rooU 
Thus  negative  isolated  results  arise  from  the  sub* 
traction  of  a  greater  number  from  a  lesser,  and  ima- 
ginary quanUties  are  given  by  a  new  operation  to  be 
performed  upon  th^se  kiqd  of  remaindenu 

.32* 
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374.  This  being  premised,  it  is  only  necessary  far- 
ther to  observe,  that  the  method  of  adding  and  sub- 
tracting imaginary  radicals,  is  the  same  as  for  rea4 
quantities* 

Thus,   V-^+2t/-<'=3^— «i   6+i^~4-f6~ 

1^— 4=:I2j  and  3  v'— aa?+V^y'^(l^— «^— *|/~- 
y)=r2  y— flur+2t/—y.  • 

376.  Every  imagindry  radical  quantity  of  ike  form 

^ — a,  can  ht  reduced  to  the  form  VaX  V — Ij  or  of 

In  order  to  demonstrate  this,  let  the  ideiltical 
equality  be,  (c — 6)a=(c — 6)a;  by  extracting  the  root 
of  both  sides,  we  shall  have  ^^(c— 6)  X  Vo=^  l^[(c-^ 
h)a]  ;  which  under  the  relation,  i>c,  or  in  the  hypo- 
thesis, for  instance,  6=c-f  1,  becomes  V  —IX  Ya= 
V— a;  and,  in  general,/!^— a=.*v^aX  v" — 1. 

It  may  be  demonstrated,  in  a  similar  manner,  that 

\/ =\/  —  X\/— 1;  and  in  gcncraL  that 

^       m       ^    m      ^ 

^       m       ^   m       ^ 

376.  Hence,  in  the  calculation  of  imaginary  radi-> 
c;a1s,  it  is  sufficient  to  demonstrate  the  rules  for  malti- 
plying  and  involving  the  inwginary  radical  V-^l  , 
since  imaginary  quantities  can  be  always  resolved 
into  factors;  so  that  —  ]  only  shall  remain  under  the 
radical  sign. 

377.  In  the  first  place^  then,  it  may  be  observed, 
when  a*  is  considered  abstractedly,  or  without  any 
regard  to  its  generation,  then  Va^  may  be  either  +ir 
or  — a  (Art.  295),  there  being  nothing  in  the  nature 
of  the  quantity  so  hikcn,  to  denote  from  which  of 
these  two  expressions  it  was  derived. 

378.  But  this  ambiguity,  which,  in  the  above^ 
mentioned  case,  arises  from  our  being  unacquainted 
with  the  origin  of  the  quantity  whose  j*oot  is  to  be 
extracted,  will  not  tak«  place  when  the  sign  of  the 
quantity  from  which  it  was  prodaced  is  known  \  as 
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there  can,  then, tie  only  one'  root,  which  must  evi- 
denlly  be  taken  in  plus  or  fitmu^,.  according  to  the 
state  it  eiisted  in  before  it  wm  iovoWed. 

379.  Thus  V[(4:^)  X(fl)],  or  v^[(+«*)}  cannot  be 
of  the  ambiguous  fdrtn  zkra^  as  it  would  have  been  if 
a'  had  been  cond^Honally  assumed,  but  it  is  simply 
a;  and,  for  a  like  reason,  v' [(-*-«) X( — a)]^  or 
^(-**o)*  is  =  —a,  and  not  ±a;  since  the  value  of 
the  equivalent  expression  +  v^o^,  or  ^-y/a*  in  thesQ 
cases,  is  <letermined,  from  the  circumstance  of  its 
being  known  how  a^  is  derived* 

380.  Hence  the  product  of  -v/— 1  hy  v^  — 1,  or 
which  is  the  saroe,  (  V — 1)»  is  =— ^l=— K  This 
is  what  also  appears  evident  from  (Art.  336),  since 
thaty  in  squaring  a  quantity  with  the  radical  sign  ^, 
we  have  only  to  take  it  away,  that  is,  to  pass  the 
quantity  from  under  the  radical  sign. 

38 1.  Also,  if  the  factors ^  in  this  case^  be  both  nega- 
iive^  the  result  will  be  the  same  as  before'^  since — (^ 

— 1)X— (-/— l)=+(i/-l)'=— 1;  *>at  if  one  of 
the  factors  be  positive  and  the  other  negative^  we  shaU 

have  +(v^-l)X-(^/-l)=— (^/-1)^  =  +  1. 

382.  All  tohole  positive  numbers  are  comprised  in 
one  of  these  four  formula  ; 

,  4«,  4n+l,  4n+2,  4n+3, 

n  being  a  whole  positive  number^  since  that,  if  any 
whole  number  be  divided  by  4^  the  remainder  mu^ 
be  0,  1,  2,  or  3. 

If  we  designate  ^  —  i  by  oa^  the  several  powers  of 
v^— 1  shall  be  therefore  represented  by  one  of  these 
four  formutes: 
(^^i)4«=x*«=(x*)-^(+i)"=  +  l; 

'  (^_l)*«+3=.x**^»^==ap*^a?3=a--Kar=^--Y:--U 
J^Atto,  tVi  order  to  know  any  given  power  of  ^— 1^ 
it  is  sufficient  to  divide  the  exponent  of  the  power  pro-- 
posed  by  4,  and  4he  power  of  -tf  —  1  indicated  by  thtre^ 
mdinder  shall  be  that  which  is  required^ 
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393.  Whm  cne  imaginarg  jtmnii^  is  to  be  multyflied 
by  anoihcff  the  result^  whether  ihe^  be  bo^  positivt  or 
both  negative^  is  egual  to  miiiuf  the  square  rooi.rf  their 
product^  taking  them  as  real  qtMiUities* 

(Art.  376),  (+  V-a)Xi+  V-b)^  VaX  V—l  X  V 
ixy— ^  |/aX  i/iXXy— 1)*==— IX  ^'otas-^y 
ab*  Andy  in  a  similar  manner,  it  may  be  p4*oved  that 
^-.  ^ -fl)  X (— 1^— 6)=5=— y oi. 

384.  ^nd  if  one  of  the  imaginary  radicals  be  posi- 
tive^ and  the  other  fisgativsj  the  result  arising  from 
their  moltiplicatioQ  will  be  |Jas  lAe  square  root  of  their 
product^  taking  them  as  before. 

Thus,  (+1^— «)X(— I'— 6)=+l^a6;  since  + 

V— a=+  VaXV  —  h    and    —  y — 6«(—  V— 1) 

X  y6;/.(i/aX  V^  — 1)X(— i^-l)X  |^fr)={(+ y-. 

0-(—  1^  —  0]  Vab^^i  X  Vab^+  ^/ab  (Art.  38i). 

385.  Whin  one  imaginary  radical  is  to  be- divided  by 
another,  the  result,  whether  they  be  both  positive  or  both 
negeUive,  wUl  be  equal  to  plus  the  square  root  of  iheir 
quotient,  taking  them  as  real  quantities. 

rhus,       \     n    or  — - — 1=+  Vj-y  and  -— 

or =1. 

—  y  — a 

386.  And  if  one  of  the  imaginary  radicals  be  posi- 
tive and  the  other  negativt,  the  result  arising  from  di- 
vision,  will  be  minus  the  square  root  of  their  quotient, 
taking  them  as  before. 

-1.1/ — a      -— V -^a  ,a        ■  +  t^ — a 

Thus,  -~— 7  ^^  irr  "T=~  ^i  5  «**d  ^!;^-v-' 

—  V—b       +|/  — 6  b  — V—a 

or-— ^ =  — 1. 

+  t/  — a 

387.  If  an  imaginary  radical  is  to  be  divided  by  a 
real  radical,  or  a  real  radical  by  an  imaginary  one,  the 
result  will  be  equal  to  plus  or  minus  the  square  root  of 
their  qtMtient,  according  as  the  radical  is  affirmative  or 

negative. 
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The  several  powers  of  imaginarjr  radicals  can  be 
readily  derived  from  the  formute  (Art.  382)  ;  it  only 
now  remains  to  illustrate  the  preceding  rules  by  a 
few  practical  examples. 

Ex.  1.  It  is  required  to  multiply  a— •v'— 6  by  a— 
1f-^h^  or  to  find  the  square  of  a— Y — *• 

o—  •\/  — & 


a«— 2a(  v'— 6)— 6  Ans. 
Ex.  S.  It  is  required  to  find  the  quotient  of  1  +  V 
—  1  divided  by  1—  v'  — 1. 

Here  i±ll=i=i±i^^  xl±J^^-?i^' 

1— Y  — 1         It-    1^—1         1+1^  —  1  3 

=  1^  —  1.  Ans. 

Ex.  3.  k  is  required  to  Multiply  1+  i — 1  by  14 
^  — I;  or  to  find  the  square  of  1+  i  —  I. 

Ans.  2  1?^— I. 

Ex.  4.  It  is  required  to  find  the  product  arising 
from  multiplying  I  +  i — 1  by  1  —  i^  —  1 . 

Ans«  2- 

Ex.  5.  It  is  required  to  find  the  square,  or  second 
power  of  a+  i  —6* .  Ans.  a*  —6"  -f  2a6  i  —  U 

-Ex.6.   It  is  required  to  multiply  S+Sv^—Ji-by 
3- 1/— 8.  Ans.  16--.  V'— 3- 

Ex.  7.    It  is  required  to  find  the  cube,  or  thiri 
power,  of  a—  {?'— 6*. 

Ans.  o«—3a6» +(*'*-- 3a»$)y-i. 

Ex.  8.  It  is  required  to  find  the  quotient  of  3+  \f 
—4  divided  by  3— 2  i?'— 1.     Ans.  A  (^+12  1^  —  1). 

Ex.  9.  It  is  required  to  find  the  square  of  iia-^-h 
y— 1)+  y(a-.6  f -.1).        Ans,  Sa+2.yC«'+**^ 
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CHAPTER  vin: 

ON 

PURE  EQUATIONS. 

• 

388*  Equations  are  considered  as  of  two  Imit^ 
called  simple*  ordure,  and  adfected;  each  of  which 
are  differently  denominated  -according  to  the  dimen^ 
sions  of  the  unknown  quantity* 

389.  If  the  equation,  when  cleared  of  fractiong 
(and  radical  signs  or  fractional  exponents,  contain  only 
the  first  power  of  the  unknown  quantity^  it  is  called 
a  simjfle  equation* 

390.  If'  the  unknown  quantity  rises  to  the  second 
fower  or  square,  it  is  called  a  quadratic  equation.     ^ 

391.  If  the  unknown  quantity  rises  to  the  third 
power  or  cube,  it  is  called  a  cuhic  equation,  &Cv 

392.  Pure  equations,  in  general,  are  those  wherein 
only  one  complete  power  of  the  unknown  quantity  is  in* 
creased*  These  are  called /?Mrc  tquati^ms  of  the  first 
degree,  pure  quadratics,  pure  cabics,  pure  biquadratics^ 
&c.,  according  to  the  dimension  of  the  unknowA^ 
quantity. 

Thus,  a?«a4-i  is  a  pure  equation  of  the  first  degree  ; 
X*  ss^a  -{^ab  is  a  pure  quadratic  ; 
x^^=^a^';\'a*b'\rc  is  el  pure  cubic; 
X*  =a*  +a  '6+ac"  +d  is  a  pure  biquadratic ; 
&c. 

393.  Adfected  equations  are  those  whereim  different 
powers  of  the  unknown  quantity  ari  concerned,  or  are 
found  in  the  same  equation.  These  are  called  adfected 
quadratics^  adfected  cubics^  adfected  biqua'draties,  &c.y 
according  to  the  highest  dimensioa  or  power  of  the 
unknown  quantity. 

Thus,  x'+ax^6,  is  an  adfected  quadratic ; 
x^+ax^+bst^=^c,  an  adfected  cubic ; 
X*  +ax^  +b3^  +€Xi:sid,  an  adfected  biquftd' 
ratic. 
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.  In  IHre  m&hnin*  other  adfected  equations  are  de- 
noifitiiiBLted  according  to  the^Mj^hest  |^wer  of  the  un- 
Itoowo  qoantitfes. 

•*  ■  .     ,-  •      '    , 

.  §  I.   SOLUTION  OF  PURE  Etl^UATlONS  OP  THC  VlE6f 

MMEfi  n-  IlfTOLUTION. 

304.  We  having  already  deKvered,  under  the  de- 
nomination of  SifDfrie  Equations,  the  methods'of 
resolving  pure  equations  of  the  first  degree,  in  aU 
cases,  except  when  the  quantity  isa&cted  with  radi- 
cal  signs  or  fractional  exponents^  in  which  dase  the 
foHowing  ruk  is  lo  be  observed. 

BULB. 

395.  If  the  equation  contains  a  single  radical  quan- 
tity, transpose  all  the  other  terms  to  the  con- 
trary side ;  then  involve  each  side  into  ibe  power 
denominated  by  the  indel  of  the  surd ;  from  whence 
an  equation  will  arise  free  from  radical  quantities, 
which  may  be  resolved  by  the  rules  pointed  out  in 

Chap.  III. 

If  there  are  more,  than  one  radical  sign  over  the 
quantity,  the  operation  must  be  repeated ;  and  if 
there  are  more  than  one  surd  quantity  in  the  equa- 
tion, let  the  most  complex  of  those  surds  be  brought 
by  itself  on  one  side,  and  then  proceed  as  before. 

Ex.  1.  Given  -v/(fla?+16)=:l2,  to  find  the  value 
of  a?.  • 

Squaring  both  sides  of  the  equation,  4a;-f' 16  =  144 ; 
by  transposition,  4x=144— 16  ;  .•.  a:=32. 

Ex.  2.  Given  V(2a?+3)+4=:.7,  to  find  the  value 

By  transposition i  ^(9a?-|-3)=7— 4=3  ; 
cubing  both  sides,  2x4-3=37  ; 
by  transposition,  2«.83t57— 3  ;  .•.  a?=12. 
Ex.  S,  Given  v<(K+»)=24--v/ir,  to  find  the  va- 
lue of  X. 
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By  sqamring,  l2+«=s4+4\/«+a; 
by  tnnspositioD,  8s4y^x,  or  v^xsS ; 

.*•  by  squaring,  «s=4* 
Bx*  4.  Giyen  v^(a>-f  40)=slO— y^o;,  to  find  the  ra- 

fae  of  «• 

By  sqaari^g,  «+40=100— SOy'ay+a? ; 
by  transposition,  30v/x==60,  or  ^x=£S  f 

•%  by  squaring,  «?=9. 
Ex.  5.  Given  v^(a)— 16)s=8  — v'a:,  to  find  the  ^?a- 

hlC  of  05. 

By  squaring  both  sides  of  the  equation, 
CD— 16=64— 16v/jc+x;«'-  l6-v/a?=64+ 16=80; 

by  division,  ^x=5  ;  •*•  x=35» 
Ex.  6.  Given  v^(aj— o)=V'a:— iVa,  to  find  the 

value  of  X. 
Squaring  both  sides  of  the  equation, 

ac-  a=«'-v^(aa?)-fi«f, 
/•  by  transposition,  v^(aa7)=ia; 

by  squaring,  ax=-^  ;  .-.  ^=^' 

Ex.  7.    Given  v'6X-v/(«+2)=V'5x+2,  to  find 

the  value  of  «. 

By  squaring,  5a;+^0=5a?+4-v/5a?+4,* 

by  transposition,  6=4^5a:,  ••*  y/'5j;=|  •, 

by  squaring  again,  5x=f ,  .'•  «=#o* 

Ex.  8.  Given  =^^-,  to  find  the  value  of  x. 

y^ac         X 

Multiplying  both  sides  of  the  equation  by  y^a», 

^  •  X  1 

0?— ax=-=l,  or  (I— «)«=!  ;  .%  a?=; . 

X  1 — a 

Ex.  9.  Given  ^    ■  .  .  =^,    ,  ^  ,  to  find  -the  va- 

-y/x+4      ^a;+6 

lue  of  or. 

Multiplying  both  sides  by  (-v/a;+4)X(v^x+6), 

we  have  »+34y'«+168=a;+42v/x+152; 

by  transposition!  16=8y/x,  or  3=^x ; 

•*•  by  squaring,  x=4« 
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Ex.  10.  Given  ^£=-*    Js^^J,  to  find  the 
value  o{  X. 

Multiplying  both  sides  bj  (v/aa:+6)X(3v^aa?+5i), 

.'.  by  transposition,  ^v/aa;=36*  ; 
by  division, -/fl*=3*; 

.-.  by  squaring,  at==i%h^^  and  :f=— 1. 

a 
Ex.  11.     Given    v^(a?+v/a;)~v/(a?-^^a?)=: 

^V(^:p7;>7-J ,  to  find  the  value  of  a;. 

Multiply  both  sides  of  the  equation  by  ^/{x^^/x\ 

.'.  by  transposition,  a?— ^:-if2;=:^(aj«-x)- 

and  dividing  by  ^x,  t/a;-A==^(x— 1)  : 
/.by  squaring,  a;  — y^a;+i=a;-i-l  ;  .•.  ^t—\, 

and  by  squaring,  a?=— . 

16 
Ex.  1 2.  Given  -v/(a;— 24)= v/a?--2,  to  find  the  va- 
lue of  07. 

Ana.  x=s49. 
Ex.  13.  Given  t/(4a+a;)=2-v/(6+j?)— ^a-^  to  find 

value  of  a?.  Ans.  a;=tl^Zl2^. 

,  2a— 6 

Ex.  14.  Given  a;+a+v/(2aa:+x3)_j  to  find  the 

value  of  X.  Ans.  C^"" ^Z, 

26 

Ex.  15.  Given  i^^J^^^^^g,  to  6nd  (he  va- 

lueofrc.  An8.a:=t=f~?LV. 

\a — 6/ 

Ex.  16.  Given    ^^~J,  =l+:^^^gfll'-,    to    find 

the  value  of  a?.  Ans.  a;=3. 

33  .V 


\ 
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Ex.  17.  Given  x—^[a^  +a?^(6» +«?■)]—«,  to  find 

the  valae  of  x.  Atia.  a?= . 

4a 

Ex.  18,  Given  v^(2+a?)+-v/^= —         .,  to  find 

2 
the  valae  of  a;.  Ans.  ^=^-- 

Ex.  19.  Given  ^"(^^^+36)— 1=4,  to  find  the  va- 
lae  of  «.  Ans.  a; =9. 

Ex.  20.  Given  (/(19x— 4)+6=8,  to  find  the  va- 
lae of  a.  Ans.  a;=4. 

Ex.  21.  Given  v^(a;+lC)=2+^a?,  to  find  the  va- 
lue of  oc.  Ans.  0^=9. 

Ex.82.  Given  ^^(0?— 32)=16— v'a?,  to  find  the 
value  of  X.  Ans.  j?=d]. 

Ex,  23.  Given  V'(4«+21)=2-/^+l,  to  find  the 
valae  of  x.  Ans.  x=25. 

Ex,  24.  Given  v^[l+a;v^(a?»+l2)]  =  l+«,  to  find 
the  value  of  x.        \  Ans.  a;=2. 

Ex.  25.  Given  v^a;+v^(x — 9)= — -. j:t  to   find 

(he  value  of  x.  Ans.  a;=::25. 

Ex.  26.    Given  V(«+«^)==''\/(^'*+^«^+^'')  ^^ 

O* Ja 

find  the  value  of  x*  Ans.  37= — , 

Ex.  27.  Given  v:?^=i^^,  to  find  the 
value  of  OP.  Ans.  a; =4. 

Ex.28.Given-yi^=lv^^  to  find  the 

v/6x+-v/2     4v/6a;+6' 

value  of  a?.  Ans.  a:=6. 

Ex.  29.  Given  i£Z±-^i  :=:v^5^LZ?  to  find  th^ 

V'Sx+S  2       ' 

value  of  X.  Ans.  a;=5. 

Ex.  30.  Given  -"^"^""f'  ^c+v^^'^""^  to  find  the 

value  of  X.  Ans.  a?=iY*+-^)*. 

a  V       c— 1/ 
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^  II.   SOLUTION   OF   PURK   EQUATIONS   OF   THE  SECOND^ 
AVD  OTHER  HIGHER  DE0EEBS,  BY  J^VOLUTION. 

RULE. 

396*  Transpose  the  terms  of  tht»  equation  in  such 
a  manner,  that  the  given  power  of  the  unknowa 
quantity  may  be  on  one  side  of  the  equation,  and  the 
known  quantities  on  the  other ;  then  extract  the  root, 
denoted  by  the  exponent  of  the  power,  on  each  side 
of  the  equation,  and  the  value  of  the  unknown  quan- 
tity will  be  determined*  In  the  same  way  any  ad- 
fected  equation,  having  that  side  which  contains  the 
unknown  quantity,  a  complete  power,  may  be  .re- 
duced to  a  simple  equation,  from  which  the  value  of 
the  unknown  quantity  will  be  ascertained,  by  the 
rules  in  Chap.  III. 

Ex.  1.  Given  a?»  — 17=l30-2aj%  to  find  the  va- 
lues of  x. 

By  transposition,  39;'  =  ! 47; 

•*•  by  division,  05^=49, 

and  by  evolution,  a?=  ±7. 

397.  It  has  been  already  ob3erved9(Art.  395),  that 
^Hya  may  be  either  +  or  — ,  where  n  is  any  whole 
number  whatever;  and,  consequently,  all  pure  equa- 
tions of  the  second  degree  admit  of  two  solutions. 
Thus,  +7  X  +7,  and— 7  X  —7,  are  both  equal  to  49 ; 
and  both,  when  substituted  for  x  in  the  original  equa- 
tion, answer  the  condition  required.  ' 
Ex.  2.  Given  a;^+o6=5a?',  to  find  the  values  of  a?. 

By  transposition,  4a;  =^a6 ; 

.*,  2a^=sdby^ai,  and  x^=^z±z\^ab» 

Ex.  3.  Given  a?*  — 6a;+9=a«,  to  find  the  values  of  a?. 

By  evolution,  x — 3=dta;  .*.  x=3=t::a* 

Ex.   4.    Given   4a?*— 4aa?+a*=a?^'+l2a?+36,    to 

find  the  value  of  a;. 

By  extracting  the  square  root  on  both  sides,  we 
have  2a?— a=«H-6  \ 

»\  by  transposition,  x^a-^-^* 


376  PURE  EQUATIONS- 

Ex.  5.  <5iv«n  a?*+y'=*i3, )  to  find  (he  values  of 

and  0?  — y*  =5, )  x  and  y. 

By  addition,  2x^=kJ8  ;  .*.  cc==bv/9==t=3. 

By  subtraction,  2y*=8;  .'.  y==t=-y/4'=  ±2. 

Ex.  6.  Given  81a;*=2fi6,  to  find  the  values  of  a?. 

By  extracting  the  square  root,  9a;^  =d=  1 6  ; 

By  extracting  again,  3a:==±rv/ifcil6=db4,  or  ±4v^-=l; 

.•.  x=±4,  or  a;=i4-y/  — !. 
.  Ex.  7.  Given  x^— 3a;*+3x^  — 1=27,  to  find  the 
values  of  x. 

« 

By  evolution,  a?^ — 1=3;  .*.  x'=4,  and  x=4:2. 

Ex.  8.  Given  3Ga?^=tt^,  to  find  the  values  of  x. 

Ans.  x  =  ±ifj. 

Ex.  9.  Given  x*=27,  to  find  the  value  of  x. 

Ans.  x=3. 

Ex.  10.  Given  x"4-Ba7+9=;25,  to  find  the  vaJues 
ofx.  Ans.  x=2,  or — 8, 

Ex.  11.  Given  3x*— 9=21+3,  to  find  the  values 
ofx.  Ar».  x=±-v/ll. 

Ex.  12.  Given  x^— x2+ix-^y=a^  to  find  the 
value  ofx.  Ans.  x==a+i. 

Ex.  13,  Given  a?^  +  |x+i=a*6s  to  fi"d  the  va- 
hies  of  X.  Ans.  x  =  ±a6— 3. 

Ex.  14.  Given  x^+hx+lh^—a^,  to  find  the  va- 
lues of  X.  Ans.  x=±« — i6. 

Ex.  15.  Gjven  x*— 2x^  +  1=9,  to  find  (he  values 
Qf  X.  Ans.  x  =  ±2,  or  iy^— 2. 

Ex.  16.  Given  x*--4x»+4x=4,  to  find  the  value? 
q{x.  Ans.  x=±2,  or  ±^/0. 

Ex.  17.  Given  5x^—27—3x^+215,  to  find  the  va- 
lues ofx.  Ans.  x=±ll. 

Ex.  18.  Given  5x* — 1=244,   to  find  the   values 
of  J-.  Ans.  x=i7. 

Ex.  19.  Given  9x« +9=3x^+63,  to  find  the  va- 
lues of  x.  Ans.  x=±3. 

Ex.20.  Given  2ax*+6— 4=fcx*— 5+d— ax«,  to 
find  the  values  of  X.  •  \^,^  ^^    /^ 
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Ex.  21.  Given  a;*+y*=ii  and  a?*— y  2=:i,  to  find 
the  values  of  x  and  y* 

Ans.  a?-=±-v/(±iv/(2a+24))  and  y=8±^(±^^ 
(2a— 26)). 

§   III.      EXAMPLES    IN   WHICH    THE   PRECBPINO    RULE€ 
ARE    APPLIED    IN    THE    80Lt7TION   OF  PURE  EQUATIONS. 

398.  When  the  terms  of  an  equation  involve  powers 
of  the  unknown  quantity  placed  under  radical  signs • 

Let  the  equation  be  cleared  of  radical  signs,  as  tn 
Sect.  I ;  then,  the  value  of  the  unknown  quantity  will 
be  determined  by  extracting  the  root,  as  in  Sect.  II. 

And  by  a  similar  process,  any  equation  containing 
the  powers  of  a  function  of  the  unknown  quantity, 
or  containing  the  powers  of  two  unknown  quanti- 
ties, may  frequently  be  reduced  to  lower  dimensions. 

Ex.  L   driven  Vx^=V(«+*)y  *<>  ^^d  the  value 

of  X. 

Here,  the  given  quantity  may  be  exhibited  under 
•.1  I 

the  form  (a^  — 8)  =(a?— 3)    ;  then,  by  squaring  both 

sides,  (ar2-9)^'*''=(x— 3)''*' ,  or  (a;^  —  9)' =a?- 3 ; 

by  squaring  again,  x^  — 9=a?*  — 6«+9  ; 
.•.by  transposition,  6a;=]8;  and  a;:=3, 
Ex.  3.  Given  a;*— ^*=9,  and  a?— y=l ;  to  find  the 
value  of  x  and  y. 

Dividing  the  corresponding  terms  of  the  first  equa- 
tion by  those  of  the  second,  we  have  a?+y=9; 
adding  this  equation  to  the  second,  2a;=cl0; 
.*.  a?=5,  and  y=9— a?;  .'.y=4. 
Ex.  4.  Given  -v/x+v^y =5,  >   to  find  the  values  of 
and  y^A  —  \/y^=^Uy   xandy. 
Adding  the  two  equations,  2^a?=^G,  .*.  ^a;=S, 

and  by  involution,  x=9. 
Subtracting  the  two  equations,  2y^y=4,  and  ^y*=^^  \ 

.*.  By  involution,  y=4. 
Ex.  d.  Given  a?*  +  J^y=12,)   to  find  the  values  of 
'  apdy*+^=24, 5   xandy. 

S3* 
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Bjadditien,  x«+2jDy4-y*=36  ; 

.«•  extractiog  the  square  root,  «+y=db€# 

Now  «•  +xy=x.{x+y):=^±^x  ; 

.-.  =±=6x=12,  and  x=d:2; 

.••y=±6q=2=±4. 

Ex.  e.  Given  ag-fv^(a^+«')=^^^.^^>)^  to  ^^ 

the  val«et  of  -r. 
Multiplying  by  v'Ca'+x'),  we  have  a?V'(a*+x*) 

by  transposition,  jc^(a*+a?*)==fl*— *'? 
and  iQoarii^  both  sides,  a*x*+»*=a*— 2a*x*+a?*  ; 

,  a 

.•.  3a*x*=a*,  and  x=±— -♦ 

Ex.  7.  GiTen  ,«+y«=^1   ^^  ^^^  ^^^  ^^,^^^ 

3             6     r  of  X  and  v 
and  xy= ^  •^ 

From  the  1st  eqaation  subtracting  twice  the  2d. 

andx— y=l;  ••.  x* +S*  =  I -^  ; 

and       2xy=l2  ; 

.••  by  addition,  x*+2xy+^*=25, 
by  extracting  the  square  root,  x+y=^±5  ; 

but      X — ^-=1] 

.\  by  addition,  2x=6,  or  —4 1  and  x=«3,  or  — 2 ; 
by  subtraction,  2^=4,  or  — C ;  and  y=2,  or  —3. 

if) 

Ex.  8.  Given  «  +^  =  13,f   to  find  the  values  of 

^       i=4,C   X  andy, 
andx'+y  J  ^ 

Squariog  the  second  equation,  x*+2x*y^+y  =25 

but  x^  +y -^^ 


'  tlH 
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.•.  by  iubtraction,  2a?y  =sl2. 
Subtracting  this  from  the  1st  equation, 

.%  extraqtiiig  the  square  root,  x^--y'=  ±1  j 

but  a'+y'*=5  5 

w 

.•.  by  addition,  fx^^^B,  or  4  ; 

and  x^=3,  or  2  ;  .•.  a;==27j  or  8  ; 

*  •••  by  subtraction,  2^*=4,  or  6, 

and  ,y:»2,  or  3;  .•.^==8,  or  27. 
Ex.9.Given«;+.;y;-J-y;=|73,      ^o  fi„d  the 
and  a?*+acy +y*==21,   J 
values  of  a;  and  y. 

Dividing  the  hrst  equation  by  the  second,  x* — x^ 

subtracting  this  from  the  second  equation,  2a;>y^=8  ; 

.va;y=4; 
by  adding  this  equation  to  the  second,  x*+2x^y^  -f- 

Subtracting  the  equation  a;y--4,  from  «*— x^y^ 

a;*— 2x^y*+^*=9i  .•.  ac^— y^=±3, 

.'.  by  addition,  2a?«:?==±8,  and  a;=±2,  or  ±2^—1  ; 
and  by  subtraction,  2y*:^zt2,  ancj  y=±l,  or  ±^ 
—  1.  . 

.      Ex.  10.  Given  W«+^)+^(^--f)^  tpfi^dthe 

x/)a+x)—^{a — x)  . 

value  of  X, 

Multiply  the  numerator  and  denominator 

by  y.(«+«)+^(«_«),tyA£±f)+vl(?z:f)]l=j, 

Of  ?iu4-^vf  (<»*—«'' )=26x;  .•.  -/(«*— «*)=^«-*-«» 
aii4  squaring  both  jsides,  a* — ^xa-a6«««  — 2a6af+a^, 


/ 
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.-.  6«a?»+a»=3a6a?,  and  x=-^  . 

Ex.  n.  Given  (a?»— y«)x(a?— w)=3a?v,)   .    ^  - 

and(jc*-"y*)X(cr«-^«)=45x«y%5 
the  values  of  x  and  y. 

Dividing  the  second  equation  by  the  first,  (x^+y) 

hut  from  the  first,       x^  — x»y—  a?y«  +y ^==  3ay ; 

••.by  addition,  2a?»+2y^=18xy,  and  j:'+y'=9a?y. 

But  by  subtraction,  2a?'y+2a?y*=12a;y,  and  x+y=6 ; 

.'.  by  cubing,  cc^ +3x'y+8xtf'  +y^=2lG  ; 


a; 


8  _L--.3 


+y*=9a?y  ; 


/.  by  subtraction,  3a;^y+3a;y*==216— 9a?y, 
or  3.(a;4-y)»ay=3X6.a?y=236— 9a?y  ;  .•.  27a?y— 216, 
and  a;^^=8« 

Now  0?^  +2iCy +y»  =36, 
and         4ajy         =s:.32 ; 

•••  by  subtraction,  a^*  — 2ajy+y*=4,- 
and  by  extracting  the  square  root,  a?— -^=±2, 

but  a?+y=     6, 

,  .-.  by  addition,  2«  =  8,  or  4  ;  and  a; =4,  or  2  ; 
and  by  subtraction,  2y=4,  or  8;  .-.yzsS,  or  4. 

Ex.  12.  Given  ~+^^^'^^=^,  to  find  the  va- 
lues  of  aj.  Ans.  ap=±<^(2^a6— 63). 

Ex.  13.  Given  a?«+3a?— 7=a;+2+-?,  to  find  the 
values  of  cp.  Ans.  a?=3,  or  —3.. 

Ex.14.  Given  Y/(^)+2\/(-^)=i«, 

V;    ("X")'  ^^fi^*'  ^fi®  values  of  x. 

Ans.  o^ss 


(6=F1)\ 
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Ex.  15.  Given  x+y  :  a? :  :  5:  3,  and  x^=6,  to  find 

the  values  of  x  and  y.  Ana.  a;=±3,  and  ^=±2. 

Ex.  16.  Given  x—y  :  x  :i  5  :  6  and  ay*  =384,  to 

find  the  values  of  x  and  y.         Ans»  ac==^24,  and  y=4. 

Ex.  17.  Given  x+y  :  x  ::  7  i  5  and  x^+y*  =  l26, 

to  find  the  values  of  x  and  ^. 

Ans.  a;  =  ±15,  and  y=i6. 
Ex.  18.   Given  xy^+t/=^2l^  and  a;*y*+y«=333, 
to  find  the  values  of  a?  and  y. 

Ans.  a?=2,  or  yjy  ;  and  y=3,  or  18. 
Ex.  19.  Given  a;^y+xy*  =  180,  and  a;3+y='  =  189, 
to  find  the  values  of  x  and  y. 

Ans.  a;=5,  or  4 ;  and  ^=4,  or  5. 
Ex.  20.  Given af+V'a'y+y— 19  and  a;*+a;y+y^  = 
133,  to  find  the  value:*  of  x  and  y. 

Ans.  a;=:9,  or  4  ;  and  y=4,  or  9. 
Ex.  21.  Given  aj*y+a?y«=6,and  a;3y»4.a;*y«  =  i2r 
to  find  the  values  of  x  and  y. 

Ans.  a?=9,  or  1  ;  andy=I,  or  2. 
Ex.  22.    Given  (x« +y«)x(a;+y)— 2336,  and  (x* 
— y^).(a? — y)=576,  to  find  the  values  of  x  andy. 

Ans.  x^l],  or  5  ;  andy^5,  or  11. 
Ex.  23.  Given  x^+y^={x+y).  xy  and  a?*y+xy^=^ 
4xy,  to  find  the  values  of  «  and  y. 

Ans.  x=2,  and  y=2. 

Ex.  24.  Given  2.(x*+y*).(x+y)=15j?y  and  4  (x* 

— ^y*).(a?^+y^)=75x*y*,  to  find  the  values  of  x  and 

y.  Ans.  x=2,  and  y=  1  • 

Ex.  25.  Given  X  .   v  :y  :  :  4  :  5  and  x*+4y*  =  181, 

to  find  the  values  of  X  and  y.  Ans.  x= ±9,  and  y=sd=5. 

Ex.  26.    Given  x»+y*  :  x*— y^  :  :  17  :  8,  and  xy^ 

=45,  to  find  the  values  of  t  andy. 

Ans.  x=5,  and  y=4. 

Ex.  27.    V*"~Vi^=^»  ^^^  y/x+!^y=^l  \  to  find 

the  values  of  x  andy.  Ans.  x=625,  andy =16. 

Ex.  28.  Given  ^/x+^y  :  -v/x  — -y/y  : :  4  :  1,  and 

X-  y=16,  to  find  the  valutas  of  x  and  y. 

Ans.  X =25,  andy=9. 
Ex.  29.  Given  x*+y«  :  x^— y»  ;  :  5o9  :  127,  and 
aj*y=fc294 ;  to  fii^d  th«  values  of  x  and  y. 

Ans.  x=7,  and  y^6. 
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Ex.  30.  Given  a?*+y*=20,  and  »*+y^=:6;lofind 
the  values  of  x  and  y. 

Ans.  xs=±8,  ar  ±^Q^  and  y=32,  or  1024. 

Ex.31.    Given   a;*+2a;^y*+y*  =  l296— 4a7y(«»  + 

^y+y*)j  and  «— y=4;  to.und  the  values  of  2;  and y. 

Ans.  5,  or  — 1,  andy=l,  or — 5. 

Ex.  32.  Given  4^-4^^^^^^=9,  to  find    the- 

value  of  a?.  Aris.  x=f . 

Ex.  33.    Given  xy^a^,  and  «*+y*=**  ;  to  find 
the  values  of  x  and  y. 

Ans.  a;=±i[v/(«'+2a2)+^/(*^— 2a»)], 
and  y=±i[v'(*^+2a*)— ^(5^— 2a«)]. 

Ex.34.  Given  «»+a?Va;y^=208,  andy*4-yV^*y 
::=:1053,  to  find  the  values  of  x  and  y 

Ans.  a?=±8,  andy=±27- 

Ex.  35.  Given  a?*+a?y +y^^     1009, 

and  a?'* +x*y'=/ ^582193, 
to  find  the  values  of  x  and  y. 

Any.  a?=81,or  16  ;  and  y=16,  or  81. 


CHAPTER  IX, 

ON 

THE  SOLUTION  OF  PROBLEMS, 

PRODUCING  PURE  EQUATIONS. 

399.  In  addition  to  what  has  been  already  said, 
(Art9.  258,  266),  with  respect  to  the  translation  of 
pipoblems  into  algebraic  equations,  it  is  very  proper 
to  observe,  that,  when  two  quantities  are  required 
which  are  in  the  given  proportion  of  m  to  n,  the  un<^ 
known  quantities  are  represented  by  mx  and  nx ; 
then  the  values  of  x,  found  from  the  equation  of  the 
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problem  by  the  methods  in  the  preceding  chapter, 
being  maltiplied  bj  m  and  n  re^pectivelji  will  give 
the  numbers  required. 

Jf  three  quantities  are  required,  which  have  a  given 
ratio  to  one  another,  assume  mxj  nx^  and  />«,  m  to  ?i 
being  the  ratio  df  the  drst  lo  the  second,  and  niop 
being  that  of  the  second  to  the  third ;  then  proceed 
as  before* 

Problem  ]•  There  are  two  nombers  in  the  proportion  of  4  to  5, 
the  difference  of  whose  squares  is  81.    What  are  those  numbers  ? 

Let  4a;  and  5x=the  numbers ; 
then  (25aj*  — 16««=)    9a;a=81  ;    .'.  x*:=:9,and  «= 
±3.     Consequently  the  numbers  are  ±1^  and  =±=15. 

Prob.  2.    It  is  required  to  divide  18  into  two  such  parts,  that 
the  squares  of  those  parts  may  be  in  the  proportion  of  ^  to  10. 

Let  x=:the  greater  part;  then  18 — x=the  less; 
.•.  a?«:(18— «)«  ::  25:  IG,  and  16a?«=25(18-a?)»; 
•*•  extracting  the  square  root,  4x=5(]8 — x),  and 
9xssr90;  •*•  a?=IO^  and  the  parts  are  10  and  8. 

Prob.  8.    What  two  numbers  are  those  whose  difference,  multi" 
l^lied  by  the  greater,  produces  40,  and  by  the  less  15  ? 

Let  a;=tbe  greater,  and  ^=the  less  ; 
•••  x"— a?y=40,  and  xy — ^y^  =  15; 
.••  by  subtraction,  x^ — ^xy+y^  =25, 

and  X'^y^±5. 
•%  from  the  1st  equation,  a?(aj— y)=±5x=40, 

and  x=±B. 
From  the  2d,y(a;— y)=±5y=15;  .•.  =±3. 

Prob.  4.    What  two  numbers  are  those  whose  difference,  malti- 
plied by  the  less,  produces  42,  and  by  their  sum  133  f 

Let  a;=the  greater,  and  v=the  less  ; 
•••  (a;— y).y=42,and  (x— y).(a?+y)=-133  ; 
.••  by  subtracting  twice  the  first  from  the  second, 
x^ — 2a7y+y*=49  ;  .%  x— ^=±7; 

whence  ±7y=42,  and  y=db6 ; 
buta;=y±7;  .-.  x=±6±7^±13. 

Prob.  5.'    What  fwo  numbers  are  those,  which  being  both  multi- 
plied by  27,  the  first  product  is  a  square,  and  the  second  the  root  of' 
that  square ;  but  being;  both  multiplied  by  3,  the  first  product  is  a 
cube,  and  the  second  the  root  of  that  cube? 

Let  X  and  y  be  the  numbers  ; 

then  -v/27a?=27y,  and  .♦.  a:=27y*  ; 
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Their  sigos  being  contrary,  the  number  a  is  notf 
properly  speaking,  their  sutriy  but  their  difference* 

400.  When  we  mttke  m^n,  that  is,  if  we  suppose 
that  the  squares  of  the  two  required  parts  are  equals 
we  have  ^tn'^^l  ;  the  first  solution  gives  two  equal 

parts  ^^  and  ^,  a  result  which  is  evident,  whilst  the 

second  solution  gives  two  infinite  results  (Art.  166), 

-    '  — a        — a       ,     a  a 

nuneiy.  •; — ;  or ,  and  - — -  or . 

•^    1  —  I  o  1 — 1         0 

These  are  projper  results,  according  to  the  above 
enunciation,  since  that  the  quantities  required  must 
be  infinitely  great,  with  respect  to  their  difference  a, 
if  we  can  suppose  the  ratio  of  their  squares  equal  to 
unity. 

Now  if  as=18,  m=25,  and  n=16 ;  then  substitut- 
ing these  values  in  the  formula  ^  ,     ,   ,  and  t-t — j— ,r 

we  shall  find  10  and  8  equal  to  the  two  parts  re- 
quired, the  same  as  in  Ex.  .2.,  which  is  a  particular 
case  of  this  general  problem. 

Prob*  lO.  What  two  numbers  are  those,  whose 
sum  is  to  the  greater  as  10.  to  7;  and  whose  sum. 
multiplied  by  the  less,  produces  S70? 

Ans.  ±21  and  ±9. 

Prob*  11.  What  two  numbers  are  those,  whose  dif- 
ference is  to  the  greater  as  2  to  9,  and  the  difference 
of  whose  squares  is  128  ?  Ans.  ±18  and  ±14. 

Prob.  12.  A  mercer  bought  a  piece  of  silk  for  16/. 
4s. ;  and  the  number  of  shillings  which  be  paid  for 
a  yard  was  to  the  number  of  yards  as  4  :  9.  How 
many  yards  did  he  buy,  and  what  was  the  price  of  a 
yard  ?  Ans  27  yards,  at  12s.  per  yard. 

Prob.  13.     Find  three  numbers  in  the  proportion 
of  1, 1)  and  f ;  the  sum  of  whose  squares  is  724. 

Ans.  ±12,  ±16,  and  ±18. 

Prob.  14.  It  is  required  to  divide  the  number  14 
into  two  such  parts,  that  the  quotient  of  the  greater 
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part,  divided  by  the  less,  nay  be  to  the  qaotient  of 
<he  less  divided  by  the  greater  as  16:9. 

Ans.    The  parts  are  8  and- 16. 

Prob.  15.  What  two  numbers  are  those  whose  dif- 
ference ]&  to  the  less,  as  4  to  3;  and  their  product, 
multiplied  by  the  less,  is  equal  to  504  ? 

Ans*  14  and  &• 

Prob.  16.  Find  two  numbers,  which  are  in  the 
proportion  of  8  to  .5,  and  whose  product  is  equal  to 
360.  Aos.  ±U,  and  ±15; 

Prob.  17.  A  person  bought  two  pieces  6f  linen, 
which,  together,  measured  3G  yards.  Each  of  them 
cost  as  many  shillings  per  yard,  as  there  werfe  yards 
in  the  piece ;  and  their  whole  prices  were  in  the  pro- 
portion of  4  to  1.  What  were  the  lengths  of  the 
pieces  ?  Ans.  24,  and  13  yards. 

Pj*ob.  18.  There  is  a  number  consisting  of  two 
digits,  which  being  multiplied  by  the  digit  on  the  left 
hand,  the  product  is  46  ;  but  if  the  sum  of  the  digits 
be  multiplied  by  the  same  digit,  the  product  is  only 
10.     Required  the  number.  Ans.  S3. 

Prob.  19.  From  two  towns,  C  and  t),  which  were 
at  the  distance  of  396  miles,  two  persons,  A  and  B^ 
jset  out  at  the  same  time,  and  met  each  other,  aftei 
travelling  as  many  days  as  are  equal  to  the  difference 
of  the  number  of  miles  they  travelled  per  day ;  when 
Mt  appears  that  A  has  travelled  216  miles.  How 
jnany  miles  did  each  travel  per  day  ? 

Ans.  A  went  36,  and  B  30* 

Prob.  20.  There  are  two  numbers,  whose  sum  is 
to  the  greatel*  as  40  is  to  the  less,  and  whose  sum  is 
to  the  less  as  90  is  to  the  greater.  What  are  the 
numbers  ?  •  Ans.  36,  and  24. 

Prob.  21.  There  are  two  numbers,  whose  sum  is 
to  the  less  as  5  to  2 ;  and  whose  difference,  multiplied 
by  the  difference  of  their  squares,  is  135.  Required 
the  numbers.  Ans.  9,  and  6# 

Prob.  22.  There  are  two  numbers,  which  are  ia 
the  proportion  of  3  to  2;  the  difference  of  whose 
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fowtb  powers  la  to  the  sum  oftheir  cubes  asr  36  to  7, 
Required  the  numbers.  Aoe«  6»  and  4. 

rrob«  23«  A  number  of  boys  set  out  to  rob  an 
offchaFd,  each  carrying  as  many  bags  as  there  were 
boys  in  all,  and  each  bag  capable  of  containing  4 
times  as  manj  apples  as  there  were  boys.  They  filled 
their  bags,  and  found  the  number  of  apples  was  2916. 
How  many  boys  were  there  ?  Ans.  9  boys. 

>  Prob.  ^4. .  It  is  required  to  find  two  numbers  such, 
Aat  the  product  of  the  greater,  and  square  of  the 
kit,  may  be  equal  to  36:  and  the  product  of  the  less^ 
and  square  of  the  greater,  may  be  48. 

Ans.  4,  and  3« 

Prob*  25,  There  are  two  numbers,  which  are  in 
Ae  proportion  of  3  to  3;  the  difference,  of  whose 
fyoMk  powers  is  to  the  sum  of  their  cubes  as  S6  to  7« 
Required  theiHiinbers.  -  Ans.  6,  and  4; 

Prob.  26.  Some  gentlemen  made  an  excursion^* 
and  every  one  took  the  same  sum.  Each  gentleman 
had  as  many  servants  attending,  him  as  there  were 
gentlemen ;  and  the  number  of  dollars  which  each 
had  was  double  the  number  x>f  all  «the  servants  ;  and 
the  whole  sum  of  money  taken  out  wasr  ;^3456.  How 
many  gentlemen  were  there?  Ans.  13. 

Prob.  27.  .  A  detachment  of  soldiers  from  a  regi- 
ment^ being  ordered  to  march  on  a  particular  ser* 
vice^  each  company  furnished  four  times  as  many 
men  as  there  were  companies  in  the  regiment;  but 
those  becoming  insufficient,  each  company  furnished 
3  more  men ;  when  their  number  was  found  to  be  in- 
creased in-  the  ratio  of  17  to  16.  How  many  com* 
panie^  wdre  there  in  the  regiment  ?  Ans.  12. 

Prob.  28.  A  charitable  person  distributed  a  cer- 
tain sum  among  some  poor  men  and  women,  the 
numbers  of  whom  were  in  the  proportion  of  4  to  5. 
Each  man  received  one*tl)ird  of  as  many  shillings  as 
there  were  Women  more  than  men.  Now  the  men 
received  all  together  Ids.  more  than  the  women. 
How  many  were  tl^ere  of  each  ? 

Ans.  12  meni  and  15  women. 


QUADRATie  EQUATIONS*  38D 

Probu  2d.  Bought  two  square  carpets  for  62/.  Is. ; 
&r  each  of  which  I  paid  as  many  shillings  p«r  yard  as 
there  were  yards  in  its  side.  Now  bad  each  of  them 
cost  as  many  shillings  per  yard  as  there  were  yards 
in  the  side  of  the  other,  I  should  have  paid  ITs.  less. 
What  was  the  size  of  each  ? 

Ans.  One  contained  Gl,  and  the  other  64  square 
yards. 

Prob.  30.  A  and  B  carried  1 00  eggs  between  them 
to  market,  and  each  received  the  same  sum.  If  A 
had  carried  as  many  as  B,  he  would  have  received  1$ 
pence  for  them  ;  and  if  B  had  only  taken  as  many  as 
A,  he  would  have  received  8  pence.  How  many  had 
each  ?^  Ans.  A  40,  and  B  60, 

Prob.  31.  The  sum  of  two  numbers  is  5  (<),  andi 
their  product  6(/?) :  What  is  the  sum  of  their  6th 
powers  ?  .  Ans.  275  (s*  — 5jpj^+5p«0. 


CHAPTER  X. 

...  ,  ->' 

ON 

qUADBATIC  EQUATIONS. 

401 .  Quadratic  equations,  as  has  been  alrea^  ob- 
served, (Art.  388),  are  divided  into  pure  and  aafect- 
ed.  All  pure  equations  of  the  second  degree  are 
comprehended  in  the  formula  a;^=n,  where  n  may  be 
any  number  whatever,  positive  or  negative^  integral 
er  fractional.  And  the  value  of  x  is  obtained  by  eX'* 
tracting  the  square  root  of  the  number  n ;  this  value 
is  double,  for  we  have,  (Art.  295),  a;=±v^/t,  and  m 
fact,  {±^ny=n.  This  may  be  otherwise  explaitied, 
by  observing,  (Art.  106),  thato;"— n=(a?-f  T/n).(»— • 
^»)=o,  and  that  any  product  consisting  of  two  fac-' 
tors  becomes  nought,  when  there  is  no  restri€ti()n  ia 

34* 
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Ibe  equality  to  zero  of  tbat  prodaet,  by  nudciiig  each 
of  its  factcHTS  eqi]«l  to  sero. 
We  bavoy  therefiire,  ac«»y'— -ii,  xiB=r+ y'n,  or  «= 

'  409.  Now,  since  the  square  root  is  talcen  on  both  Sides 
of  the  equation,  x*=n,  in  ordertoarriYeat  a?==«±y<fi ; 
it  is  very  natural  to  suppose  tbat,  x  being  the  square 
root  of  x*j  we  should  also  affect  x  with  the  double 
sign  ~± ;  and,  therefore,  in  resolving  the  equation  x^ 
3=11,  we  would  write  dra?«B±v^n ;  bat  by  arranging 
these  signs  in  every  possible  manner,  namely : 

we  would  still  have  no  more  than  the  two  first  equa- 
tions,'that  is,  +x=^±x/n;  for  if  we  change  the  sign^ 
of  the  equations  — ir= — ^n  and  — xi=p:4^iiy  they 
become  +a?=+\/«  «ind  +a;= — v'n,  or  x^=±  yn. 
*  403,  If,  in  the  formula  a;^=n,  n  be  negative,  or 
which  is  the  same  thing,  if  we  have  x*==— n,  where 

nis  positive  ;  then,  x=±^r— nssi-x/nX-v/— ^j  2in<l 
kifact  (±  ^ii)«x(y-l)*=snX-l=*-n;  therefore, 
the  two  roots  of  a  pure  equation  are  either  both  real, 
or  both  imaginary. 

404.  All  adfected  quadratic  equations^  aAer  being 
properly  reduced  according  to  the  rules  pointed  out 
in  the  reduction  of  simple-equations,  may  be  exhibit- 
ed under  the  following  general  forms;  namely  x'  + 
nx^rno^  and  x^  +nx=n' ;  where  n  and  n'  may  be  any 
numbers  whatever,  positive  or  negalivcj  integral  or 
fractionalj 

4Qb*  The  solution  of  adfected  quadratic  equations 
of  the  form  x*  .+»a?=o,  is  attended  with  no  difficulty  ; 
for  the  equation  x*+wa=o,  being  divided  by  x. 
becomes  a:4-n=o,  from  which,  we  find  x=^n] 
though  we  find  only  one  value  of  x,  according  to  this 
.mode  of  solution,  still  there  may  be  two  values  of  x, 
which  will  satisfy  the  proposed  equation. 

In  the  equation,  x^=^3xj  for  example,  in  which  it 
is  required  to  assign  such  a  value  of  x»  tbat  x*  may 
become  equal  to  Ix^  this  is  done  by  supposing  x^kS, 
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A'Ttlue  which  h/oafidby^  dividnig  the  equation  by  x  ; 
but  besides  this  vmine,  tiitere ;  i»  abe  aoc^ber  which  is 
eqttalljrsatififlK^toryfiianieiy,  «s±so)  for  then  tc^aao, 
and  3x3=o.  ^ 

406.  An  adfected  qvildrKtic  clqtia^ii  is  said  to  be 
caaiplete,  when  it  is  of  the  fonn^t^-fnac^^n' ;  that  is, 
when  three  terms  are  found'  in  it ;  namely,  that  which 
contains  the  square  of  the  unknown  quantity,- as  x^  ; 
that  in  which  the  unknown  quantity  is  found  only  m 
the  first  power^  as  na;|  and  lastly,  the  teitn  which  is 
composed  only  of  known  qoatitities ;  and,  as  there  is 
no  difficulty  attenrding  the  reduction  of  adfected 
quadratic  equations  ta  the  above  form  by  the  known 
rules  ^  the  whole  is  ^t  present  reduced  to  determi- 
ning the  true  value  of  x  from  the  equation  x^  +nx 

We  shall  begin  with  remarking,  that  if  x*+nsi 
were  a  real  square,  the  resoltitlon  would  be  attended 
with  no  difficulty,  because  that  it  would  be  onl^  re- 
quired to  extract  the  square  root  on  both  sides,  in  or*^ 
dor  to  reduce  it  to  a  simple  equation. 

407i  But  it  it  evident  that  x^+tia;  cannot  be  a 
square  ;  since  we  have  already  seen  (Art.  388),  that 
if  a  root  consists  of  two  terms,  for  exanfple,  x-4-a, 
its  square  always  contains  tfareC' terms,  namely^  twice 
the  product  of  the  two  parts,  besides  the  square  of 
each  part,  that  is  to  say,  the  square  of  o^-fa  is  x»  + 
2ax+a^. 

408.  Now, 'we  have  already  on  one  side  x^+ni»\ 
we  may,  therefore,  consider  x^  as  the  square  of  the 
first  part  of  the  robt,-and  in  this  case  nx  must  repre- 
sent twice  the  product  of  x,  the  first  part  of  the  root, 
by  the  second  part :  consequently,  this  second  part 
must  be  |n,  and  in  fact  the  square  of  x-^^  is  found 
to  be  0?' 4-wa:+J>i'. 

409.  Nowa?*+»2c+J»*  being  a  real  square,  which 
has  for  its  root  a^-f-ln,  if  we  resume  our  equation  x' 
^nx^ssn',  vte  have  only  to  add  \n'  to  both  sides, 
which  gives  us  a:*+n«-h}n*i=»'+in*,  the  first  side 
being  aetually  a  square,  and  the  other  containing  oiily 
kwwn  quantities.    If^  therefore,  we  take  the  square 
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root  of  both  aidea,  w«  fiod  at+i»- %/(in»-fn') ;  and 
M  ererj  square  root  maj  be  taken  either  affirma- 
tively or  negatiyeljr,  we  shall  have  for  w  two  valaies 
expressed  thas ; 

410.  This  formdla  contains  the  rule  bj  which  all 
quadratic  equations  maj  be  resolved,  and  it  will  be 
proper,  as  £uler  justlj  observes,  to  commit  it  to 
memory,  that  it  may  not  be  necessary  to  repeat, 
every  time,  the  whole  operation  which  we  have  gone 
through.  We  may  always  arrange  the  equation  in 
•uch  a  manner,  that  the  pureaquare  v^  may  be  found 
on  one  side,  and  the  above  equation  have  the  form 
i»^= — fMP+n',  where  we  see  immediately  that  xs==  — 

411.  The  general  rule,  therefore,  which  may  be 
deduced  from  that,  in  order  to  resolve  x^  =— naf+«'« 
is  founded  on  this  consideration.  That  the  ^unknown 
a»  is  equal  to  half  the  coefficient  or  multiplier  of  x  on 
the  other  side  of  the  equation,  plus  or  minus  the  root 
of  the  square  of  this  number,  and  the  known  quan- 
tity, which  forms  the  third  term  of  the  equation* 

Thus,  if  we  had  the  equation  x^  sszQx+l^  we  should 
immediately  say,  that  a?=ss3i: v'(9+7)=3±4 ;  whence 
we  have  these  two  values  of  ^  $  namely,  a;s=:7,  and 

412.  The  method  of  resolving  adfected  quadratic 
equations  will  be  still  better  understood  by  the  four 
following  forms ;  in  which  n  and  n'  may  be  an/ 
positive  numbers  whatever,  integral  or  fmctianal. 

I.  In  the  case  «^+»aj=n',  where  a? =—in+y^(|» 
+»')»  or  — in — >/(Jn*+n'),  the  first  value  of  i 
must  be  positive,  becaOse  v^(Jn*4-«')  is  :::^^\n^^  or 
its  equal  ^n  ;  and  its  second  value  will  evidently  be 
negative,  because  each  of  the  terms  of  which  it  is 
composed  is  negative* 

IK  In  the  case  cr^*-Ax=n',  from  which  we  find  x^ 
Jn+/(in*+n'),  or  ^—y{in^+f^),  the  first  value 
of  «,  is  manifestly  positive,  being  the  sum  of  two 
positive  terms ;  and  the  second  value  will  be  nega- 
tive, because  ^/(^»'+n')  is^'v/(i^')>  ^^^^  equal  \n 
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III.  lir the  case  0?* — naD=— nVwe  have  a;==|n+ 
^(jyi»«-n'),  or  J»—  y  (i»* — «')  ;  both  the  values  of 
X  wiHi^e  positive,  when  |n*  is  >n' ;  for  rts  first  va- 
lue is  then  evidently  positive,  being  composed  of  two 
positive  terms ;  and  its  second  value  will  also  be 
positive,  because  ^/{In^  -^n')  is  less  than  \/(in'), 
or  its  equal  iru  But  if  in',  in  this  case,  be  less  than 
n' both  the  values  of  a;  will  be  imaginary;  because 
the  Quantity  in*— ji',  under  the  radical  sign,  is  then 
negative;  and  consequently  v^(Jn* — n')-will  beima^ 
nary,  or  of  no  assignable  value.  ; 

IV.  Also,  in  the  fourth  case,  ac'+nafss — n',  where 

x=t— ^+V'(*^^— »')i  or  —  Jn— v^(f»«— n'),  the 
two  values}  of  ^  will  be  both  negative^  or  both  ima- 
ginary, according  as  \n^  is  greater  or  less  than  n' 

413»  Hente  we  may  conclude,  from  the  constant 
occurrence  of  the  double  sign  before  the  radical 
part  of  the  preceding  eocpfessions,  that  every  qua- 
dratic equation  must  have  two  roots ;  which  are  both 
real,  or  both  imaginary ;  and  though  the  latter  of 
these  cannot  be  considered  as  real  quantities,  but 
merely  as  pure  algebraic  symbols,  of  no  determinate' 
value,  yet  when  they  are  submitted  to  the  operations 
indicated  by  the  equation,  the  two  members  of  that 
^nation  will  be  always  identical^  or  which  is  the 
same,  it  shall  be  always  reduced  to  the  form  03=0. 

414.  It  may  here  also  be  further  'Observed  that,  in 
some  equations  involving  radical  quantities  of  the 
form  y^(aaf+6):  both  values  of  ar,  found  by  the  ordi- 
nary process,  will  not  answer  the  proposed  equation j 
except  that  we  take  the  radical  quantity  with  the 
double  sign  db.  Let,  for  example,  the  vahied  of  x  be 
found  in  the  equation  a?+'v/(5a?+10)s=8. 

Here,  by  transposition^  v^{5a;+ 1 0)ae8 — x  ; 

therefore  hy  Squaring,  5»+IOaB64 — l6«+ai*, 

or  a?*— -2la?=«— 54;  and  .•.«=18,  orS. 

Now,  since  these  two  Values  of  x  are  found  from 
the  resolution  of  the  equation  «*— 2laj=  — 64  ;  it 
necessarily  follows,  (Art.  413),  that  each  of  them, 
when  substituted  for  Wi  must  satisfy  that^qiMidn^^ 
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which  may  be  •  verified  thus ;  in.  the  first  place,  by 
substituting  1 8  for  a;,  in  the  equation  a^  — 21a;  =» — 54, 
we  have  (18)»— 21  Xl8=— 54,  or  324— 378=— 54; 
that  is,  — ^54=— 54,  or  0=0. 

Again,  substituting  3  for  x,  we  have  (3)*  —  21  X3= 
—54,  or  9— 63= — 64;  —54=— 54,  or  54— 54=0  ; 
.\0=0. 

415.  And  as  the  equation  x? — 21x= — 54,  may- 
be deduced  from  the  equation  +v/(5ac+10)=: 
8— X,  or  —  v/(5«+10)=8— x;  it  is  evident' that 
the  radical  quantity  ^(5x+ 10),  must  be  taken,  with 
the  double  sign  ±,  in  the  primitive  equation^  in  or- 
der that  it  would  be  satisfied  by  the  values,  18  and  3, 
of  OP,  above  found  ;  that  is,  18  answers  to  the  sign — , 
and  3  to  the  sign  +•  But  if  one  of  these  signs  be 
excluded  by  the  nature  of  the  question  ;  then  only 
one  of  the  values  will  satisfy  the  original  equation  ; 
for  instance,  if  in  the  equation  x*+\/(5x+10)=8^ 
the  sign.  —  be  excluded  from  the  radical  quantity, 
then  the  square  root. of  5x +10  must  be  considered 
as  a  positive  quantity ;  and  because  it  is  equal  to 
8— a; ;  the  value  of  x,  since  both  are  positive,  which 
will  answer  the  proposed  equation,  must  be  less  thaa 
8 ;  therefore,  3  is  the  value  of  x,  which  will  satisfy 
the  equation  x+y/(5«+IO)  =  8,  which  can  be 
readily  verified  thus;  substituting  3  for  x,  we  have  3 
4-«v/(l5+10)=8,  or  3+5=8.  Aad  for  a  similar 
reason,  18  is  the  value  of  x,  which  will  answer  the 
equation  x-  ^{5x+\0)^i  ;  for  18— v^<90+10)  = 
18—10=8 ;  .•.  8=8,  or  0=0. 

4]6«  It  is  proper  to  take  notice  here  of  the  follow- 
ing method  of  resolving  quadratic  equations,  the 
principle  of  which  is  given  in  the  Biju  Ganita,  before 
mentioned :  thus,  if  a  quadratic  equation  be  of  the  form 
4a'x^±iabxs=i±Aac^  it  is  evident  that,  by  adding  6' 
to  both  sides,  the  left-hand  member  will  be  a  com- 
plete square,  since  it  is  the  square  of  2ax±b ;  and, 
therefore,  by  extracting  the  square  root  of  both  sides^ 
there  will  arise  a  simple  equation^  from  which  the  va« 
lues  pf  9  m97.be  determinadf 
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417.  Now,  ^nj  quadratic  equation  of  the  form  a«*i 
i«=c±c',  (to  which  every  ^quadratic  may  be  reduced  by 
the  known  rules),  by  multiplying  both  sides  by  4a,  will 
become  4a'  x^  ±4abxs=±4ac.  From  which  we  infer« 
that  if  each  side  of  the  equation  he  multiplied  by  four 
times  the  coefficient  of  x^,  and  to  each  side  there  be  added 
the  square  of  the  coefficient  of  x,  the  quantity  on  the  left' 
hand  side  of  the  resulting  equation  will  always  be  a 
complete  square  ;  from  which,  by  extracting  the  square 
rooty  the  values  of  x  will  be  determined*  If  the  co- 
efficient a=l,  then  both  sides  of  the  equation  is  mtdti* 
plied  by  4,  and  the  square  of  the  coefficient  of  x  is 
addedy  as  before.  * 

§  I.   SOLUTION    OP    ADrEGTED    QUADRATIC    KQUATIONS, 
INVOLVING  ONLY  ONE  UNKNOWN  QUANTITY. 

418.  Rule  I.  Let  the  terms  be  arranged  on  one 
side  of  the  equation,  according  to  the  dimensions  of 
the  unknown  quantity,  beginning  with  the  highest ; 
and  the  known  quantities  be  transposed  to  the  other; 
then,  if  the  square  of  the  unknown  quantity  has  any 
coefficient,  either  positive  or  negative,  let  all  the 
terms  be  divided  by  this  coefficient.  If  the  square  of 
half  the  coefficient  of  the  second  term  be  now  added 
to  both  sides  of  the  equation,  that  side  which  involves 
the  unknown  quantity  will  become  a  complete  square 
(Art.  409) ;  and  extracting  the  square  root  on  both 
sides  of  the  equation,  a  simple  equation  will  be  ob- 
tained, from  which  the  values  of  the  unknown  quanti- 
ty may  be  determined. 

419.  Rule  1L  The  terms  of  the  equation  being 
arranged  as  above,  let  each  side  be  multiplied  by  four 
times  the  coefficient  of  x',  and  to  each  side  add  the 
square  of  the  coefficient  of  « ;  then  the  left  hand 
member,  being  a  complete  power  (Art.  417),  extract 
the  square  root  on  each  side  of  the  equation,  and 
there  arises  a  simple  equation,  from  which  the  values 
of  cc  may  be  determined. 


^  I 
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43Q..  It  tt^j  be  obserlred,  that  all  equatiaos  maj  be 
solved  as  quadratics,  by  coropletiog  the  square,  in 
which  there  are  twa  terms  iovoliriDg  the  unrkDown 
quantity,  or  aaj  function  of  it,  and  the  exponent  of 
one  is  double  that  of  the  other*     Thus^  x'+pa;'=f, 

p^x^-px^^d,  (x'+px+gY  +  (x^+px+g)  =  r, 
X  .(«"  +ax)*  +bx.{x'  +aa?)=rf,  are  of  the  same  form 
as  quadratics,  and  the  values  of  the  unknown  quantity 
may  be  determined  in  the  same  manner.    • 

421.  Many  equations  also,  in  which  more  than  one 
unknown  quantity  are  involved,  may,  in  a  similar 
manner,  be  reduced  to  lower  dimensions  by  complet- 
ing the  squarCt  as  x^y^+pxy^^g^  {x^  +  y^y  +  p^ 
(«'+y')=r.  Instances  of  this  kind  will  occur  in 
the  next  section. 

422.  And  many  adfected  equations  of  the  third, 
and  other  higher  degrees,  may  be  exhibited  under 
the  form  of  a  quadratic,  from  which,  by  completing 
the  square,  the  value  of  the  unknown  quantity  will 
be  determined.  The  biquadratic  equation  x* — Bax^ 
+8a*x*+32a'aj=c?,  for  instance,  may  be  reduced  to 
the  form  {x^-4axy  —  8a*(a;^  --4ax)==rf.  Thus  the  two 
first  terms  (a?*  — 4«a?)  of  the  square  root  of  (he  left- 
hand  member  being  found  according  to  the  rule 
(Art.  ^299),  and  the  remainder  —  8a*a?*+ 32a' x,  being 
evidently  equal  to--8o^(a?*-4aa;);  therefore  x^-^Sax^ 
+M^x^+  S2a^x  =  {x'—AaxY  —  da^(x^—4ax)=d. 
Hence  it  follows,  that  if  the  remainder,  after  having 
found  the  first  two  terms  of  the  square  root  (Art.  299), 
can  be  resolved  into  two  factors,  so  that  the  factor 
containing  the  unknown  quantity,  shall  be  equal  to 
the  terms  of  the  root  thus  found ; .  the  proposed  bi- 
quadratic may  be  always  reduced  to  a  quadratic 
form. 

423.  In  a  similar  manner,  the  cubic  equation 
aj*-l-2(M5*-h5  a"«4.4a'=o,  may  be  reduced  to  the 
form(x*-f-  axy+  4a*(a;  -f-aa?)=o  ;  thus,  multiplying 
every  term  of  the  proposed  equation  by  x,  it  becomes 
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jc*+2aaj?+5a*a:  +4a*»«aO,  which  can  be  reduced 
to  the  above  ibrtn,  as  ia  the  preceding  ardcle. 
There  ajre  a  varietj  of  other  artidces  for  reducing 
equatibna  to  lower  dimensions,  which  will  b^^illaa* 
trated  in  the  following  examples. 

Exi  1.  Giv«n  aj*-}-8q?==520,  to  find  the  values  of  «. 
Completing  the  square,  x*  +  845 + 1 6 =36 ; 
and  extracting  the  root,  x^4=!=^izS ;     . 
Whence,  by  transposition,  (V=:2,  or---10«  . 
Ex.  2.  Giyep  a^^  -r  8a-h5s=14,  to  find  the  vatoes  of  dr. 
By  transpoaitipii,  x^-^Qx^d  ^ 
and  completing  the  square^  «*—8a:+ 16=24 ; 
•vextracting  the  root,  x — 4-=±5, 
and  a;=9,  or  -—1. 

E^.  3.  fiiren  ^l^K~^j==(ai-2)%  to  fiQd  the 

values  of  «.  . 

Multiplying  the  nqmerator  and  the  denominator  of  the 

reaction  by  x+^{x9  -.9),(±hj^Izi2L)"-s(»--2)»  ; 

.\        ^\- ^=±(a?-.2):     Taking   th^    positive 

sign,  07+ V(a;'— 9)==  3a:— 6,  or  ^(ap»— 9Js=2a?— 6; 
.•.  x^ — 9=4a?* — 24a?+36';  by  transposition  and  divi- 
sion, «*'— 'Sarss:  — 15  f  •••  completing  the  squarei  &c. 
x=i5^  or  3. 

Buti  by  taking  the  negative  sign, «+ V(ap"— ^-9)=: 
— 3<ap4-6  r  .••  by  transposing  and  squaring,  :b'<-**9ss 
'[Qx^'-^^^+S^i  and  by  transposition  ana  divinoQ, 

— a?==  —3 ;-  completing  the  squaring,  «■  —  ---«+ 
•\  taking  the  root  and  transposing,  flpss 


a;^ 


^_  II, 
25  ■"  -25^ 
8±^  — 11 


17    ' 
Ex*  4/ Given  a:*+— «*— 34«sal6,  to  find  the  va- 

■  •  i*     .     ■ 

lues  efar. 

35 
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By  transposition,  «*+—i's=34«4- 16^  completing 

thesquarc,ap^+ Y**+  (t*)  '  "^  (t  V  * +^^*+ ^  ^' 

17  /I7        \ 

.%  extracting  &e  root,  «^  +— =sdb  I  X**^^/ 

Let  the  positive  root  be  taken ;  theD,  67  transposi- 
tion, x*=4;  .'.  a?^2,  or — 2. 

17  17 

But  if  the  Negative  value  be  taken^  j?'^r—x^=^——x 

17  ^    •  .  17     ,  209     209 

-4;  .-.  «»+— 0?=— 4;andx*+-2*+"|6=-76-4 

=  --^;  •••extracting  the  root,  a?+—=±-j-,  and  by 

transposition,  «= — 8,  or — \. 

Ex.  5.  Given  4^»— 3ar=:85,  to  find  thevakes  of  ». 

(Art*  417).     Maltiplyiogby  16,64iC»— 48a:==1360, 

and,  addbg  the  square  of  S,  64ar*— 48ar+9^1369 ; 

.•.  extracting  the  square  root,  8a? — 3= ±37  ; 

by  transposition,  8ar=40,  or — 34,  .*•  «=5,  or— 4y.   - 

22 3^ 

Ex.  6#  Given  ^x-\ =44,  to  find  the  values 

of «.     . 

Multiplying  by  a:,  ^oi:^  +35— 3a:=44x  ; 
•••  by  transposition,  6a?^  —47 a; =  —  35  ; 

and  by  division,  cc* — a  ^^'"'fi'  >  ^^^'^''^re  coniplct- 

47    .  /47v       2209     35 
ing  the  square,  x«  ^-x+ ^-ja  =__^_ 

1369  47         37 

ss-jj^i  .•.  extracting  the  root,  x — j^=  ^Jc^  ^»^  * 

=s7,  or  }. 

3wC'~"3  3x— 6 

Ex.  7.  Given  5jd— i=2x+ — -r— ,  to  find  the 

a?— 3  2  . 

valoMof  X.     . 

*  Milhipljring  by  2«~6,  we  have   lOx*— 36x+6 
ss4«*— 12«4-3»*— 15«+18  } 
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«%  by  transposition,  3i?> — 9ac=12; 

and  hy  division,  «*, — Sgc=s-A  ; 
•\  contpleiinfr  the  square,  a?"— 3a;+f=?4.4*f==V  j 
and  extracting  the  root,  x— |=£=te|.; 
*••  a?«ss4,  or — I. 


»^  ^.  Bx — 10-  6a;^ — 40         ^ 

Et.  8.  Given  Sjc— T--— --  =  24---r — -r-,   to  find 

tl»e  values  of  a?. 

Multiplying  by  2a?-- 1, 

<?«'  ^3a;^_g^_-. — 5=:4aj^34-6a;«— 40, 

-       ,6ar«— 23a?-f  10 
^»'7ar+ _^_^«42; 

*•.  63a?— 14a;"  +6a!«  —  23a?  + 10=378— 04a? ; 
fey  transposition,  1 24a?— 8a?a  =368, 
and  a?  — ya?=  — 46  ;  ••.  by  completing  theiiquare* 
^     3!     .  961     961  225 

^'-T^+-f6=T6-^^^-l6"'.. 
«*.  extracttBg  the  root,  x — j=  =*=T» 

■     23 
and  .therefore  a?=— ,  or  4* 

Ex.  9*  Given  v^a;*+v^x*=6y^2:,  to  find  the  va-^ 
Ides  of  a?. 

Diriding  by  y/x,  a?*  +ar=6  : 
•••  completing  the  square,  x*+a:+|==6+f=V  ; 
and  extracting  the  root,  x+ J==±=} ; 
.*.  a?=^2,  or— 3. 

M 

Ex.  10.  Giyea  a?** — ^2a4?^=6,  to  find  the  values  of  x. 

Compicting the  square,  a?* — 2aa?  +a*  =«'+*/' 

••.  extracting  the  root,  x^  — «» :fc  y  (a*  +6), 

and  a?»ss:a±  ^{a'+b) ;  /.  «=*(a=t:v^(a«+i))*. 
Ex.  11.   Given  a;«— 2x+6v/(a*— 2«+5)«ll,  to 
find  the  values  of  a?. 

Adding  5  to  each  side  of  the  equatioSy 
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•*.  bj  completing  the  square, 

and  extracting  the  root,  |/(a?*  —2a; +5) +3= ±5  : 
.*.  -/(«• — 2a?4-5)«2,  or — 8 ; 
••.  squaring  bolh  sides,  a?* — 2cc+^=*4,  or 64  ; 
whence  a?*  — 2«+ 1  =0,  or  60  ; 
and  extracting  the  root,  a?  — 1=0,  or  =±i  1^60 ; 
••.  a;=sl,  or  1?±:|^60. 

ScBoii.  it  is  proper  to  observe,  that  the  equation, 
^s — 2x4^1,  has  two  equal  roots^  although  x  appears 
to  have  only  one  value  ;  but  it  is  because  d?  is  twice 
fouDd=s5,  as  the  common  method  of  resolution  shows ; 
for  we  have  jr=s:l±  yo,  that  is  to  saj,  a;  is  in  two 
ways=]. 

Ex.  12,  Given  a?<+4x'+12a;«  +  16x=a,  to  find 
the  values  of  a;^ 

Here  the  two  first  terms  of  the  square  root  of  the 
ieft  hand  member  (Art.  299),'  is  found  to  be  x^+^Xj 
and  the  remainder  is  8x  +1 6x  which  can  be  readilj 
resolved  into  the  factors  8  and  a;'+2£,  since  (8a;^ 
+  l6»)-r'(a?*+2a;)  gives  8  for  the  quotient.  Conse- 
quentlj  (be  proposed  equation  may  be  exhibited 
under  the  quadratic  form  ,a;'+2x)^4-8(a?'+2a;)=a  ; 
.••  by  completing  the  square,  (a;*  +2x)'  +8(x*  -|-2x) 
+lGrs:a+\6;  and  extracting  the  root,  x'+2x-f-4= 
±l/(«+l6).  .  :  ; 

Now  by  taking  the  positive  sign, 

x»+2a?+4  =  +  y(a+l6); 
by  transposition,  a;*+2x=— 4+y(a+16)5 

.'•completing  the  square, x*  +2x+l  =-3+V'(*'+  ^  ^)j 
and  extracting  the  root,  x+1  ^±y  (-3+  V{a+ 16)) ; 

...  a?;=s^l±-v/(-3+  i<(a+16)). 
Again,  by  taking  the  negative  sign, 

x«+2x+4=s=-^y^(a+l6)  ; 
•••  x»+2x=2:— 4—  y(a+16)  ;  and 
completing  the  square,  x»  -f2x+1  =  -  3— ^(a-f.  1 6) ; 
.••  extracting  the  root,  x+ls=±v^(— 3—  i^(a+16)); 

anda:=-l±  t/(-3'-  V(fl+l9))^ 
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Ex.  IS.  Ghren  Sii'Hfe'f  tt^^M^"^  to  fal  ttie 

values  of  X.        ■  . 

fiy  iranspositioii,  a**— U»«l6— 4-t.  12«0 ; 

•••  hy  comptetiog  the  tqumre,  *•  — 4x+4a*4, 
and  ttUictiag  the  ffoo«»  4B-^2sB±8 ; 

.%#«4,  or  0*    See  (Art  405). 
Ex.  14.  Crireii  x*«-^«*4'99rm4,t0  fiftdOtttftliiiBS 

of  a?. 
(Art.  433),  mattipljring  betfi  irides  by  «,  ar«  ^44(^4* 

(Art.  422)  .•.(««~2a^«+2(x«— 2x)»0. 
**.ar^— Sa?+l»±t^aiMt  9aKl:i:yd:l ; 
.*•  the  three  roots  of  tlie  f  rojpoBec)  eqiiati^iit  are  1) 
l+-v/— 1,  and  I— v^— I.  tW  otfer  value  of  a:, 
which  18  equal  to  1  -^  1 ,  or  0,  belongs  to  the  eqaatiOtt 
(aj»— 2it)'»+2(a?»— 2a?)s»0;  bewce  ^ere  are  Jour 
roots,  or  four  values  of  x,  which  will  iatisQr  thia  iaat 
equation. 

Ex.  15.  <3iven27x»-|^+H:^^_-!^+5,  to 

find  the  values  of  x. 
Multiplying  every  term  by  3, 

31** -+17=- — -.»^+l5; 

X^  X        x' 

.'.  by  transposition,  Slx*+174'-5'*=^*7-4 +15« 

Adding  unity  to  eacb^ide,  in  order  to  complete  the 

1      841     232 
square;  81x«  +  18+^=~i+^-+16  5 

I  29 

and  extracting  the  root,  9x+-^=fc(— +4). 

X  ^     X'       ' 

Let  the  positive  value  be  taken  ;  then  bf  ttran^* 

28 
sition,  9xc— 4=— ,  and    .•.  9a*  — 4x=28 ;  by  com- 

X 

pleting  the  square,  &c.,  we  shall  baire  »:«2,  er-J^* 

-as* 
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tnd  completing  the  square,  «c.,  «= ^ — ^— 

Ex.  16.  Onrei^  S«**4-9«?^ts769  to  fiad  the  values 

17 

of».        .  .  Ans«  jr==S,  or  — — . 

Ex.  I7,    Gifea  --g JZIJ"'''"^  *^  ™* 

the  velaQfi  of  «.  Ans.  a =6^  or  i* 

Ex.18.  Given— ^- 2"=* — T7r~»    *•  °*^* 

the  valoei  of. «.  ^^^*  a;=36,  or  1 2. 

E<:i9.  Given  f^!^^^!±i«3t-3,  to   find   the 

values  Qf  «.  Ana,  «;?=I,  or — ^23. 

Ex-  90.  Given  v'{ff4-5)X^(a;+12)=*12,  to  find 
the  values  of  «•       .  Ans.  a;=4,  or  — 61 . 

Ex.21.  Given 2»«  +  3«—5v'(2««+3»+9)+35q?0, 

to  find  the  values  of  «• 

9        — 3±v'— 55 
Ans.  a;=3,  or  — -,  or  — - — -j • 

Ex.  22.  Given  9a;+2a?v'(lG4«+36a?3)=15x*— 4, 
to  find  the  values  of  x. 

Ans.a:=~,or-g;or-^.. 

Et.  28.  Given  ^+^-49=9+-,  to  find  the 

values  of  «. 

Ans.  a=2,  or ,  or ~ — . 

7  7 

Ex.  24.    Given  »•— 2«»+x=132,   to  find    the 
xihiesof  A 

A              M             o          1±-v/(— 43) 
Ans.^xs49  or — ^3,  or  - — 3l-L c.. 

2 

■ 

Ex.  U^  Giveu  ar  +«^  c=s756,  to  find  the  values  of  «- 

»i 
,  i^^ns.  ase24S|.or  (-^-28)*. 
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Ex*  26.  Given  a®— ar5»5S>  to  imd  the  values  of  a*. 

Ex.  27.  Givcii  a?+5*=v^(«4-5)+6,  to  find  ilie  va- 
lues of  a?.  And.  «=e4,  or --1, 
Ex.  28.  Givea  a?+16— 7^(a?4-I'J)=10--4v'(a 
'    + 16),  to  find  the  values  of  a;. 

Ans.  a?=s9,  or  •— 13. 

Ex.  29.  Given  ar+4+^^^^=rl3,  to  find  tbe  va- 

■  •    a: 

lues  of  a.  Ans.  a;=4,  or  — 2. 

Ex.  30.  Given  14+4ir— ^?«3x+^±^,  tofirtd 
the  values  of  a?.  Aug,  «a=20,  or  9. 

Ex.  31.  Given:^^-:!=?=i£±2-.i/^^ 
values  J>f  a?.  Ans.  a;«21,  or  5. 

Ex.  32.  Given  2a?+18^?^^l±l^«27J.?^^=li, 

^  4«+7  2a?-.3  ' 

to  find  the  values  of  x.  Ans.  a;  1=8,  or  5. 

Ex.  33.  Given  *!i^£!±5*.x«+a?+^    to    find 

the  values  of  a:.  An».  ir=4,  or  — 4|. 

Ex.  34.  Given  v/(4x+5)X-v/(7^  +  l)=30,  to  find 

the  values  of  a?.  Ans.  a?=5;  or  — 6^^. 

Ex.  35.  Given  ^i~  +— ^=!?  to  findthe  va- 

a?         a;+i2     t5 

lues  of  X.  Ans.  a:=3/or  —15. 

Ex.  33.  Given  a:^+7a(?^*=44,  to  find  the  values* of 
'^-  Ans..a?=i±8,  or±(— llr. 

Ex.  37,  Qiven  Ax^^x^^Sd,  to  find  tbe  vakesof  a:. 

Ans.  x==729,  or  (~j«. 

Ex.38.  Given3^*-H42a?»^=s:332l,to  find  the  va- 
lues of  ar.  Ans.  a?s»5^,  or --^41, 


^*«^*         --         *-*        ••.*..•#  ^^v'Awl 
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Et»  39*  Ghren  --4-2=s--.,  to  find  the  values  of  x. 

Ans*  A?=s4,  or  j^V^ 

Ex.  40.  Given  a?«  +  n+\/(x*  +  n)==42,  to  Biid 
the  valaes  of  x.  Ang.  x^±5y  or  dkv'SS. 

Ex.  4K  Given  x^-r-  12x4-50=sOt  to  find  the  values 
of*.  AiMi.«=5=6±v^(— 14). 

Ex.  43.  Given  Sx— ^slO,  to  find  tbe  values 
if«.  AnS.a;«s6:i:V^-*-4. 

Ex.  43.  Given  x*— 2x*=:48,  to  find  tbe  values  of 
«•  Aqs.  xskS,  or  ^—6. 

Ex.  44,  Civcoa?*+3*»— 7«**-8x=  — 12,  to  Bod 
the  valnes  of  «r.  Ans.  2,  or  —3,  or  1,  or  — 2. 

Ex«45.  Given  »»—IOx'+3:/a;«—50jc+24=s:0,  to 
find  tbe  values  of  x*  Aos.  x:x.6y  or  —  I ;  or  f  ±^v/41  ^ 

Ex.  46«  Given  x^— 8a?^  +  l9x— 12=0,  to  Gnd  the 
values  of  x.  Ans.  x==4,  or  2±>v^— 2. 

Ex.  47.  Given  i^t^^^^lnl  to  find  the  values 

X— ^x         4 
of  X.  Ans.  x=3s4,  or  t,  or  f  ±^— 7. 

Ex.49.  9iven4x«+|'==4x^+33,  to  find  tbe  va- 
lues of  X.  Ati3.  x=2,  or—- ;  or ^iTZ — :. 

2  4 

§  IL  soLvrioi:  or  adfected  quadratic  bqua^tions, 

INVOLVING   TWO  UNKNOWN   QUANTITIES. 

424.  When  there  are  two  equations  containing  two 
unknown  quantities,  a  single  equation^,  involving  only 
one  of  the  unknown  qaantitiesy  inay  sometimes  be 
obtained,  by  tbe  rules  laid  down  for  the  solution  of 
simple  equations  ;  from  which  equation  the  values  of 
the  unknown  q(|antity  may  be  found,  as  in  the  prece- 
ding Section.  Whence,  by  substitution,  the  values 
of  the  other  may  also  be  determined.  In  many  cases, 
however,4t  may  be  more  convenient  to  solve  one  or 
both  of  the  equations  first ;  that  is,  ta  find  the  values 


i 
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of  (me  of  the  unknown  quantities,  in  lerm$  of  the 
other  and  known  quantitiea,  as  before ;  wheli  the  rules 
for  eiiminating  unknown  quantities,  (§  L  Chap.  lY), 
may  be  more  easily  applied* 

The  solution  will  sometimes  be  rendered  more  sim- 
ple by  particular  artifices  ;  the  proper  application  of 
which  shall'be  illustrated  in  the  following  examples. 

£x..  1.  Given  a;-|^2y^s='^,  )  to  find  the  values  of  x 
and  x2+3a?y—-w*  =^2^,3   and  ^. 

From  the  Isi  equation,  a;=7-— 2y  ; 
'     :  .•.a?«=49— 28y+4y2  ; 

Substituting  these  values  for  x  and  x'  in  the  2d 
equation,  then  49— 28y+4y^+2ly— 6y^— ^^^23, 

or  3y* +7^=49—23=26. 

(Art.  417),  36y«+84y4-49;=:i3i2+-49=:361  ; 

.r.  extracting  the  sqi^are  root,  6y4-7=19, 

and  6^=3  19—7=12  ;  y =2, 
and  a?s=i  7  —  2^^7-^4=3. 
Ex.  2.  Given  4iy=96— a;"y%  andd7-)*y=6,tafind 
the  values  of  a;  and  ^. 

From  the  first  equation,  a;'ya+4a;y +4  =  100, 
and  extracting  the  root^  xy+^=si-klO\ 

»•.  a?y==8,  or  —12. 
Now  squaring  the  second  Equation, 

a?^+2i?y+^«=36  ; 
but  4xy        =32,  or  ^48. 

••.  by  subtraction,  x*  — 2a7y+y«  =4,  or  84 ; 
and  extracting  the  root,  x — y=±2,  or  ±^^84 ; 

but  x+y=    6  ; 

,■»    ■        ■■        .  »l         I      II     ^  II 

.*.  by  addition,  2a;=8^  or  4,  or  6±v^84  f 

whence,  a?=;4,  or  2,  or  3±v^21 ; 

and  by  subtraction,  2y=4,  or  8,  or  6qFy/84 ; 

.•,y=2,  Of  4,  or3qF^2l. 
,  Ex.   3.    Given  a?^+a;4-y=&l8-ry«,  and  xy^^G,  to 
find  the  values  of  d?  and  y. 

By  transposition,  «*+y'+*+y=18 ; 
and  frpm  the  second  equatiooi  2x]f  =12 ; 


\  •*, 
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.%  by  ftddliioH,  x^  +2i^i^'.+a:-fjf =30  •, 

and  completing  the  squtre, 

121 

(«+y)*+(*+jr)+f=3o+j=— ; 

•*.  extracting  the  root,  a?+y+f=±-/j 

and  x+J  — 5,  or  —6  j 
whence,  from  the  Ist  eqaation^  x*  +ya =13,  or  24 ; 

but    2a?y=xl2;      

.•.  by  subtraction,  x^ — 2a?y+y^^=l,  or  12  ; 
.*•  extracting  the  root,  x — y=±l,  or  ±2^/3. 

Now  x+y=?5,  or  6 ; 
.•.  by  addition,  2a?=^6,  or  4,  or  —6^2-^/3  ; 

.•.  a;=3,  or  2,  or  — Siy/S, 
and  by  subtraction,  3y!=4,  or  6,  or  — 6=fx^S  j 

^••y=:2,  or  3,  or  —3:f y/2. 
Ex.  4.    Given  a?— 2v^a?y4-y— \/a?+\<y==0,  a|id 
v'^+v'y^'^^to  find  the  values  of  a?  and  jf. 
Completing  the  square  in  the  first  equation, 

asid  extracting  the  root,  y/x—  ^y--i=^±i ; 

.•.V^«— V^y,  =1  orO, 
but  from  the  second  equation,  x^x+^tf^5 ; 


II I  'I  I  > ' 


.*.  by  addition,  2-v/a;=6,  or  5, 

5  25 

and  v/a;=3,  or  ~  .%  a?=9,  or  — • 
^  2  4 

By  subtraction,  2v^y=s4,  or  5 ;  .-.  jf=«4,  or  -^ 

Ex.  5.  Given  a?V=%^''  >  »"*  B»*— y*  =  1 4,  to  find 
the  Values  of  x  and  y . 

From  the  1st  equation,  a^— 2/  ;  and  .;.  jx  ===/  ; 
substituting  this  value  in  the  second  equation, 

Sjc^—f aj*=l4 ;  and  .•.  16ai*— «*a=28 ; 

or,  by  changing  the  signs^  x^  —  1 6a;  «=  —28  \ 

complying  the  square,  x*^l63;^+64«*S6  ; 

and  extracting  Ihc  root,  a'  —  Js=d:6  ; 
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r.  a;'c=14,  or  2,  and  a^i==r2744,  or  8* 

Ex.  6.  Givisn  x^^y^c^Sop,  and  a:^+y  «=:p,  to  find 
th^  iralues  of  x  aad  y.  * 

By  squaring  the  second  equation,  «+2x^j^^+y^^j;s 

but  a:*  +y^=«3«; 


3  .11 


•%  bj  subtraction,  x-^x  ^+2a:*y'=:a2 3^, 

but  from  the  second  equation,  y^=rar— a;»r. 
Let  this  value  be  substituted  in   the  preceding 

equation ;  then  x^x^+2^^—2x—x'-^Sx  5 

•*•  by  transposition,  ^x=x^-^x^  - 

and  difidiog  by  Xy  2=sz x'  • 

coBipieting  the  square,  :a?—aj^+f«2-fi^A  . 
and  extracting  the  root,  a?*  — ^a: 


— a  1 


.•.  a;^=2,  or  —1 5  and  x=i4^  ©r  K 
^By  taking  tlie  former  value  of  x,  we  hare  y^=a 
^x*=4— 2=2;  .•.y=;:8. 

and  by  taking  the  latter  valae,y'=x— a:»  =  i4.i~,2 

(since  x»c=-l,  -a!»=  +  l);..,ya^8, 

^  Ex.7.  Giveny«~64=8*^^,andir— 4=2v«V,  to 
tind  the  values  of  x  and  y.  ^       ^  -      . 

From  the  first  equationr,  y*  — 8«d^v=64  • 
compljpting  theiuiuare,y»— 5ap^y+l6=l6«+64  j, 
extracting  the  root,  y— 4x»=:=4i:4v/(a?+4)  ; 

and.-.y=t=4x*±4v/(a:+4).     ' 
AlsQ^  frcwn  the  secQadcr^uatton,  y^^^^^x^^stA  j 
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.%  completing  tht  squaie,  &^,  y*  =a*db^(a;+4)  ; 

multiplying  by  4, 4y *  =4«*  ±4 1^  (:c +4) ;     • 

.•.n=x4y'>andy:s=l6. 

f     y-4     12       3 
But,  from  the  second  eq!iation,x  =5:^=^--=:—  ; 

9 
.-.by  iQVolution,  a?=2' 

425.  When  the  eqaationd  are  homogeneous,   that 
is,  when  JC*,y*,  or  ay,  is  found  in  every  term  of  the 
two  equationst  they  assume  the  form  of 
ax*+6«y+cy  =d, 

£j'j;«4.5fay4-c'y»=rf';  and  their  solution  may  be 
effected  in  the  following  manner ; 

Assume   a:=M>y,    then  x'^vJ'i/^;    by  substituting 
their  values  for  ac^and-  x  in  both  equations^  we  have 

J/ 

.  d         ^ d 

.  Hence -^  ^i,^+c'^a'v  +b'v+c'' 
.%  {a'd—adyv^  +  ib'd—bdyv^cd—c'd;  which  is  a 
quadrati©  equation,  from  w^ience  the  value  o(  v  may 
be  determined.  Having  the  value  of  v,  the  value  ol 
y  may  be  found  from  either  of  the  equations  (1)  or 
'(2) ;  and  then  the  value  of  a?,  from  the  equation 

Ex.  ».   Given  2x^+Sxy+y  =20,  and  ^.x^-fi/ 
=5.41,  to  find  the  values  of  »  and  y. 
Let  «=py,  then  2»V+3ry>+y'-2^'» 

.-.  by  divisioBi  campleting  the  square^  ftc.  usa  Vor  '^ 
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Let  i?==i,  then  y«=^j7q:^=r— «9;.-.y=s.3,or-3^ 

aiid4?=ryal)  or— !• 

4     :     ,  X        ^3    ^  164 

Again,  let  p  =:  y;  then  y — ±•0071  and 

13     164  -^  ,,    ,^ 

xcai—  V-ZZ7*    Conaequentiy  there  are  four  values, 

both  of  X  andy,  which  satisfy  the  proposed  equations* 
426.  When  the  unknown  quantities  in  each  equa- 
tion are  similarlj  involved,  the  operation  may  some- 
times be  shortened,  by  substituting  for  the  unknown 
quantities  the  sum  and  di£ference  01  two  others. 

"^Er.  9.  Given— +—=18,\  to  find  the  values  of 

y      *      -  ^  \  «  and  v. 
and  x+y=i2,5  ^ 

.    Assume  x=z+v,  and  y^z—v ;  .••  a:+y=3r=12 ; 

or  rs=56  ;  .*.  a:=^6+v,  audy=6— ©. 

Also,  since  — +^=  1 8,  a; '  +y  '  + 1 8a?y ;  * 

.•.  (6+v)»+(6— i?)»  =  18(6+t)X(6— p); 
or  432+36i>*  =648-181?^  ; 
and  by  transposition,  54t>'=?216; 

.•.  Tp«s=4  ;  and  r=±2  ;  .%  x=6±2=s=i8,  or  4 ; 

and  y=6±2=s4,  or  8* 

437.  In  all  quadratics  of  this  kind,  in  which  x  may 
be  changed  for  y,  and  y  for  x,  in  the  original  equa- 
tions, without  altering  their  form,  the  two.  values  of 
one  of  the  quantities  may  be  taken  for  the  values  of 
the  two  quantities  sought. 

Ex.  10.  Given  a;+y=2a,  %nd  xf +y«=:i,  to  find 
the  values  of  x  and  y* 

Let  X  —  y=s23r ;  then  »=ssa+z,'and  y  =Ba--2  5 
••.  by  substitution,  («+z)*+(a-^z)*=i,  or,  by 
involution  and  addition,  2a'+3^''2^'+^0a«^r==i;    ' 

.'.  g^+2a^z^=a    I       ,  and  zapsby'C^a^d: 

36     . 
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Now,  let  a?+y^^)  and  a;*+y*==1066;  then  bj 
substituting  3  for  a,  and  1056  for  6,  iti  the  formulas  of 
roots,  the  values  of  x  and  y  will  be  foui^  ;  that  is, 
oparddbl,  or3±  /  — l9;andysa3=pl,oi:3qF  V'— ^9* 
Or,  by  substituting  the  above  values  of  a  and  b  in 
the  equation  lOaz* — 20a  2:*-t-2a*==6,  it  becomes 
30^*4-540^+486  +  1056;  from  which  the  values  of 
z  may  be  found  ;  whence,  by  substitution,  the  values 
ofo?  andy  will  be  determined,  as  before. 

Ext  11.  Given  ac+4y 3=14,  and  y*+4aj~2y+ll, 
to  find  the  values  of  a;  and  y. 

Ans.  «  =  — 46,  or  2;  and  y==l 5,  or  3. 

Ex.  12.  Given  2x+3y=ll3, and  5a;*— 7y*=i4333, 

to  find  the  values  of  x  and  y. 

3«99        ^        ,^       326a 
Ans.  «=35,  or  —  --—-;  anay-=i6^  or— j~. 

Ex.  13.  Given  aj*+4y*^256— 4a?y,  and  3y*  — x* 
=:39,  to  find  the  values  of  X  and  y. 

Ans.  JP=db6,  or  r±=102  ;  and  y==±5,  or  db59. 


Ex.  14.  Given  x*+^'*=E2a'*,  and  x^=c^,  to   find 
the  values  of  x  and  y. 

n  an        m     1 

Ans.<    ^  c* 

la=iz^(a    -c    )J- 

Ex.  15.    Given  x»+2cry+^2+2x=s:l20— 2y,  and 
xy — y^  =8,  to  find  the  values  of  x  and  y. 

4n8»  a;=T=6,  or  9,  or— 9:^^/5 ;  and  y=»4,  or  1, 
or— 3db^5. 

Ex.  16.  Given  x*+y*— x^y=78,  and  xy+x+y 
^39,  te  find  ibe  values  of  x  and  y. 

Ans.  X-  9^  or  3.;  or-^6J±J^— 39  ;  and  y =3, 
ore,  or— 6J=fJ-v/— 39. 
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Ex.  17-  Given  ~+-^-  —(  to  find  the  values  of 

^^     ^'     IC^andy. 
find  «— ^y«=2,^  ^     ,  . 

Ans.  at==5,  or  --;  and  ^=^3,  dr-  — 

Ex.  18.  Given  a;*--2af«ir+y^— 49, )  to  find  the  >a- 

and  X*— 2a;*y  +y«— a;*+y^=^0,  J  lues  ot  ac  andyj 

Ans.  x=:^±3^  ojpiy'e,  or  ±i^{S0±6  ^5); 

and  y=2,  or— 1,  or  iO±S:^5).* 

Ex.  19.  Given  a:— x*=3--^,  and  4— j;J=5y— y*,to 
find  the  values  of  x  and  y. 

Ans.  a;=4,  orf;  andy=l,or2f. 

Ex.20.  Given  «^+j5—4a?*«y?+y4-2r.  and  «y=* 
y^+3y,  to  find  the  values  of  x  and  y. 

Ana.  a£?=i=4,  or  1 ;  and  y^l.  or— 2. 
Ex.  21.     Given  a^+^y=56,  and  a?y+2y»=605  to 
find  the  values  of  x  and  y< 

Ans.  «as±4v/2,  or  Tl4; 
and  ^=a:fc3v^2,  ftr  ±10* 
l^x.  22.     Given  x— y=3l6,  and  apy=5.2y*,  to  fitid 
the  values  of  x  and  y.  • 

Ans.  i»a:=18,  or  12J  ;  and  y=3,  or— 2,^ 
Ex:  23.   Given  lux+-y=e3a?yrand  9jf— l>a;=18,  to 
find  the  values  of  x  and  y. 

Ans.  a?=2,  or— i ;  and  y«4,  dr  f . 
Ex.  24.  Given  x+y  :  a?— y  :  :  13  :  5,  ^  to  fin4  tlie 

and  y*+«=25,  >  values  of  a: 
and  y.  Ans.  a?«=;9,  or — U^J^ ;  and  y^4,  or— 6J. 

Ex.  25.     Given   **y*— 7acy  =»niO,  and  xy— y 
=3^12,  to  find  the  values  of  ^  and  y.  « 

Ans.  g^5,  or  j,  ^^^^_^,  _^ »    *»^  y=^»  ^'' 

— 15,  or— 6it-v/— 2. 

Ex.  20.  Giv^en  a:y+icy»=12,  and  a?+«y'=18,  to 
find  the  values  of  x  and  y. 

AnSi  «=2,  or  16;  andyas2,  or  J. 

*  There  are  four  other  values,  both  of  x  and  y,  which  are  all 
imag^inarj. 
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Ex.97.  Givctt  «+y+v^(«+y)«6,  and  «»+y2 
=s  10,  to  find  the  values  of  x  and  y. 

Ans.  «=s3,or  I  j  Qr4j±J^ — 61 ;  andy^l,  or 
3,  or4iTXv^— 61. 

El.    28.     GiFen  x»+4  v'<ar«+3y+5)5;=55— 3jr, 
and  6x — 7y^l6,  to  find  the  values  of  x  andy* 

Ans. J  ^*^'  ^'-T"5  ""' f"^' 

J                      46          — 70±*/38a5 
ly«2,  or-y ;  or 

Ex.  29.     Given  a;*+2a;»y=i41— a;*y*,  and  a?y= 

S+Xj  to  find  the  values  of  x  and  y* 

Cx=s8,  or— 7;  or-2±/-17, 
^^*ly^2,  or  It  \  or4=F|v/— ^7. 
Ex.  30.  Given  (x+y)»— 3y=28+3«,  and  2xy+ 
3x=36t  to  find  the  values  of  x  and  y. 

^       5  x^&,  or  },  or-|±i  i^(— 255) 
Ans.  y^^^  i^  or-VTl  ^(-255.) 
Ex.  31.   Given  x'  +3x+y =73-2xy,  and  y*  +Jy 
+»=s44,  to  find  the  values  of  x  and  y. 

C  a;=^4,  or  16 ;  or— 12qF  V^58, 
An3    ^y=55>  or— 7  ;  or-^J  ±  |^^8. 

Ex.  32.  Given ^+-S==136*-2xy,andx+y=ia, 

If  X 

to  find  the  values  of  x  and  y. 

C  a?=6,  or  4 ;  or  5±5v/(-H^f  )i 
Ans.  |y=::4,  or  6  ;  or  5:f  5V-(ff). 
Ex.  33.  Giveiiy*— 432=l2xy%andy»=12+2jy, 

to  find  the  values  of  x  and  y . 

Ans.  x=2,or3;  andy=6,or  V(2l)+3- 
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CHAPTER  XI. 


THE  SOLUTION  OF  PROBLEMS, 

PRODUCING  QUADRATIC  IS^/^t^ATlONS. 

•     >  *     ■•  • ,    "  -    ■  *  '  '    . 

§    L    SOhVTlOS  or   PROBLEMS    PRdDUClNO   ^^fJAtrftA^tC  • 
S%0ATIOM8|   mVOLVIKO  ONLt  ONtt    OBTttHO^N  <t0AI^- . 

TITY. 

428.  It  may  be  observed^  that)  in  the  ealuiioii  ot 
problems  which  inTol ve  quadratic  equations,  we  some- 
times deduce,  from  the  algebraical  process,  answers 
which  do  not  correspond  with  the  conditions.  T!he 
reason  seems  to  be,  thai  the  algebraical  expression  is 
more  general  than  the  common  language,  and  the 
equation  which  ia  a  proper  representation  of  the  con- 
£tidnr,  will  express  other  conditions,  and  answer 
other  suppositions. 

Prob.  1.  A  persoo  boug;ht  a  certain  number  of  oxen  for  80  gaf* 
ne%»i  sad  if  he!  had  bou^fUt  fear  more  for  the  same  lum,  they  wodld 
have  cost  a  guinea  a  piece  less ;  rec^ttiEed  the  number  of  oxen  and 
price  of  eadb. 

Let  x=  the  number ;  then  — =  the  price  of  each ; 

-1,  by  the  problem, 


•  • 


a?+4      a? 
and  by  reduction,  a;*4-4x=?=320j 
.•.«*+4x+4=324,  and«4-2=dbl$; 

.•.a;=l6,  0?  —-20. 

And  ^—=—=5.  guineas,  the  price  of  each, 
a?      16 

The  negative  value  (— *20)  of  jc^  will  not  answer 

the  condition  of  the  problem. 

as* 
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FMb.  ft.  There  .ere  two  namben  whose  difimnce  is  9,  end  tbeif 
tua  mOltiplied  bj  the  greaier  pnoduoes  i86. .  Whet  ene  those  nem- 
bers? 

Let  x«  the  greder ;  .*.  x-^-y^  the  less. 

Md  «.(2«— 9)«i266  5  .•.  x« —-.«=—-, 

2  2 

9        47 
completing  flie  square,  &c«  a? — -si::.^  ^ 

'4         4 
.•.  9^14,  or  — ^9J ;  and  «— 9=s5,  or  — 18J, 
Here  both  ralaes  answer  tiie  conditions  of  the 
probleou 

BnoK  9.  AeeteolfruB  C towevds  D^end  trwreOed  7  miles  •  dey. 
AlUr  he  hed  gone  92  miles,  B  set  out  from  V  towerds  C,  end  we»t 
ererj  day  one-aineteenth  of  the  whole  journey ;  end  efter  he  hed  tra- 
velled at  many  days  as  he  went  miles  in. one  day,  he  met  A.  Re- 
qaifed  the  dasbmee  cmT  the  pkees  C  and  D. 

Suppose,  the  dtstanoe  was  «  miles. 

•%— ^  the  number,  of  miles  B  travelled  per  dajr ; 

and  also  »  the  number  of  days  he  travelted  before 
he  met  A. 

361-         ^19        ' 
bj  transposition  and  completing  the  square, 

extracting  the  root,  iL-«6=s±2 ; 

.•    *s=:8,  or4;  and  a=162,  or  76,  both  which 

values  answer  the  conditions  of  the  problem.    The 
distance  therefore  of  C  from  D  was  162,  or  76  miles. 

Prob.  4.  To  divide  the  number  30  into  two  such  ports,  that  their 
prodoot  may  be  equal  to  eighi  times  their  difference. 

Let  «s=  the  luser  part;  •*.  30 — x==  flie  greater 
part,  and  30— x— a?,  or  30 — 2x=s  their  difference. 

iittice,by  die  problem,  a;(30---x)s:8(30—^3ai)^  or 
80»— ««=s240--16a?;  .•.««— 46««— 240. 

Completing  the  square,  oc'— 46jp-Hd29»289| 
•*.  ara2d±l78s40,  or 08  Itutr  part;, 
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and  90-^x8bS0— <6aK24«t  ^iwoter^pftrtt 
lo  ibis  case,  the  sohitian  of  the  eqeetioo  gives  40 
and  e^  for  the  iesser  part  New  as  40  cakmet  pessiMy 
he  9kpar$  of  30,  we  tal^  e  for  the  kiitr  paii^  whicb 
giires  34  fer  the  greaier  part ;  and  the  two  nooibcrsy 
34  and  69  answer  the  coadittoiis  reqaired* 

Frob.  6.  Some  beM  had  tUgfated  upon  a  tree ;  at  one  fligfat  the 
iMiiiare  rool  of  htM  of  then-  ireot  Way  ;.st  aaoUior  eight-nutha  of 
tbean ;  two  hoot  then  reinaiDedt  How  maoy  then  al^ted  on  the 
tree? 

Let  toB*  sBstbe  nomber  of  hees ;  9H — x — h^sSap', 

or9*+16«'  +  18=18«2  .•.2ar«— •9»=5ia  j 

(Art.  417),  Miilliplyiiig  by  8,  16»«— 72«=sl44  ; 

adding  81  to  both  sides,  16a;'— 72x+Bl=s225; 

.•.4xs=:9i;l53=24,  or  — «  ;  and  a;=6,  pr  — IJ. 

.•.2x«=72,  or4f  . 
Bat  the  negative  value  —If  of  0,  is  excUded  by 
the  nature  of  the  probleoi ;  tlierefore,  72=  Qumber 
ojf  beeQ. 

429*  If,  in  a  problem  proposed  to  be  solved,  there 
are  two  quantities  sought,  whose  sum,  or  difference, 
is  equal  to  a  given  quantity,  for  instance^  2a;  let 
haii'  their  difference,  or  baif  their  sum,  be  denoted 
by  so ;  then  x+a  will  represent  the  greater,  and  x^a 
the  lesser,  (Art.  102).  According  to  this  method  of 
notation^  the  calculation  will  be  greatly  abridgedi  and 
the  solution  of  the  problem  will  often  be  rendered 
very  simple. 

Prob..6.  The  som  of  two  nombera  is  6^  aad  the  sum  of  their 
4th  powers  is  272.    What  are  the  aombers  ? 

Let  x^~  half  the  difference  of  the  two  numbers ; 
then  3-t-x=  the  greater  numiber,  dnd  S— ir=  the 
lesser. 

.-.  by  the  problem,  (3+a?)*+(3— «)*=272^ 
or  162+l08aB«+2x*=272;  from  which,  by  transpo- 
sition and  division,  x^+64tx'^^55 ; 

.  •%  completing  the  square,  x^  -f-54a7s  +729ss784, 
and  extracting  the  root,  s' +27=^28 1 
xaes^27i28,  and  af=*i:l,  or  db-/— W.. 


•  • 
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Hoir,  Iqr  tdetag  the  ^o«ittw  T«lae,  +1,  for  x,  (since 
in  this  a»e»  it  it  the  only  value  of  a  wbitch  will  »fi- 
swer  Ibe  ptobten);  we  ihall  have  3+1  ^^^s:  the 
greator,  and  5^1a=2a«  ^e  lesser. 

Prah»  7«  To  divide  tibe  mmber  56  tuto  two  su<^h 
parts,  that  their  product  shall  be  64Q. 

Alls.  40,  and  10. 

Pfob*  8»  There  are  two  numbers  whose  differenee 
is  7,  and  half  their  product  plu9  M,  is  equal  to  "the 
square  of  the  lesser  number.  What  are  the  num- 
bers f  An8«H,  andl9. 

Prob.  9.  A  and  B  set  out  at  the  same  lime  to  a 
place  at  the  distance  of  150  mlies.  A  travelled  3 
mil^s  an  hour  faster  than  B,  and  arrives  at  his  jour- 
ney^s  end  8  hours  and  30  minutes  before  him*  At 
what  ri4te  did  each  person  travel  per  hoar  T 

Ans*  A  9»  and  B  6  mi ies  an  hour. 

Prob.  10.  The  difference  of  two  numbers  is  6  ;  and 
if  47  be  added  to  iwke  the  sqtUire  df  the  leseer^  it  will 
be  equal  to  the  square  of  the  greater*  What  are  the 
numbers?  Ans.  ITyandU* 

Prob«  11.  There  are  two  numbers  whose  product 
is  120y  if  S  be  added  to  the  lesser,  and  3  subtracted 
from  the^eater,  the  product  of  the  sum  and  remato- 
der  will  also  be  HO*     What  are  the  nunibers  ? 

Ans.  15,  and  18. 

Prob.  12.  A  person  bought  a  certain  number  of 
sheep  for  ISOi.  If  there  had  have  been  8  more, 
each  would  have  cost  him  ten  shillings  less.  How 
many  sheep  were  there  ?  Ans.  4^* 

Prob.  13.  A  Merchant  sold  a  quantity  of  brandy 
for  39/.  and  gained  as  much  per  cent  as  the  brandy 
cost  him.     What  was  the  price  of  the  brandy  ? 

Ans.  30/. 

Prob.  14.  Two  partners,  A  apd  B,  gained  18/.  by 
trade.  A's  money  was  in  trade  12  months,  apd  he  re- 
ceived for  his  principal  and  gain  26/.  Also,  B's  mo- 
ney, which  was  30/,  was  in  trade  16  months.  Whst 
money  did  A  put  into  trade  ?  Ans.  30/. 

Prob.  15.  A  and  B  set  out  fVom  two  towns  which 
were  at  the  distance  of  247  miles,  and  travelled  the 
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direct  road  till  thej  met*  A  went  9  imlet  a  day  $ 
and  the  npimber  of  dayi,  at  the  end  of  which  they 
met,  was  greater  b j  3  than  the  number  of  miles  which 
B  went  in  a  day.    How  mslny  mtlea  did  each  go  f 

Am*  A  U  7,  and  B  1 30  miles. 

Pcob*  16.  A  man  playing  at  hazard  won  as  the  first 
throw,  as  much  money  as  be  had  in  his  pocket ;  at 
the  second  throw,  he  won  5  shillings  more  than  the 
square  root  of  what  he  then  bad ;  at  the  third  throw^ 
he  won  the  square  of  all  he  then  had^  and  then  he 
had  J 12/.  IBs.     What  had  he  at  first  ? 

Ans.  18^  shillings* 

Prob.  17.  If  the  square  root  of  a  certain  number 
be  taken  from  40,  aiid  the  square  root  of  this  diffisr- 
ence  increased  by  10,  and  the  sum  multiplied  by  2, 
and  the  product  divided  by  the  number  itself,  the 
quotient  will  be  4.     Required  the  nuinber. 

Ans*  6. 

Prob.  18.  There  is  a  field  in  the  form  of  a  rectan* 
gular  parallelogram,  whose  length  exceeda  the  bneadth 
by  16  yards  3  and  it  contains  960  square  yards.  Re- 
quired the  leogtb-and  breadth.     Ans*  40  and  34  yards. 

Prob*  19*  A  person  being  asked  his  age,  answered, 
if  you  add  the  square  root  of  it  to  half  of  it*  and 
subtract  13,  there  will  remain  nothing.  Required 
bis  age*  Ans*  16« 

Prob*  20*  To  find  a  number,  from  the  cube  of 
which,  if  19  be  subtracted,  and  the  remainder  multi- 
plied by  that  cube,  the  product  shall  be  216* 

Aqs.  3,  or  — 2* 

Prob.  21*  To  find  a  number  from  the  double  of 
which  if  you  subtract  12,  the  square  of  the  remain- 
der* minm  1,  will  be  9  times  th^  number  sought. 

.    Ans*  llf  or  ^M 

Prob.  22.  It  is  required  to  divide  20  into  two  such 
parts,  that  the  product  of  the  whole  and  one  of  the 
parts,  shall  be  equal  to  the  square  of  the  other* 

Ans*  I0^5r-10,  and  30— lOy/^* 

Prob.  23.  A  labourer  dt^  two  trenches,  oi^e  of 
which  was  6  yards  loiq^r  Sum  the  other,  for  17/, 
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]6^.,  and  the  digging^  eadiofthem  cmi  as  maHj 
shillings  per  yard  as  there  were  yard^  in  its  length. 
What  Waa  the  length  of  each  f 

Ans.  >Q,  and  16  yardf* 

Prob.  24.  A  company  at  a  tavern  bad  8/.  1 5s»  to 
pay,  bat  before  the  bill  was  paid,  two  of  them  snealccd 
off,  when  those  who  remained  had  each  IC^*  more  to 
pay.    How  many  were  there  in  the  company  at  lirst  ? 

^    ^  Ans.  7. 

Prob.  25.  There  are  two  square  buiMin|g;9,  that  are 
paved  with  stones,  a  foot  square  each.  The  side  of* 
one  building  exceeds  that  of  the  other  by  12  feet, 
and  both  their  pavements  taken  together  contain 
2120  stones.  What  are  the  lengths  of  ihetn  separa- 
ly  ?  Ans.  26,  and  38  feet. 

Prob.  26.  In  a  parcel  which  contains  24  coins  of 
silver  and  copper,  each  silver  coin  is  worth  as  many 
pence  as  there  are  copper  coins,  and  each  copper 
coin  is  worth  as  many  pence  as  there  are  silver  coins, 
and  the  whole  is  worth  18  shtliingSk  How  many  are 
there  of  each?     Ans.  6  of  one,  and  18  of  the  other. 

Prob.  27.  Two  messengers,  A  and  B,  were  des- 
patched at  the  same  time  to  a  place  93  miles  distant ; 
the  former  of  whom  riding  one  mile  an  hour  more 
than  the  other,  arrived  at  the  end  of  his  journey  an 
hour  before  him.  At  what  rate  did  each  travel  per 
hour  ?  Ans.  A  went  10,  and  B  9  miles  j9er  hour. 

Prob.  28.  A  main  travelled  105  miles,  and  then 
found  that  if  he  had  not  travelled  so  fast  by  2  miles 
an  hour,  he  should  have  been  6  hours  longer  in  per- 
forming the  journey*  How  many  miles  did  he  go  per 
hour.  Ans.  7  miles. 

Prob.  39.  Bought  two  flocks  of  sheep  for  65/.  13^., 
one  containii^  5  more  than  the  other.  Each  sheep 
cost  as  many  shillings  as  there  were  sheep  in  the 
flock*    Required  the  number  in  each  flock. 

Ans.  23,  and  28, 

Pfob.  30,  A  regiment  of  soldiers,  consisting  of 
1066  men,  is  (brined  into  two  squares,  one  of  which 
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has  4  men  more  in'a  side  tbae  tlie  other.     What  num- 
ber of'  merv  are  ia  a  side  of  each  of  the  squaresr  i 

Ad«.  31, mod  25. 

Prob*  31.  What  number  kthat,  to  which  if  24  be 
added,  and  the  square  root  of  the  sum  extracted, 
this  rQot  shall  he  less  than  the  original  quantity  by 
18?  -  .   Ans.  25. 

Prob.  3?.  A  Poulterer  going  to  market  to  buj  tur^^ 
keys,  met  with  fpdr  flocks,  lo  the  second  were  C 
more  than  three  time«  the  square  root  of  doable  the 
number  in  the  first.  The  third  contained  three  times 
as  many  as  the  fir»t  and  seccmd;  and  the  fourth 
contamcd  6  more  than  the  square  of  one*third 
the  number  in  the  third  ;  and  the  whole  number  was 
193r.     How  many  were  there  in  each  flock  ? 

Ans.  the  numbers  were,  18,  24^  1^6,  ind  1770,  re- 
spectively. 

Prob.  33.  The  sum  of  two  numbers  is  6,  and  the 
sum  of  their  5th  powers  is  1056.  What  are  the  num- 
bers. Afts.  4,  and  2. 

§  II.  SOLUTION  op  PROBLEMS  PaODUCINO  QUADRATIC 
EQUATIONS,  IN^VOLVINO  MORE  THAN  ONE  UNKNOWN 
QUANTITY. 

430.  It  is  very  proper  to  observe,  that  the  solution 
o^  a  problem,  producing  quadratic  equations,  involv- 
ing two  unknown  quantities,  will  sometimes  be  very 
much  facilitated  by  assuming  x  equal  to  their  half 
sum,  and  y  equal  to  their  half  difference  ;  then  (Art. 
102),  a:-f-.y  will  denote  the  greater,  and  x-*^  the 
lesser.  The  solution,  according  to  this  method  of 
notation,  will,  in  general,  be  more  simple  than  that 
which  would  have  been  found,  if  the  two  unknown 
quantities  were  represented  by  x  and  y  respec- 
tively. 

Problem  1.    Required  two  Buteben,  jucb,  that  their  sum,  their 
product,  and  the  d^erence  of  their  tquare8,may  be  all  equal. 

Let  «+ys=the.  greater ;  and  « — y=t  the  lesser; 
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From  the  3d  eqmtioo,  y^^ ;  .*•  y's^i : 

Now  by  subttitoting  this  ralue  of  y*,  in  the  firet, 

we  have  2«=xl— J;  .*. «"— 2a?=i,  and x=^l±jV5. 
431.  The  preceding  problem  leads  also  to  the 
solution  of  the  following. 

Prob.  S.    To  find  two  numbers,  racb,  that  their  ram,  their  pro- 
doct^ttid  the  ram  of  their  squares,  may  be  aU  eqoalf 

Let,  as  in  the  last  problem,  a+y^the  greater, 
and  «^y sthe  lesser ;  then,  by  the  problem, 
2x»=x«--y«,  and  2a=ss(«+y)«+(x--y)«aca+S^? ; 

.••«=«*+y*j 

bot  2ac«x*  — y*  ; 

•*.  by  addition,  3x^2x*,  an^  x=^l  ; 
.••  by  substitution,  fst'+y*  ;  andy=±fy/-3; 
•%  ap+ysfij^v'— 3,  and  «— y=i=f  Jv^— 3. 
Hence  it  follows,  that  no  two  numbers  can  be  found 
to  answer  the  conditions ;  and  (Art.  373),  therefore, 
the  problem  is  impossible  :    Although  the  above  va- 
lues of  X  and  y  are  imaginary,  still  they  will  satisfy 
the  equations,  2«=ap* — ^y«,  and  2xs=5ac«-4-2y*,  which 
may  be  readily  verified  by  substitution. 

432.  It  is  sometimes  more  expedient  to  represent 
one  of  the  unknown  quantities  by  x,  and  the  other  by 
ly,  (Art.  425).  The  utility  of  this  method  of  nota- 
tion for  eliminating  one  of  the  unknown  quantities, 
will  appear  evident,  from  the  solution  of  the  follow-' 
ing  problem. 

Prob.  8.  What  two  numbers  are  those,  whofe  sum  multiplied  by 
the  ^eaier  is  77 ;  and  whose  difference,  multiplied  by  the  lesser,  is 
equal  to  12  f 

Let  xyssthe  greater,  and  xs=the  lesser;  then  by 
the  problem,  x*y*+xy=77,  and  x*y — x*  =  l2; 

.\xass-- ,  andx'ss ;  .•.—.= , 

y  +y  y— *       y-?    y*+y 

and  clearing  of  fractions^  12y«  +  12y»77y— 77  \ 
by  transposition  and  division,  y*  ""  |gSf"*'^f5 » 
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•*.  compleHng  the  square^  and  extracting  the  ro^t, 
ys=:Wori*;   Either  value  of  y  will  ioiawer  the  con- 

dititfiis  of  the  prabl^m ;    l<ei  j/^l  \  then  a;  ^- — 

y-i  . 

=  16;  .'.  a:=±4,  and  ^^3=^7,  IIeo<;e  the  nufn- 
bers,  bj  taking  the  positive  values,  are  4  and  7. 
Let  also  v=V";  *hen  «*=f  ;  .r.  a?=»iir|^2,  and  *y  ' 
= VX  ^1  y 2;=*^:^  1^2.  Hence  the  irratioifal  num- 
bcrs^  lv/2  and  '^-^'v/2^  will  also  answer  the  condilions 
of  the  problem. 

433.  \^hen  a- problem  expreases  more  than  two 
distinct  conditions,  which  require  to  be  tramlated 
into  as  many  equsitions ;  the  solution  cannot  be  ob- 
tained by  means  of  quadratics,  unless  that  some  of 
the  equations  are  of  tlie  Hirst  degree ;  for  the  final 
equation  resulting  from  the  elimination  of  the  un- 
known quantities  will,  in  general,  be  of  fl^igher  de- 
gree than  the  second.  There  are,  however,  somo 
particular  cases  jp  which  the  unknown  quantities 
may  t>e  eliminated  by'  certain  artifices,  (which  are 
best  {earned  by  experience),  so  as  to  have  the  final 
equation  of  a  quadratic  form. 

Prob.  4.  It  is  required  to  find  three  numbers,  such,  that  the 
product  of  ibe  hret  and  second,  added  to  the  sum  of  their  squai*es , 
shall  be  equal  to  37  ;  the  product  of  the  first  and  third  added  to 
the  sum  of  their  squares,  eiuUl  be  equal  to  49;  anrl  the  product  of 
the  second  and  third  >dded  to  the  ftum  of  theii*  squares,  shall  be 
^ual  to  61. 

Let  x=cthe  first  number,  ys^the  second,  ^nd  z=^ 
the  third.   ^ 

Then,  «'+y'  +»y=a37 ; 

x*+z'  +xz=49;^  by  tb^  problem. 
andy«-hj«+yz=Ol ; 
By  i»iibtracting  the  first  eo^ioa  from  the  second^ 

fij  siibtractiiig  the  iecopd  equtition  frpm^^  the  third. 


y- 
37    -  *JT. 


v'-* 


/ 


/ 
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By,  subdtitfittng  .3jf  for  ac+ir,  in^^ttolis  '(o)  aod 

l2  13 

(6),  we  fittd  3w«t— ' — 1  iin^8jr  =«—"--•; 

9  y  y  »  / 

Now,  bj  eubstitutiiig  these  values  oi  «  imd  o;^  in 
the  ihrst  of  the  originAl  eiiMtwiit)  MbocoiMS 

^ j  +y*  +y.^^ — r-  =37  ;. . .'.  by  reduc(ion, 

49 
.V*  •"'5-^**=-^J€  5  *nd,  ky  completing. llie  square, 

2401— ia^ 


3  ^       ▼¥/  36  '       ' 

and,  by  Jaking  the  positive  sign,  J/=±i  ; 

pi  _4     I  C-^4 
.*.  by  taking  y«=4,  x=^ = -,  and 

y  4  4         ' 

Ile^ce  the  three  numlKfrs  sought  are  3,  4,  and  5, 
which  are  in  arithmetfcal  progression.  Tttis  rektioo 
appears  aI?o  evident  from  the  resuM  2ys»jf+7,  fouud 
in  the  beginning  of  the  solution* 

Prsil).  6.    Ther?  are  three  numbers,  the  difierence  of  who9«  dtf- 
.ferMtces  IB  8;  their  svm  is  41 ;  and  the  vum -e^  tb#tr  iqimrM  099. 
What  are  the  oumbMrsi  -  * 

Let  r=the  second  cumber, 

andyp^lhe^iliCtfrencexif  the* second  and  l^fusl.;   '^ 
.*.  «— y,  X,  artd'x+y+C  are  the  nunfibers, 
andd^elr  sutn==3x+8=a4'l  ;  .••  3x^33,viind'ca=iC5 
•••  0M-^y)f  +  l3l  +  (;^9+y)'=S93,ory«  +  qy«4fi  , 
•*.  completing  j^e  square,  and  extracting  the  root, " 
y^4\rite^8,'  and-^=»4,  or-^lS,  both  which vmliies 
answer  the  con.ditians;  and  the  numb^SrB  are  7,  II, 
and  23. 


PRODUCING  <iU.U>RATlC  EQUATIONS.  423 

■    '         '  .  .  .       . 

Pfob*  G«  What  number  b  thai,  scliich  being  di- 
vided by  the  product  of  Us  two'di^fis,  the  oubtlSit  is 
2;  and  if  27  be  added  to  it,  the  digits  ^ifl  be  invert- 
ed?  ,  Ans.'Sp. 

Prob,  f.  Thiere  are  threie  numbers,  the  drfTeri^nce 
of  whose  difference  is  5  ;  their  sum  is  44  ;  and  ton- 
tinual  product  is  1  D5d«   '  What  are  the  nuipbers  ? 

Ans,  6,  13,  arid  25. 

i^rob.  8.  A  farmer  received  ?/•  4s.  for  a  cekkiu 
quantity  of  .wheat,  and  an  equat  suiii  at  a  pr'itt  less 
bj  Is.  64.  per  bushel,  for  a  quantity  of  bi^rley,  which 
exceeded  the  quantity  of  wheat  by  16  bushels. 
How  many  bushels  were,  there  of  each  ? 

Aos.  32  bushels  of  wheat,  aiid  49  S(  barley* 

Profa«  IK  A  poulterer  bought  15  ducks  and  12  tur- 
keys for  five  goipeas*  He  had  two  ducks  more  for 
13  shillings,  (ban' he  had  of  turkeys  for  ^0  6hnttties* 
What  was  the  price  of  each? — Ans.  the  pric^  of  a 
duck,  was  33«  and  of  a  turkey '5s.  \    , 

Prob.  10.  There  are  three  nun'kb'ers,  the *dl8e^eiice 
of  whose  diiSerences  is  3;  their  sunm  is  21  ;  and  the 
sum  of  the  squares  of  the  greatest  and  (east  Td  137^ 
Required  the. numbers.  Ans.  4,  B,  and  II. 

Prob,  U.  There  is  a  number  coo^isfin]^  of  ^  di- 
g^e,  which,  when  divided  by  Ih^  sum  of  lis  d^its, 
'^ives  a  quotient  greater  by  2  than  th^  firllt^  digit. 
But  if  (he  digits  be  inverted,  and  then  divided  by  a 
uumbe|-  greater  by  luiity  ttiao  the  sum  of  the  digits, 
the  quotient  is  greater  by  2  than  the  preceding  ()uu* 
tient?  .Required  the  nuoiber.     '  Ans.  24. 

Prob.  12.   What  two  numbers  are  those,  whbsie 

f^roduqt   is  24,  and  whose  sum  added  to  (he  ^iim  of 
heir  squares  ts  6^  ?  Ans.  4,  and  6. 

,  Prob.  13«    A  grocer  sold  SO  .pounds  of 'hiacb,  'aiid 
lOQ  poqn4f«of  cloves,  Tor 'OdZ.^  but  he  sold  6b  bounds 
more  of  cloves  tor  26/.  than  ne  did  of  mace  lor  itL 
What  was  the  price  olt «  pound  of  each  ? 
Ahs.  tlie  mace  cost  lOj.  au^  (he  cloves  5s*  per 


~i 
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Prob.  14.  To  divide  the  number  134  into  three 
such  parts,  that  once  the  first,  twice  the  second,  and 
three  times  the  third,  added  together,  may  be  equal 
to  278 ;  arid  that  the  soai  of  the  squaras  of  the  tbme 
parts  may  be  equal  to  6036. 

Ans.  40,  44,  and  50,  respective!/. 
Prob.  15.  Find  two  numbers,  such,  that  the  square 
of  the  greater  minus  the  square  of  this  Lesser,  fnai)'  be 
56;  and  the  square  olf  the  lesser  ;^/u«  one-third  their 
product  may  be  40.  Ans.  9^  and  5. 

Prob.  1(>.  There  are  two  numbers,  such,  that  three 
times  the  square  of  the  greater  p/u5  twice  the  square 
of  the  less  is  1 10;  and  palf  their  product,  plus  the 
squarA  of  the  lesser,  is  4*     What  are  the  numbers  ? 

Ans.  C,  and  1. 
Probk  17.    What  number  is  that,  the  sum  of  whose 
digits  is  15  ;  and  if  31  be  added  to  their  product,  the 
digits  will  be  inverted  ?  Ans.  78. 

Prob.  18.  There  are  two.  numbers  such,  that.  If 
the  lesser  be  taken  from  thci  greater,  the  rematuder 
will  be  35 ;  and  if  four  times  the  greater  be  divided 
by  three  times  the  lesser  plus  one,  the  quotient  will 
be  equal  to  the  lesser  number.  What  are  the  num* 
bers  ?  Ans.  1 3  and  4. 

Prob.  19*  To  find  two  numbers,  the  first  of  wbichf 
plus  2,  multiplied  into  the  second,  minus  3,  may  pro- 
duce 110;  and  the  first  mi'ius  3,  multiplied  hy  the 
second  plus  2,  may  produce  80.  Aus.  8,  and  14* 

Prob.  20.  Two  persons,  A  and  B»  comparing  their 
wages,  observe,  that  if  A  had  received  per  day,  in  ad- 
dition to  what  he  does  receive,  a  sum  equal  to  one- 
fourth  of  what  B  received  per  week,  and  had  worked 
as  many  days  as  B  received  shillings  per  d^y,,he 
would  have  received  289.;  and  B  received  2  shil- 
lings a  day  more  than  A  did,  and  worked  for  a  num- 
ber of  days  equal  to  half  the  number  of  shillings  he 
received  p^r  week,  he  would  have  received  4/.  188. 
What  were  their  daily  wages  ? 

Ans*    A's  5  shillings,  and  B^s  4« 
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-  P^b4  ^1^  II^CiltMiji  ^sHSjW  SUep^s  ^iQqi  by  tl)%. 
aide  of  a  full  cask,  ^^d  sei^ee^d  Itie  sOj^porti^mtj  of 
dcipldogt  ifhfcli  bei  cpntiiiaQil  for  two'-.i^irds  of  the 
t^9i^  ittM^t  SileQi^d  .MTQuld  bav(3  t^ea  to  empty  tfie 
whole  c^^  Aft^l*  tK^t  Sileiiu^  awoke,  and  dcah)^ 
wbalL  l^ac/qbUi  juc)  l^ft^  tia^l  Uiev  drunk  Jboih  toge- 
(bef«  it  fvo^ldhaye  be,eo  emptied  two  hours  sooiierK 
^d  BaccW  wouM  bave  drunk  only  half  what  he  Ipn 
Silw^ar^  rleqwned  ^ic  Ume  in  which  the/  could 
baye  emptied  the  casl^  separately.  > 

i^s.  Stlenui?  in. 3  hours,  and  BHCcbus  ip  #•  ^ 

Prob%  32*  Two  persons.  A  and  B,  talkiiig  of  Ihieii* 
moaey,  A-.aavs  to  p,  if  I  had  as many  dollars  at  5&» 
6d«  each,  as  1  have  shillings,  I  t^hould  have  m  much 
money  as  you;  but,  if  iba  numbcsr  of  my  shillings 
were  squared,  I  should  have  twice  as  much  as  you, 
and  1 2  sbiilings  More.    -WtiHt  4iad  «ach  ? 

Ans.  A  had  1^,  and  B  66  shiHin|;s. 

Prob.  23.  It  is  required  to  find  two  numbers, 
such,  that  if  their  product  be  add**d  to  their  sum  it 
shall  .iMk^  C? ;  .ai^Jf.their  fin^  b«^  takei|  from  the 
sum  of  tbeir  squares  it  shall  leave  86. 

Ans.  ^,  and  6. 

Prob''24«  It  is  re^iired  to  fiud  two  numbers,  .s.ucb, 
«  thcit  .their  differeoce  shaJl.be^  ajjKt  (be  differeace 
^C  their  ci^be  roojts  2# 

Aqs.  i2^,and37. 

Prob.  2^«  Tbere  is, a  number  consisting  of  two 
digits^  The  left-hand  di^it  is  eqii^l  to  3  tinges  the 
riglil-band  di£it;  and  if  12  be  subtracted  from  the 
.number  .itself,  ithe  remainder  will  be  equal  to  the 
sqixdse  of  ihe  left-hand  digit.    WM  is  ihe  pumbiar  ? 

A^s.  .93. 

Prob.  26.  A  person  bou<^t  a  quantity  of  cloth  of 
two  torts  for  7/.  18  shillifigs.  Far  every,  yard  of  the 
belter  sort  be  gave  as^  many  shi Mings  as  he  had  yards 
to  aU^  and  fpr  every  yard  of  th4i  wor'teas  many  sbiU 
lings  as  there  were  yardsof  the  Wttar  sort  more  than 
ef  ftie  worse.    Aad  ,tbe  wbole  pfio^isr  of  the  kdXw  sort 

3;^* 
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WAS  to  the  whole  price  of  Che  worse  as  73   to  7. 
How  m^ny  yards  had  he  of  each  i 

Ans.  9  yards  of  the  better,  and  7  of  (he  worse. 

Prob.  37*     There  are  four  towns  in  the  order  of 

the  letters,  A,  69  C,  D.    The  difference  between  the 

distances,  from  A  to  B,  and  from  B  to  C,  is  greater 

by  four  miles  than  the  distance  from  B  to  D.     Also 

the  number  of  mites  between  B  and  D  is  equal  to 

two-thirds  of' the  number  between  A  to  C.     And  the 

V  niimber  between  A  and  B  is  to  the  number  between 

^  C  and  D  as  seven  times  the  number  between  B  and 

C ;  26.     Required  the  respective  distances. 

Aus.  AB=42,  BC=6,  and  CD=26  mites. 


CHAPTER  XII. 

OH 

THE  BINOMIAL  THEOREM. 

» 

434.  Previous  to  the  investigation  of  the  Binomial 
Theorem^  it  is  necessary  to  observe,  that  (tm/  two  at- 
gebraic  expressions  are  said  io  be  identical^  when  ikey  • 
are  of  the  same  value^  for  all  vahtes  of  the  letters  of 
which  they  are  composed.  Thus,  x  —  l=a?— 1,  U  an 
identical  equation:  and  shows  that  x  is  indeterminate ; 
or  that  the  equation  will  be  satisfied  by  substituting, 
for  «,  any  quantity  whatever. 

Also,  (x-fa)X(aj— a)  and  x*— a*,  are  identical  ex- 
pressions ;  that  is,  (a;+a)X(a?— a)=a?* — a*;  what- 
ever numeral  values  may  be  given  to  the  quantities 
represented  by  x  and  a. 

435.  When  the  (too  members  of  any  identity  consist 
of  the  same  sitccessive  pothers  of  some  indefinite  quanr 
tity  x^  the  coefficient  of  alt  the  like  powers  of  Xj  in  ihmt 
ideniity^  will  be  eqxmi  to  each  other. 

For,  let  the  proposed  identity  consist  of  an  iodeii- 
nite  number  of  terms,  as, 
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Then,  since  ft  wtU  hoid^od,  whaitever  majr  be 
the  vklue  oF  x,  tet'a7=(>,  and  ire  shaft  hnve,  froin  (he 
tani^ing  of  the  rest  of  the  terms,  a«ii'.  ^' 

Whence,   siippressiug  these  two  terms,  M  bethp: 
eqaal  to  each  other,  there  will  arise  the  nttw  identity' 
bx+cx^+dx''+  &c.  «  6'+c'*»+*«»+  &ci  which; 
by  dividing  each  of  hs  term?  ^jr  a?,  becomes 
6+c«+t/x»+  &c.  =s  ft'+c'a?+«faj»+  &:c. 

And,  consequently,  if  this  be  treated  iti  fhe  same 
nrianner  as  the  former,  by  taking  xs=iD,'we-8haH  hare 
'  6  ==6',  and  so  on  ;  the  sathe  mode  of  reastfning  giving 
c^=ic\'d^(ty  ^c,  As  Was  to  be  shown. 

§    I;    mveSTlGATION   or  THE   SmOMtAL   TUfiOKkM. 

436;  Newton,  as  19  well  known,  left  no  demon- 
stration of  this  celebrated  theorem;,  btit  afipears,  as 
bcis  already  been  observed,  (Art.  163),  to  hare  4e- 
dkiecd It  vnerely.  fmtn  an  t nJactiofi  of  particular  €Mi$t> 
and  though  no  doubt  can  be  eiitertaiived  4>f  its  tr»th 
irom  its  halving  been  found  to  succeed  in  all  the  in- 
stances in  vi^ich  it  has  been  applied,  yet,  agreeably 
to  the  rigour  that  ought  to  be  obserred  fn  the  esta- 
blishment of  erery  math^amlieal  theory,,  and  espe- 
cially in  a  fundamental  proposition  of  such  general 
use  and  application,  it  is  i^ecessary  that  as  regular 
^nd  strict  a  proof  should  be  given  of  tt  as  the  nature 
of  the  subject,  and  the  state  of  analysis  will  admit. 

437.  In  order  to  avoid  entering  into  a  too  prolir  in- 
vestigation of  the  simple  and  well-Jcnown  elements^ 
upon  which  the  general  formula  depends,  it  will  be 
sufficient  to  observe,  that  it  can  be  easily  shown^. 
from  some  of  the  first  and  most  common  rules  of  Al- 
gebra,  that  whatever  may  be  the  operations  #hich 
the  index  (m)  directs  to  be  performed  upon  the  ex- 
pression (a+x)'",  whether  of  elevation,  division,  or 
extraction  of  roots,  |he  terms  of  the  resulting  series 
will  necessarily  arise,  by  the  regular  integral  powers 
of  07 ;  and  that  the  first  two  terms  of  this  series  will 


a/  it  qimj  lie  re(iire9e9te4  under  Iba.fof en 

Where  B,C»  X),  ^  9>^c^  ^tr^tip.  opnwc^i  •co^^ 
6f;imi9t.|h%tWe  ip4^eji|de9t.of  the  values  df  <;^  Mdl 
i  \  frbicU.  two  latter  m^  j>QXQfifli4^^d  a^  ^^<»ti«g 
aojr  i^ntiiieji  wlmte^r^. 

438.  Pfir  s^pp.o«illg  the  iodeji  m  te  be  an  iiiMcer^ 
and  taking  i|r9>l«  jirhicb  wiill  J'eader  the  followiqg  part 
q(  Uie  iijive^gatiQa  more  aioiple,  and  ^naMj  ana ver 
tbe  purpote  int^oded  ;  it  is  pjaia  that  we  shall  have, 
according  t^  wbat  has  beeo  sbowa  (Art«  $(89), 
(l+x)-»l+»u?+64;*+^«'+rf?(i*-|-  &c.     .  •  .  (I). 

439.  And  if  the  index  m«  of  the  given,  binomial, 

be  nwa^ve,  it  wil^  be  ijp^M  :  V  4^^^"?  ^^ 
(f  Hhx)"*,  or  the  equivalent  expresaioo 

wkeffa  the  law  af  the  teran,  in  eaoh  -of  ll|a«e  siltaa  ia 
fioMiar  to  tkat  above  laeiktoaed* 

440*    Again,   let  there  be   iakw  the  btftowal 

n  +5c).>  having  the  fractional  i^d^s  •--- ;  where  m 

^d  n  are  whdie  positive  fiQ»rb«r3« 

TbeSjSincaCl+^jp)"  is  the  nX\k  power  (i+x)"ij 
and, as  above  slw^iwa,  (I  +x)F^l-jra:»+i*  -J-sx'+ik* 

-f-  &Co  such  a  series  rhust  be  assumed  for  (14-*)^ 
(hat,  when  raisod  to  the  nth  power,  wifl  give  a  series- 
af  tbe  form  I  +ax-i^bx*+cx^  +di:*  +  kc. 

Put  the  nth  or  any  other  iutei^nl  powef  of  the  sc- 
rias  l4-j?i+9^'  +  r^'+^Jc*  + &c.  will  be  found,  hy 
9C,tu-4)  inviltiplicatiofi,  to  give  a  series  of  the  for.iV 
boTQ  meatioiied;  whence,  iirthiscaae,  a^Ud,  it  Dect^^^ 
sari  I Y  follows  4  that 

m 
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And  if  each  side  of  tWs  last  expression  be  raked*  to 
the' nth  power,  we  shall  have(14-«)"'==[l+(p«+9x' 
+ra?'+ax*+  Ac.)]* ;  or,  by  actoal  involution, 

.  .  Wbeoee,  by  comparing  the.  coefficients  of  x^  on 
each  side  of  this  last  eq«atio%  we  shall  have,  accord- 


ing to  (Art*  435),  np^m,  or^= — ;  so  that,  in  this 
case,  , 

**  Tit 

(l+x)"i=H — x+gx^+rx*+8X^+Sic.    .  .  .  (2)  ; 

n 

where  the  coefficient  of  the  second  term,  and  the 

several  powers  of  x^  follow  the  same  law  as  in  the 

case  of  int^grfil  powers* 

441.  Lastly,  if  the  index  —  be  negative,  it  will  be' 

n  '   • 

ft 

found  by  division  as  above,  that  (1+^)"*  ^^  ^^ 
equivalent  .expression, 

1  1  fit 

^-"^Sfc      ■      ■    ■       «„  I  .        SSi— .;^J^'j««^fcC,  (3), 

fM  IMS  *  ,  ' 

(r+^)*     IH x+qx^  Stc^ 

ffhi^Ke  4he  series  still  follows  the  sa.me  law  as  before* 

442.  And  as  the  several  ca^es,  (1,2,  3),  here  given, 
are  of.  the  same  kind  with  those  that  are  designed  to 
be  expressed  in  universal  terms,  by  the  general  for- 
mula ;  it  is  in  .vai^,.a8  far  as  regardjs  the.  firsi  .two 
terms,  and  the  general  form  of  the  series,  tb  look  for 
any  oljiier  origip^f  t|jem  than  what,  quay  b^.  derived 
from  these,  or  other  similar  operations* 

443.  Hence,    because   (tf+ap)*«a"f  1+*- J*    if 

there  be  aasafned  (a+»)'"=«*4*«*«f"'-a?+BJC*+.Ca;^ 
Dx*&c«;  or  frhich  wiH  be  ny>re  comiOodiOiHi  ^d 
equally  answer  the  detign,prop0se4> 
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.(,  +1)-..  +A.jg)  +A.  £)•+/>.(*)■  +  te 

il  jriH  oiily-ireii^iQ  .i#  ^temthie  tlieTmie^  ^dfrthe 
coefficienti  A,,  A,,  At,  &c.  and  to  show  tbelnw*  of 
their  depMdMce  on  <ike  ind^E  (m)  of  the^perAtioft 
.bf '  jriHqh'  Ibejr  •  ft«e  {irodnetA* 

444.  .Fojr  this  purpo^e^  let  m  denote  ai^^  lumber 
Whateveri  wbole  ^r'  inictioDa^  pogitive  or  tiegative ; 

and  for-,  in  the  above  formuiai  put  ^+<? ;  tben^ 
tjieije  will  arijie  (l  +-)"•=?[!  +(y.+^)3"'*[<^  +*)+ 


iQ^Y'^ioh being  allidetttieal  expresMons, , their  ex- 
pansions, when  taken  according  to*,  thentbere  fbm, 
If  ill  evidently  be  equal  to  ea^b. other. 

'  445.  Whence,  as  tho  numeral  coeflScients  Ai,  A,, 
A3)  &c.  ef  the  developed  fofinuias,  will  not  <;hange 
for  any  value  lihaft  can' be  given  to  a  and  a?,  provided 
the  index  (m),  remains  the  same,  the  two  tetter  may 
be  exhibited  under  the  forms 

^    And,  consequ<mtf/,'by  rafsing  the  several  textfifi  6i 
the  first  of  these  series  to  their  propef  powers,  and 
puttins  1+y  ^j)  m  ^  fatter,  we  shaH  Mall  htiVe  ■. 
1+A,  (jf+z\  4-A^  (y*+%^+2r«)  ^^Aj{y^^ty^z+ 

+  &c« 

446.  Or,  by  ordering  the  terms,  xothiit  those  wtticb 
are  i^ected  wiflk  the  same  power  of  z  may'  be  all 
frrp«flit.t0g4^ei^  A^ul^arisaf^d  mrfer4ie^if|m^dMad, 
this  Ia4l  expression  will  stand  thus  : 


4+A 

A,y+ftA*f 
A^+3Aay- 

Jk3y'+4A^* 
&c. 


z^» 


&c/ 


Z^^^^       1  «•+&€•  <5). 


+30A^«  I 
tic.       I 


^f^+Ajf^^z+A^'^z*  +A,p*^z'  +  tx^ 


111  whkb  eqiifittorfHt  is  evienty  that  Vc»th  yM^Arare* 
4ndeteriniiiale,/Riid^iR.dep^DdeDttof  ;lhe  Taui^s  pf.A,., 
A^f  A^^  &c.;  since  thfe  result  be;i^e  elkiiii^'afises' 
solely  from  the  $a)Mtitutiain  of  tl^  sun^  of  thc^e  quan- 

titles  for   -  in*  equation  (4).  / 

:  447.  Hence,  as^  tife  filMI  Urnib  and'thecoefflcieht^f 
or  multipliers  of  the  like  pomeie  of  2,  in  these  two 
expressions,  are,  in^tbfs  oase,  identical,  (Arf.  4^)',  we 
shaU-have^by  comparitig  'the  fiitt  coluniii'  of  \hi  \€(U 
hand  noenober  with  the  firii  term  of  that  on  the  right| 

1  +  A;y+A,y/+A;y '  +  A;y^+  &c^  =;p^ 
which  is  an  indettiity  that  verilfi^s  itself;   sincej  bjr 
hypothesis,  (l+^yn=»'",  and,  according  to  the  gene* 
ral  formula,  (l4yy*==t+A,i^H-A,y>H-Aiy^+&c. 

448.  Ah^y  if  the  second  of  thesQ  coTunins  be  com« 
pared  in^^fike  manner,  with  the  sedond  on  the  right, 
there  1^11  arise  the  new  identity^ 

A.,+2A,y+3A3y«+4A4y'=A,>~:';  which  will 
b^  sutficient,  independently  of  the  rest  of  the  terms 
for  determining  the  values  of  the  coefficients  A,,  A^, 
A3,  &c. 

FQrsiaceA,p«~'=A.^=r-Ai-(i4.A,y4.A,y«+A3 

jy^+  &c.),  tFie  equating  this  series  with  the  last,  and 
*miilti|>lyiiig  the  left*hand:«ide  by  l+y*  w\U  giv^ 
[A.+2A,5^  +3A,^«+  &c.](H  y)«A,+A,A,y+A, 
A2y^+A,Aay=»+ &€. 

Aiid,  therefore,  by  actuj^lly  perforniiiig  the  opera* 
tioa,  and  arranging  t^  terms  accordiligly,  we  ^hji^ll 
Irave         ••  '  <. 

A,+2A,    y+3Aa.;y+4A4    y'  +  &c. 


+A, 


+2Av 


+3A 


=A,+A,A^y+A,A,y»+A,A  y?^-&c,. 

449^.  From^  wbKjfi  hSt^idoittity,  there  *HI  ob«fjously 

arise,    by*"  equating    th^ '  homotogous  terms    of  ib 

two   membeftf,  the  following  relations  of  ^  jcA^f^  • 

iicients  :  *^  ^ 


432 
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or 


A  -A.(A.-1) 
A  -A.(A.— S) 
A  _A,(A.-3) 

j^^A,...-[A.-(n-  I)] 

n 


•      #••••      • 

n  A«aB  A ,  A»-j|  •(••'lAw-i 

^  Aad,  consequently,  as  the  coefficient  A,  of  the  se- 
cond term  of  the  expanded  binomia)!^  has  been  shown 
to  be  equal,  in  all  cases,  to  the  index  (m)  of  the  pro- 
posed binomial,  the  last  of  these  expr^fe^ons  will  be- 
come of  the  form 

A  -«"(«»— 1) 

j[m_  ass    I  I   ■  II  ■  ^ 

•  2 

*  2.3.4 

A  ^m(fn — 1).(m— 2).(m— 3)  ....  [m— (w — 1)J 

2.3.4.5 «     n 

where  the  law  of  the  continuation  of  the  terms,  frtm 
A^  to  the  general  term  A«,  is  sufficiently  eTident. 

450.  Whence  it  follows,  that,  Whether  the  index 
m  be  iniigrml  or  fractional^  positive  or  negative^  the 
proposed  binomial  {a+x)^j  when  expanded,  muif 
alwMys  be  exhibited  under  the  form  *• 


(D'+««j, 
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a'"+ma«-  'a;-1 — ^- — ^a'^-^x  -| — ^ — --i- .^  a"-^  ac^ 

X  ST 

And  tf  —  be  fiubstitoted  id  the  place  of  H — 9  the 
a  a       . 

same  formula  will^  in  that  case,  be  expressed  as  (oU 
-lows: 

„(,_-).=^,_„(f)+=fc:l)(£)._ 

■.(■.-l).(,l.-S)/£\.^^j 

2.4 

Where  it  is  to  be  observed,  that  the  series,  ia  each 
of  these  cases,  will  terminate  at  the  (m+Oth  term, 
when  f»  is  a  whole  po»itive  number ;  bot  if  m  be. 
fractional  or  negative,  it  will  proceed  ad  ii^niium} 
as  neither  the  factors  m — I,  m-2,  in-3,  j;c»  can  then 
become  =0. 

451*  To  this  we  may  add,  that  in  the  two  last  in- 
stances here  mentioned,  the  second  term  (  -  1  of  the 

binomial  mtist  be  less  than  1,  or  otherwise  the  series, 
after  a  certain  number  of  terms,  will  diverge,  instead 
of  converging. 

452.  It  may  also  be  farther  remarked,  that  when  a 
and  X  in  these  formulae,  are  each  equal  to  1,  we  shall, 
have,  agreeably  to  such  a  substitution,  (a 4-s)'"^' 

»  2«3 


mfm:^l).(m-2).(m-^ 

2.3.4  ' 


39 
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(a— x)«=(l-ir=5=0«=0=l-m+ 

•  w(y»— 0     m(m— 1).(7n--!2)     /;;(w-l)m~2).  (m-3> 

2      "  i.3  2.3.4 

ic. 

From  which  it  appears,  that  the  sum  of  the  coeffi- 
cients aritiiDg  out  of  the  developement  of  the  mth 
power,  or  root  of  aqy  binomial,  is  equal  to  2m;  and 
that  the  sum  of  the  coefficients  of  the  odd  terms  of 
the  nth  power,  or  root  of  a  residual  ouantitj,  is 
equal  to  the  sum  of  the  coefficients  of  the  even 
terms. 

453.  Finally,    let    ??2=i};    then   (a+Jp)  =•«  +o 

.    Xa      x-\ — -.-^ — ^a      X  +&c»>=a  +C.  -+0 f- 

2  a         a* 

&c. 

where  it  i  evident  that  the  series  terminates  at  the 
first  term  (*  )  ;  since  the  coefficient  of  every  suc- 
cessive tern  uivolVesO  for  one  of  its  factors  ;  there- 
fo«e'(<i4«**  9=«*  =  l,  (Art.  80).  And,  if  a=a? ;  then 
(a— «)*s=<i*^5.  that  i^,  0*  =  1.  Hence,  it  follows, 
tbftt  aft»}  quantity^  either  tsimpte  or  compound,  raised 
to  the  power  0  is  equal  to  nnity  or  1  ;  and  a^so  that 
0^  is,  in  all  rases,  equal  to  unity  or  1. 

454.  Althou^fh  it  has  been  observed  (Art.  167), 

thM  0*  8ppe»rs  to  admit  of  an  in6nity  of  numericai 

values;  because  rt  is  equal  to  |,  which  is  the  mark 

oCiDfietertnii)ati4>n ;  yet  it  is  plain,  from  what  is  above 

shown,  that  0®  is  oiily  o^fie  of  the  values  of  |,  which, 

O"  0 

in  that  particular  case  (Art.  167),  where— =0®= — , 

is  equal  to  unity.  The  intelligent  reader  is  referred 
to  BoKiiYCASTLfc's  Alg^brB,  '8vo.  vol.  ii.  Also,  La- 
grange's Theorie  des  Fonciions  AnalytiquBSj  and  Lt- 
cons  sur  h  Calcul  des  Fonciions. 

§  H.    APPLICATION  OP  THE  BINOMIAL  THKOR£JI  TOJ 
THE  EXPANSION  OF  SERIES. 

4^5.    The  method  of  expanding  any  binomial 
the  form  (adba?)«,  when  m  is  anj   whole    number 
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¥rhatever,'has  been  alreadj  point^'dt^ou^  (ArU  289); 
and  it  has  also  been  obscirved  (Art.  45U),  that  the 
series  will  always  terminate,  when  m  i&  a  whole  num- 
ber :  But  when  m  is  a  negative  number,  or  a  frac^ 
tton^  then  the  series  expressing  the  value  of  (a+ac)"' 
does  not  terminate*  . 

Let  m^'T,  and  substitute  7  for  m    in    the  series 
(Art.  450) ;  then 


=a  + 


\a)+     ^2r^     VaV"^        '  ^    ^^  ^^  *  general  ex- 
pression   for  finding  the  approximate  value  of  any 

binomial' surd  quantity,  "r  being  either  positive  er  ne^ 
^a/ire,  n  and  r  any  whole  numbers  whatever. 

Ex.  1.  Find  the  approximate  value  of  ^(6*+c') 
Here  d=6.3  I  .'.  a''  =s^^»=:i ; 

2.3r»         \aV~     2  .  J .  3»     \b*/     3«6» ' 
Hence  i/('.»+c»)=J(i  +Jr-3^.+3TX.^ &<=•>• 

Ex.  2,  Find  the  value  4>fy-j--^or  1  *+*^)   '**  *  ^^^ 
rics. 
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Here  0=6  f  •••  07^6    =»  — ; 

0 


2r       V«/"~         2         V6V"'6«» 


J 


&c.=&c. 

1  1    /       2c     3c*     4c*      .     \ 

456.  Now  let  n=l,(a+x)7=(a+x)'=*/(a4.a!)  j 
and  a^^y/a ;  hence  the  series  (Art.  454)  is  traos- 

formed  into  V(fl+'')'^^<^+'^{^)+^{^) 
Let  a=t,  6=1 ;  then  V2=l+^+-2T 

+^^^=?S^+^-  •  •  •  •  •'  •  •  (")■ 

Thus,  if  r=2,  then  ^/2=1  +2-2^+^-57 

+^"^|n^+&<^-      Aiidifr=3, 

then   ^2^  1 +^^--4.— — 1 — --=3: — -— - 

^  ^3     3*^3*     3*    ^  3«  3» 

Bj  naeans  of  the  series  marked  A,  the  rth  root  of 
many  other  numbers  may  be  found  ;  if  a  and  x  be  so 
assumed,  that  a;  is  a  small  number  with  respect  to  ir, 
and  y^a,  a  whole  number. 

Ex.  3.     It  is  required  to  convert  ^5j  or  its  equal 

v/(4+ 1)9  i^^O  an  infinite  series. 
Herea=4,a?=l,r=2;  then^rt=^4=:2,andwe 

have  ^/(4+!)=2(l+|i-i7+25T-^+*^^-> 
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VjXw  4,    ft  w  reqwired  to  ciM>vert  j^^  or  Us  equal 
v^(8+0i  *"^<>  •"  iijfinite  series..  i 

Herea»8,  a;=l,  r^3;   then  ^«=v^8=2,  and 

we  obtain  ^(8+ 0=^^9=2  |  I  +  373-^ 


457.  The  several  terms  of  these  series  ar^  found 
by  substituting  for  a,  x,  and  r^  their  values  in  the 
genera)  series  markf^d  (A)* or  (B),  and  then  rejecting 
the  factors  common  t-o  both  the  numerators  and  de- 
nOTiinators  of  the  fractions 

Thus,  for  instance,  to  find  the  5th  term  of  the  se- 
ries expressing  the  approximate  value  of  ^9,  we 
take  the  5th  term  of  (he  general  series  marked  (A), 

which  is^^ — —^ — ; — ^^^4-" ^  l-rly  where  a=8, 

3,3^  4rr  \a*/' 

a:  =  l,  and  r^3;    .*.  the  value  of  the  fraction   is  — 

ii;.3.4.3*  \H^)  2.3.4.3«.83  — ""3.  3«.8.ii' 

2  •  5  . 

= — "iST" — :Tr»     li^  this  manner  each  term  of  the  series 
3*  •  8* 

is  ctlctttated;  and  the  law  which  thej  observe  k, 

that  the  numerators  of  the  fractions  conmt  of  certain 

combinations  of  prime  numbers,  and  the  d$nami^a* 

tors  of  combinations  of  certain  powers  of  a  an(l  r, 

3 
Ex»  6.  Find  the  value  of  (c» — a;'^)Fn  a  seties. 

Ex.  6.     It  is  required  to  convert  J^/B^  or  its  etjual 
{/(8 — 2),  into  an  infinite  series. 

Am.  2(1 i  - —.^— &:c.V 

V       3.4     3**4^     3S4»  7 

38* 
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Ex.  7.   It  M  required  to  extract  ibe  square  root  m 
10)  in  an  infinite  series* 

Ex.  8.  To  expand  fl«(a*  -  «)  *  in  a  series. 

^'4(.rhi  (Shmir.) 

Ex.  9.   To  find  the  vahies  of   </(«*+«')  in  a^ 
series^ 

Ex.  10.  Find  the  cube  root  of  1  — x',  in  a  series. 


CHAPTER  Xin. 

ON 

PROPOBTION  AND  PB0GRES8I0N. 

'  §  L  AaiTeVSTlCAL    FBOPORTION^  AND   PRGORSSSION, 

458.  Arithmetical  Proportion  is  the  relation 
which  two  numbers,  or  quantifies,  of  the  same  kind, 
have  to  two  others^-  when  the  difTerence  of  the  first 
pair  is  equal  to  that  of  the  second. . 

459.  Hence,  three  quantities  are  in  arithmetical 
proportion,  when  the  rlinere'nce  of  the  first  and  second 
is  eqaal  to  the  difierence  of  the  second  and  third. 
Thus,  3,  4,  6 ;  and  a,  a+by  a+2b,  are  quantities  in 
arithmetical  proportion. 

'460.  And  four  quantities  are  in  arithmetical  pro- 
portion, when  the  difierence  of  the  first  and  second  is 
equal  to  the  difference  of  the  third  and  fourth.  Thus^ 
3|  7,  12,  16;  and  a,  a-f&,  c^  c+b^  are  quantities  in 
arithmetical  proportion. 
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\ 

I  ^^ 

46 K  AaiTHMBTiCiiL  Progebssion  id,  wheQ  a  se« 
ries  of  nambers  or  qoantities  iucrease  or  decrease 
by.  the  same  commoQ  difference.  Tboa  t,  3,  6,  7, 
9,  iic.  and  a,  a+^sf?  a+2d^  a<4-3df,  iic.  are  an  increas- 
ing; series  in  arithmetical  profpression,  the  common 
diTOrences  of  which  are  2  and  d»  And'  15,  12,  9,  6, 
&c.  and  a^a — rf^a-^Scf,  a — 3d,  &g.  are  decreasing 
series  in  aritlimetical  progression,  the  cominoa  dif- 
ferences of  which  are  3  and  </. 

AQ%  It  maj  be  observed,  that  GAaNiea«  and  other 
European  writers  on  Algebra,  at  present,  treat  of 
arithffnetical  proportion  and  progresatoo  under  the 
denomination  of  equi-differeoces,  which,  they  eon- 
sider,  ns  Bonntcastlb  justly  observes,  not  witliout 
reason,  as  a  more  appropriate  appellafion  than  the 
former,  as  the  term,  arithmetical  conveys  do  idea  of 
the  nature  of  the  subject  to  which  it  is  applied* 

4B3.  They  also  represent  the  relations  of  these 
quantities  under  the  form  of  an  equation^  instead  of 
by  points,  as  is  usually  done ;  so  that  if  a,  6,  c,  i/, 
taken  in  the  order  in  which  they  stand,  be  four 
quantities  in  arithmetical  proportion,  this  relation 
will  be  expressed  by  a — 6=c—<f ;  where  it  i^  evi- 
dent that  ail  the  properties  of  this  kind  of  proj>ortion 
can  be  obtained  by  the  mere  transposition  of  the 
terms  of  the  equation. 

464.  Thus,  by  transposition,  a+rf=6+c.  From 
which  it  appears,  that  (he  sum  of  the  itoo  extremes  is 

.equal  to  the  sum  of  the  two  means  :  And  if  the  third 
term  in  this  case  be  .the  same  as  the  second,  or  c=&, 
the  equi-difference  is  said  to  be  continued,  and  we 
have 

fl+c/==26;  or6=i  (a+d); 
where  it  is  evident,  that  the  sum  of  the  extremes  is 
double  the  mean  ;  or  the  mean  equal  to  half  the  sum 
of  th6  extremes. 

465.  In  like  manner,  by  transposing  all  the  terms 
of  the  original  equation,  a-— A^c — c/,  we  shall  have 
h-^^^d-^e;  which  sbovrs  that  the  contequents  ft,  dy 
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can  be  put  m  the  places  of  the  ant^cedentt  a,  e  ;  pr^ 
conv^sdljr*  a  and  c  io  the  placet  of  b  and  cfw 

468.  Also,  from  the  aacne  eqaafilf  M'^h'=^€*-^df 
there  wUI  arise,  by  addtng  nt --»  to  each  of  its  sides, 

where  it  appears  that  the  proportion  is  oot  alteil^, 
by  angatieiitiaii^  the  antecedents  a  atid  c  bj  the  same 
quantity  m^  and  the  conteqoeiits  h — d  by  another 
quantity  n.  In  short,  every  operation  by  «ray  of 
addition,  subtraction,  multipKcation,  and  dii^sion, 
made  upon  each  member  of  the  equation,  a --•6 ^c 
--rd,  gif es  a  oew  property  of  thi^  kind^  of  proportion, 
vritbout  changing  its  nature. 

467*  The  same  principles  are  also  equally  appli- 
cable to'  any  continued  set  of  equi-difierences  pf  the 
A>rm  a — fessft— c«sc— ^-==d — c^*  &c.  which  denote 
the  relations  of  a  series  of  (erms  in  what  has  .been 
usually  called  arithmeticat  progression. 

46d.L  But  these  relations  will  be  more  commo- 
diously  shown,  by  taking  a,  6,  e,  d^  .&c.  so  that  each 
of  them  shall  be  greater  or  less  than  that  which  pre- 
cedes it  by  some  quantity  d  \  in  which  case  the  teitns 
of  the  series  will  become 

a,  airf,  a±2rf,  a±Zd'.  a±4d\  kc^ 
Where,  if  /  be  put  for  that  term  in  the  progression 
of  which  the  rank  is  n,  its  value,,  accoitlrbg  to  the 
law  here  pointed  out,  will  evidently  be 

,.  ^  /   /==a=fc:(nr-l)<f; 

which  expression  is  usually  called  the  geaeral,  term 
of  the  series;  because^  if  1,  2,  3,  49&c.  be  succes^ 
sively  substituted  for  n,  the  results  will  give  the  rest 
of  the  terms. 

Hence  the  last  term  of  any  arithmetical  merits  is 
tqual  to  tht  first  term  plus  or  minus,  the  product  ^fiht 
common  difference^  by  the  number  of  terms  less  9ne* 

4€9.     Also,  if  s  be  put  equal  to  the  sum  pf  any 
number  of  terms  of  this  progression^  we  shaU  have 
s:=^a+(€t±d)+{ttzts2d)+  ....  +[adt(n^l)d:]. 
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And  bjr  reversing  the  ordier  of  the  terms  of  the 
^rjes,  ' 

5=[adb(n— iy]+[a±(n— 2)<r]+  ,.  .  (a±d)+a. 

Wheocci  by  adding  the  corresponding  terms  of 
these  two  equations  tc^ether,  there  will  arise 
2«=[2a-fc(»— l)d']+[-2a±(f»— l)cfj,  &c.  to  n  terms. 

And,  <:onsequenily,  as  all  the  n  terms  of  this  series 
are  equal  to  each  other,  we  shall  have 

25=sn[2ft*(n—  I )rf],  or  *=l[2a±(n— IK] . .  (1). 
.    470.    Or,  by  substituting  /  for  the  last  term  adt: 
(» — 1)ii,  as  found  above,  this .  espression  (l)  will 
become 

,=:|(a+/)     .     .     •     .     (2). 

Hence,  the  3wn  of  any  teries  of  quantities  in  arith- 
metical  progression  is  equal  to  tke  sum  of  the  two  ex* 
trtmes  multiplied  ky  half  the  ntimier  of  terms. 

It  may  be  observed,  that  from  equations  (t)  and 
(2),  if  any  three  of  the  five  quantities,  a,cP,n,  /,  s,  be 
given;  the  rest  may  be  found. 

471.  Let  2,  as  before,  be  the  Ictst  term  of  an  ariih'* 
mettc  series,  whose  iiTrvl  term  is  (a),  common  difference 
{i)y  and  niuAerof  terms  {n)\  then /=?aH-(n-l)c{'; 

.*•  <f=— ..    Now  the  irUetmtdiate  terms  between 
n — 1 

the  first  and  the  last  is  fi-2 ;  let  nr-2-=Bm,  then  n-^l 
=tti+l.     Hencis  d'= — r*.  i  which  gives  the  follow- 

iiig  rule  for  finding  any  number  of  arithmetic  means 
between  two  numbers.  Divide  the  difference  of  the 
two  numbers  by  the  given  number  of  means  increased  by 
unity^  and  the  quotient  will  be  the  common  difference. 
Having  the  common  difference,  the  means  themselves 
will  be  known. 

Example  1.  Find  the  sum  of  the  series  1,^^,  5,  7, 
9,  11,^.  continued  to  120  terms. 

Herea-1,)       ..       469),  «-[2«+(n'-lVK-^ 


if =2,  J  •••  (Art-  ' 


+(120-1)2]=14400. 
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Et.  9«  The  $um  of  an  srithmotic  series  is  567^  ^^^ 
Jirst  term  7,  and  the  coBtmon  difftrenct  2.  What  are 
the  fnoa&er  ^  temu  .^ 

Here  *=467, 1  .•.(Art,  4«0),ar==n[2ii+(n-l>l']= 
tf«7,     \  n[14+(a— I)2]=s=l4n+2it«— 2n 
iTsS;     5  ^1134;  .•.  »*+6»+^=W6,  and 

Ex*  3.  The  sum  of  an  arithmetic  tm^^  is  1455, 
the  >Cr9l  term  5,  and  the  manfor  of  ttrmt  90.  What 
ia  the  c—Maen  d^ertnceF  .  Ads.  3. 

Ex*  4.  The  noi  of  an  arithmetic  series  is  1340, 
common  differenced^  and  number  of  terms  20*  What 
is  the  ^rit  termf  Ans.  100. 

Ea*  5.  Find  the  sam  of  36  tems  of  the  series*  40, 
3S,  36,  34^  be.  Aos*  180. 

Ex.  6*    The  sum  of  an  arithmetic  series  is  440, 

JirH  term  3,  and  common  difference  3*     What  are  the 

number  of  terms  t  Ans*  90* 

Ex.  7.  A  person  bought  47  sheep*  and  gave  I 
shilling  for  the  ^nl  sheep,  3  for  the  second^  6  for  the 
tkirdt  and  so  oo«    What  did  nU  the  sheep  ^oat  him  9 

Ans.  1 10/*  9f  • 

Ex*  8*  Find  nx  arithmetic  means  between  1  and 
43*  Ans.  7,  13, 19*  25*  31*  37. 

[§   II*   GEOMSraiCAL   PEOPORTION   AND   PEOGRKSSiON. 

m 

473.  Gbovxtricai.  Proportion*  is  the  relation 
which  two  numbers*  or  (quantities*  of  the  same  kind* 
have  to  two  others,  when  the  antecedents  or  leading 
terms  of  each  pair*  are  the  same  parts  of  their  cou- 
eequents,  or  the  consequents  of  their  antecedents. 

473.  And  if  two  quantities  onlj  are  to  be  compared 
together*  the  part,  or  parts*  which  the  antecedent  is 
of  the  consequent,  or  the  consequent  of  the  antece* 
dent,  is  called  the  ratio ;  observing,  in  both  cases, 
to  follow  the  same  method* 

474*  Direct  proportion,  is  when  the  same  relation 
subsists  between  the  first  of  four  euautides,  and  the 
second,  as  between  the  third  and  fourth. 


.  Tbu^A  a^ar^b$  brf  as  in.  direct  proportion. 

475  •  Inverse y  or  reciprocal,  proportion,  is  wfaen  tbe 
first  and  second  of  four  quaajtii ties  are  directly  pro- 
portional to  the  reciprocals  of  the  third  anil  fooitb*     ^ 

Thus,  a,  arj  br^  6,  are  inyerselj  .proportional;  be- 

cause,  a,  ar,  y*?  ti  ^^^  directly  proportional* 

or  o  '  .     , 

476.  The .  same  reason  thait  induced  the  writers 
noentioned  in  (Art.  462),  to  give  the  naoie  of.eqai- 
difTerences  to  arithmetical  proportiOi»ais,  alto  led' 
them  to  apply  that  of  equi*quotient«  to  geometri- 
cal proportionals,  and  to  express  tbeir  r^latitos  in  a 
similar  way  by  means  of  equations. 

Thus,  if  there  be  taken  any  four  proportionals,  a, 
br  c,  dj  which  it  has  been  usual  to  express  by  means 
of  poiots,.  aa  below, 

a  :  b  :  :  c  :  d 

This  relation,  according,  to  the  method  above-men- 

tioned,  will  be  denoted  by  the  equation  .^^-^j  (Art. 

o    a 

24)  ;  Where  the  equal  ratios  are  represented  by  frac- 
tions, the  numerators  of  which  are  tbe  antecedents, 
and  the  denominjBftora  the  consequents*  Hence,  (Art. 
]  90),  ad=^bc. 

477.  And  if  the  third  term  c,  in  this  case,  be  th,e 
same  as  the  second,  or  c^=^b,  the  proportion  is  said  to 
be  continued,  and  we  have  (11^=6*,  or  6=y^arf; 
where  it  is  evident,  that  the  product  of  the  extremes  of 
three  proportionals  i  is  equal  to  the  square  of  the  mean: 
or,  that  the  mean  is  equal  to  the  square  root  of  the  pro- 
duct-of  the  iMo  extremes* 

478.  Also,  from  the  equality,  7=-:,  there  will  re- 

6     a 

suit  "-T-~"~T^  '  ^<*^>  "^y  ^'ofdt^  or  subtracting  1  from 
each  side  of  tbe  equation ;  then  ~±lss~d:l  5  .'• 


b         d-^^'        b 


-s^— ^  and  a±b  :b  i  i  c±d  :  rf. 
a 
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Hence,  «DA<fi  fwr  qwnUitks  are  pmportitMdsj  the 
sum  or  diffkrenee  of  the  Jini  and  second  is  to  the  secotid 
as  the  sum  or  d^trenee  of  the  third  and  fourth,  is  to 
the  fmtrih. 

479*  lo  like  manner,  if  a  :  i  :  :  c  :  d ;   theo,  ma  : 

and,  (Art.  478),  ma  :mb  :  :  ic  :  i,c. 

Hence,  when  four  quantities  are  proportionals ^  ^ihe 
first  and  second  be  muHipKedy  or'  dwided  bjf  any  qttOH* 
/fly,  and  also  the  second  and  fourth^  the  resulting  quan- 
tities will  still  be  proportionals. 


480.  AlfiOi  if  a  :  :  & : :  c  :  J;  then,  7=^3 ;    •*•  7-- 


c» 


.and  (Art.  478),  a*:  i"  : :  c*  :  i^j   where  n  may 

be  any  number  either  wUegral  or  fractional* 

Hence,  if  four  quaniiiies  be  proportunuUsj  any  pmtr 

or  roots  of  those  quantities  will  be  proportionals. 
And,  by  proceeding  in  a  similar .  manner,  all  (be 

properties  and  transformations  of  ratios  midpropoT' 

Ciofi,  can  be  easily  obtained  from  the  equality  7=-^ 

b    d 

or  adsstbc. 

481.  In  addition  to  what  is  here  said,  it  may  be  ob* 
served,  that  the  ratio  of  two  squares  is  frequently 
called  duplicate  ratio  ;  of  I  wo  square  roots,  stMttf^lieate 
ratio  ;  o/two  cubes,  triplicate  ratio;  and  of  two  cube 
roots,  siAtriplicate  ratio*  See  the  Appendix  at  tbe 
end  of  this  Treatise,  where  the  doctrine  of  ratios 
and  proportion  is  fully  explained  and  clearly  illus* 
trated. 

482.  Geombtrical  Progression,  is  when  a  aeries 
of  numbers,  or  quantities,  have  the  same  constant 
ratio,  or  which  increase,  or  decrease,  by  a  commoa 
multiplier,  or  divisor.  Thus,  the  numbers  1,  3,  4,  8, 
16,  tic*  (which  vicrease  by  the  continual  multy>lication 
of  $),  and  the  numbers  1)  i^  ^,  ^,  &c.  (which  ilecr««5e 
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by  tbe  continued  division  of  3,  or  multiplictiiion  of 
I),  are  in  Geometrical  Progression. 

483.  In  general,  if  a  represents  the  Jirst  term  of 
such  a  series,  and  r  the  common  mtUiiplier  or  ratio  ; 
then  maj  the  series  itself  be  represeated  by  a,  ar, 
«r*,  ar^,  ar*^  &c.,  which  will  evidently  be  an  increase 
ing  or  decreasing  series,  {^cording  as  r  is  a  whole 
number^  or  ^  proper /ruction*  In  the  foregoing  series, 
the  index  of  r'ln  any  t^rm  is  less  by  unity  than  the 
number  which  denotes  the  place  of  that  term  in  the 
series.  Hence,  if  the  number  of  terms  in  the  series* 
be  denoted  by  (n),  (he  last  term  will  be  ar'*'"^ 

484.  Let  /  be  the  last  term  of  a  geometric  series, 

I  **■'*  y  / 

then  i'ssar^-^and  r**"'*:*:-;    .•.r=\/ -.     The  num- 

a  ^    a 

ber  of  intermediate  terms  between  the  first  iand  last 

is  n— 2;   let  n^—^^^my  then  n— l^m+l,  and  r= 

^/ -,  which' gives  the  following  rule  for  finding  any 

number  of  geometric  means  between  two  numbers  ; 
viz.  Divide  one  number  by  the  other^  and  take  that  root 
of  the  quotient  which  is  denoted  by  m+1  ;  the  result 
will  be  the  common  ratio.  Having  the  common  ratio^ 
the  means  are  found  by  multiplication. 

485*  Let  S  be  made  to  denote  the  sum  of  n  terms 
of  the  series  (Art.  483),'  including  the  first,  then 
a+ar+ar^+ar''+      ....     +ar*-^+af^"^^S. 

Multiply  tbe  equation  by  r,  and  it  becomes 
mr'^ar'+ar^'\'      .     .     .     +ar'^^+ar^^+ar*=rS. 

Whence,  subtracting  the  first  of  these  equations 
from  the  second,  observing  that^all  the  terms  except  a 
and  ar^  destroy  each  other,  we  shall  have 

ir*^an=:rS—S^{r'-l)S  ;  and  .•.  S=^^!^^  .  .  (1). 
Or,  by  substituting  /  for  the  last  term/ir^'^S  as  above 

rl-^^a 
found,  this  expression  will  become  S= j-;  from 

which  two  equations,  if  any  three  of  the  quantities 
n,  9, 9?,  /,  S,  be  given,  the  rest  may  be  found.     Thus, 

39 
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from  the   secood  equation,    assirl-^{r — 1)8 ;     ^sc 
In?  and  /^(>--l)S+g 

In  the  formula   (1),  when  r^^tj  we  have   S= 

-^  =-•  Now,  the  value  of  the  symbol  -,  ia  this 
1 — 1     0  •'0 

particular  case,  shall  be  equal  to  na  ^  because  the 
series  a+ar+ar'+  .  .  .  ar*"**+ar**"\  for  r=  I,  be- 
comes n+a-l-ii+a-f-  &c.,  and  the  sum  of  n  terms  of 
this  series,  is  evidently  equal  to  na  ;  therefore   S= 

-'='na.     Or,  since --=a --==:(Art.  128)  «X 

0  '  r~l  r— 1      ^  ^ 

^-^=  (Art.  112)a.[r*-^+r*-2+r*-»    .  .  +r+l]= 
1  — r 

«X[l+r+r*+r3  .  .  .  r**],  which,  in  the  case  of 

r=l,  becomes  a.[I+l  +  l+  &c.],  and  the  sum  of  n 

terms  of  the  series  1  + 1  + 1  +  &c.  is  evidently  equal 

to  n;  therefore  S=a.-- =«.-=•  a.(l  +  l  +  l+&c.) 

saXn^on,  as  before. 

48G.  When  the  common  factor  r,  in  the  above  se- 
ries, is  a  whole  number,  the  terms  a,  ar^  aH,  ar^\ 
form  an  increasing  progression  ;  in  which  case  nmay 
be  so  taken,  that  the  value  of  the  sum  (S)  shall  be 
greater  than  any  assignable  quantity. 

487.  But  if  r  be  a  proper  fraction,  as  »,  the  series 

^>  "f^  ~7I9  Ji"!  ^'1'  ^^  ^  decreasing  one,  and  the  expres- 
sion (Art»  485),  by  substituting  -  for  r,  and  changing 

r 

the  signs  of  the  numerator  and  denominator,  (Art 

nf^(  1  — .       ) 

]2t),  will  become  — ^ ^  ;  where  it  is  plain,  that 

r' — 1 

the  term  —  will  be  indefinitely  small  when  n  is  ia* 
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definitely  great ;  and  conaequently,  bj  proloDging  the 
series,  S  may  be  made  to  differ  from  3 — -  .  by      less 

than  any  assignable  quantity. 

488.  Whence,  supposing  the  series  to  be  Continued 

indefinitely,  or  wittiout  end,  w6  shall  have  in  that 

at'  .    ' 

case,  S==rj. — ;  which  last  expression  is  what  some 

call  the  radix,  and  others  the  limit  af  the  series  ;  as 
being  of  &ucb  a  value,  that  the  sum  of  any  number  of 
its  terms,  however  great,  can  never  exceed  it,  and 
yet  may  be  made  to  approach  nearjBr  to  it  than  by 
any  given  difference. 

489.  if  the  ratio,  or  multiplier,  r,  be  negative,  in 
which  case  the  series  will  be  of  the  form 
a/-ar'\-ar^ — ar^-^-      .     t     .     .     .      ±ar*"*,  where 
the  terms  are  +  smd  —  alternately,  we  shall. have 

^"~ TT"  • 

I 
And  if  r  be  a  proper  fraction,  -,  as  before,  we  shall 

T 

have,  for  the  sum  of  an  indefinite  number  of  terms 

of  the  series  a— - +  —  -—  +  &€.,  S=^j-pY* 

Ex.  1.  Find  the  sum  of  the  series,  1,  3,  9, 27,  (i'C. 
to  12  terms. 

•\       «     ait^-a     1X3»2_|      8i3_| 

*'7«    f  531441—1      531440     «^,,«^ 

n=c:12  ;  J  == = — - — =265720 

J  2  2 

El*  2.  Find  three  g;eometric  means  between  2  and 
32. 
Here  a=2,  i      "^'  /f      *   /.32      «    / 

m=3;) 

and  the  means  required  are  4,  8, 16. 


^  I 
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Ex*  3.  The  first  tenn  of  agepmetrical  pragresftkni 

ia  1,  the  ratio  3,  and  the  number  of  terms  10.    What 
is  the  sQin  of  the  series  ?  .  Aiis  1023. 

Ex.  4*  Id  a  geometrical  progresBion  is  given  the 
greatest  term  =s4458,  the  ratio  =3,  and  the  number 
of  terms  =7^  to  find  the  least  term.  Ana.  2. 

Ex.  4.  It  is  required  to  find  two  geometrical  mean 
proportionab  between  3  and  34,  and  four  geometrical 
means  between  3  and  9G. 

Ans.  6  acd  12 ;  and  6,  12,  34,  and  48« 

Ex.  6*  Find  two  geometric  means  between  4 
and  356.  Ans.  16,  and  64. 

Ex.  7.  Find  three  geometric  means  between  ^  and 
9.  Ans.  ^,  1,3. 

Ex.  84  A  Gentleman  who  had  a  daughter  married 
on  New-year's  daj,  ^ave  the  husband  towards  her 
portion  4  dollars,  promising  to  triple  that  sum  the  first 
day  of  every  month,  for  nine  months  after  the  mar- 
riage ;  the  sum  paid  on  the  first  day  of  the  ninth 
month  was  36244  dollars.  What  was  the  Lady's  for- 
tune 1  Ans.  39364  dollars. 

Ex.  9.  Find  the  value  of  1+^+1+1+  &c.  ad 
it^itum.  Ans.  3. 

Ex.  10.  Find  the  value  of  l+J+^-ff}  &c.  ad 
infinitum.  Ans.  4. 

I  III.    Harmonical  Propobtion  and  Progression. 

490.  Three  quantities  are  said  to  be  in  harmameal 
propartim,  when  the  first  is  to  the  third,  as  the  differ- 
ence between  the  first  and  second  is  to  the  difiereoce 
between  the  second  and  third. 
Thus,  a,  i«  c,  are  harmonically  proportional,  when 

a  I  c  :  :  a — b  :  6— c,  or  a  :  c  :  :  b — a  :  c — b. 
And  c,  [since  a(b^c)=ic(a — b)  or  a6^(3a— &)c],  is 
a  third  harmonical  proportion  to  a  and  6,  when  c= 
ab 

3a-f 
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491.  Four  quantities  are  in  hamnoiiical  proportion, 
when  the  first  is  to  the  fourth,  as  the  difference  be- 
tween the  first  and  second  is  to  the  difference  between 
the  third  and  fourth. 

Thus,  a,  6,  c,  dy  are  in  harmonical  proportion,  when 
a  :  d  :i  a — b  :  c — d,  or  a  i  d  i :  b-^a  :  d — c. 

And  rf,  [since  a(c—d)=^d{a — b)  or  ac=(2a — 6)d]? 
is  a  fourth  harmonical  proportional  to  a,  by  c,  wheni  (2= 

ac 

2a — 6 

In  each  of  which  cases,  it  is  obvious,  that  twice  the 
first  term  must  be  greater  than  the  second,  or  other- 
wise the  proportionality  will  not  subsist. 

493.  Any  number  of  quantities,  a,  6,  c,  d,  e,  &c. 
are  in  harmonical  progression,  if  a  :  c  :  :  a^ — b  :  6— c  ; 
b  :  d  I  :  b — c  i  c— «;  c  :  e  : :  c — d  :  d — «,  &c. 

493.  The  reciprocal  qf  quantities  in  harmonical  pro- 
gression^ are  in  arithmetical  progression*  For,  if  a,  6, 
c,  d,  e,  &c.  are  in  harmonical  progression  ;  then,  from 
the  preceding  Article,  we  snail  have  6c+a6=2ac ; 
dc+Jc=26d;  cd+cdq=2cc,  &c.  Now,  by  dividing 
the  first  of  these  equalities  by  abc  \  the  second  by 

112    1 

bdc ;  the  third  by  cde  :  &c.,  we  have.  — | — =7-  ;x-  + 

•^  a    c     b    0 

^==~:  1+-  =^  ;  &c.      Therefore,  (Art,  4C4),  I , 
a     c    c      e      a  .  a 

- ,  — ,  7,  —,  &c.  are  in  arithmetical  progression. 

494.  An  harmonical  mean  between  any  two  qmnti- 
tieSf  is  equal  to  twice  their  product  divided  by  their 
sum.  For  if  a,  x,  i,  are  three  quantities  in  har- 
monical proportion,  then  (Art.  490),  a  :  6  :  :  a^^x  i 

X — 6  ;  .*.  ox— a6=.a6— to?,  and  aj=— —r. 

a+6 

£x.  1.  Find  a  third  harmonical  proportional  to  G 

and  4. 

Let  xs?  the  required  number,  then  6:0;::  6—4 

'^  5  .•.  24i— •Jt=53a?,  and  aysaS.    .     » 

39* 
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£x.  3»  Find  a  harmoiiical  mean  between  19  and  6. 

Ane.  B. 

Ex.  3.  Find  a  third  harmonical  proportional  to  234 
and  144.  Ans.  104^ 

Ex.  Find  a  fourth  harmonical -proportionffl  to  16, 
8,  and  3.  Ana.  2. 

§   IV*   Pa0BLBM8   IN  PROFOBTION   AND   PaOORSBSIOlf. 

Prob.  1.  There  are  two  numbers  whose  product  is  24,  and  the  dif- 
ferenet  of  their  €vba  :  cube  of  their  differenee  :  :  19  :  1.  What  are 
the  numbers. 


Let  xss  the  grtater  namher,  and  y^s  the  hsur 


but  xy^U ;  .•.  72  :  (x— y)*  :  :  18  :  1. 
Hence,  (Art.  190),  18  («— y)^=72,  or  («— y)*=4  5 

Again,  a;'— 2«y+y*=  4, 
and  4xy         =^96, 

ig     ■  ■— 

.•.  a?*+2i^+y*  =  l00,  and  «+y— 10, 

but  ac— y=  2, 


•'•  x-s:6,  and  y3s4. 

Prob.  2.  Before  noon,  a  clock  which  is  too  fast^ 
and  points  to  afternoon  time,  is  put  back  five  hours 
and  fortj  minutes^  and  it  is  observed  that  the  time 
before  shown  is  to  the  true  time  as  29  to  105.  Re- 
quired  the  true  time.  Ans*  8  hours,  45  minutes. 

Prob.  3.  Find  two  numbers,  the  greater  of  which 
shall  be  to  the  less  as  their  sum  to  42,  and  as  their  dif- 
(^rence  to  6,  Ans.  32,  and  24. 

Prob.  4.  What  two  numbers  are  those,  whose  dif- 
ference, sum,  and  product,  are  as  the  numbers  2,  3, 
and  5,  respectively  ?  Ans.  10,  and  2. 

•  Prob.  5*  In  a  court  there  are  two  square  grass-* 
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plota ;  a[  side  of  one  df  which  is  10  yarda  loogerthan 
the  other ;  aad  their  areas  are  as  2a  to  9.  What  are 
the  lengths  of  the  sides  ?  Ans.  25^  and  16  yards. 

Proh*  7.  There  are  three  nalnbers  in  arithmetical 
progression^  whose  sum  is  21  ;  and  the  sum  of  the 
first  and  second  is  to  the  sum  of  the  second  and  third 
a8'Stb4.-    Required  the  numbers.       '    Ans.  d,  7,  9. 

Prob.  7.  The  artthoietiGal  mean  of  two  numbers 
exceeds  the  geometrical  mean  by  IS,  and  the  geo- 
metrical mean  exceeds  the  harmonica!  mean  by  12; 
What  are  the  numbers?  Ans.  934/ and.  104. 

Prob.  8.  Given  the  sum  of  three  numbers,  in  har- 
monical  proportion,  equal  to  26,  and  their  conti- 
nued product  =576  ;  to  find  the  number^. 

Ans.  1 2,  8,  and  6. 

Prob.  9.  It  is  required  to  find'six  numbers  in  geo- 
metrical progression,  such,  that  their  sum  shall  be 
315,  and  the  sum  of  the  two  extremes  165. 

Ans.  5,  10,  20,  40,  80,  and  160. 

Prob.  10.  A  number  consisting  of  three  digits 
which  are  in  arithmetical  progression,  being  divided 
by  the  sum  of  its  digits,  gives  a  quotient  48  ;  and  if  198 
be  subtracted  from  it,  the  digits  wilf  be  inverted*  Re- 
quired the  number.  Ans.  432. 

Prob.  1 1 .  The  difference  between  the  first  and  se- 
cond of  four  numbers  in  geometrical  progression  is 
36,  and  the  difference  between  the  third  and  fourth  is 
4  ;  What  are  the  numbers  ?       Ans.  54,  18,  6,  and  2. 

Prob.  12.  There  are  three  numbers  in  geometrical 
progression  ;  the  sum  of  the  first  and  second  of  which 
is  9,  and  the  sum  of  the  first  and  third  is  15.  Re* 
quired  the  numbers.  Ans*  3,  6, 12. 

Prob.  13.  There  are  three  numbers  ioi  geometri- 
cal progression,  whose  conUnaed  product  is  64,  and 
the  sum  of  their  cubes  is  584.  Wimt  are  the  num* 
bers?  *  , 

Ans.  2,  4,  8. 

Prob.  14.  Tb#re  are  four  numbers  in  geometrical 
progression^  ^  iecood  0f  Avhich  is  less  than  the  fourth 
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bj  94 ;  and  tbe  sum  of  the  extremes  it  to  the  sum  of 
the  means  as  7  to  3.    Required  the  numbers* 

Ans.  1,  3,  d,  27. 
Prob*  15*  There  are  four  numbers  in  arithmetical 
promssion,  whose  sum  is  S8 ;  and  their  continued 
product  is  585.    Required  the  numbers  ? 

Ans.  1,  5j  9,  13. 

Prob*  16.  There  are  four  numbers  in  arithmetical 

progression ;  the  sum  of  the  squares  of  the  first  and 

second  is  34 ;  and  the  sum  of  the  squares  of  the  third 

and  fourth  is  130.    Required  the  numbers. 

Ans.  3,  5,  7,  9. 


CHAPTER  XIV. 
ON  LOGARITHMS. 

495.  PreTtous  to  the  investigation  of  Loearithms, 
it  may  not  be  improper  to  premise  the  twoiollowing 
propositions. 

496.  ^ni/  quantity  which  from  poHtiixe  becomes  nc'^ 
gativcj  and  reciprocally^  passes  through  zero,  or  injinity* 
In  fact,  in  order  that  m,  which  is  supposed  to  be  tbe 
greater  of  the  two  quantities  mand  n,  becomes  n,  it 
must  pass  through  n  ;  that  is  to  saj,  the  difference 
m-n  becomes  nothing ;  therefore  p,  being  this  diffe- 
rence, must  necessarily  pass  throueh  zero,  in  order 
to  become  negative  or  — p.  But  if  p  becomes  — /?, 
the  fraction  ^  will  become  _| ;  and  therefore  it 
passes  through  i,  or  infinity. 

497.  It  may  be  observed,  that  in  Logarithms,  and 
in  some  trigonometrical  lines,  the  passage  from  posi- 
tive  to  negative  is  made  through  zero ;  for  others  of 
these  lines,  the  transition  takes  place  through  infinity: 
It  is  only  in  tbe  first  Case  fliat  we  may  regard  nega* 
tive  numbers  as  less  than  zero ;  whence  there  re- 
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salts,  that  the  greater  any  namber  or  quantity  er  isi 
when  taken  positively,  the  less  is  —a  ;  and  also,  that 
aoy  negative  number  is,  a  fortiori^  less  than  any  ab- 
solute or  positive  imniber  whatever. 

490.  If  we  add  successively  d^rent  negative 
quantities  to  the  same  positive  magnitude,  th<e  results 
shall  be  so  much  less  according  as  the  negative  quan- 
tity becomes  greater,  abstracting  from  its  sign.  For 
instance,  8— 1>8- 2p^8— 3,  &c. 

It  is  in  this  sense,  that  0> — 1>— '3> — 3,  &c. ; 
and  3>0>  — 1>— 3^— 3::r— .4,&c. 

499.  Jlny  quantity^  which  from  real  becomes  imagi^ 
naty^  or  reciprocal^  passes  through  zero^  or  infinity* 
This  is  what  may  easily  be  concluded  from  these  ex- 
pressions, 

considered  in  these  three  relations, 

y*^«">  y*=«"j  y'^a'. 


§  I.   THEORT    OF    LOGARITHMS. 

500.  Logarithms  are  a  set  of  numbers,  which 
have  beeii  computed  and  formed  into  tables,  for  the 

Eurpose    of   facilitating    arithmetical    calculations; 
eing  so  contrived,  that  the  addition  and  subtraction 
of  them  answer  to  the  multiplication  and  division  of. 
the  natural  numbers,  with  which  they  are  made  to 
correspond. 

501.  Or,  when  taken  in  a  similar,  but  more  ge- 
neral sense,  logarithms  may  be  considered  as  the 
exponents  of  the  powers,  to  which  a  given,  or  invari- 
able number,  must  be  raised,  in  order  to  produce  all 
the  common,  or  natural  numbers.  Thu^^  if  a  =y, 
a^'ssay,  a*'=y',  iic.;  then  will  the  indices  «,  ar',  a?", 
&c.  of  the  several  powers  of  a,  be  the  logarithms  of 
the  numbers  y,  y\  y,  &c«  in  the  stalO)  or  system^  of 
which  a  is  the  base. 
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503«  So  thst,  from  either  of  these  formiike,  it  ap- 
pean,  that  the  logarithni  of  my  namber,  taken  sepa- 
ratelj,  is  the  iodex  of  that  power  of  some  other  nuoi- 
her,  which,  when  it  is  ioTolired  in  the  osaal  waj,  is 
eqaal  to  the  given  number.  And  since  the  base  a, 
in  the  above  expressions,  can  he  assumed  of  any  va* 
lae,  greater  or  less  than  1,  it  is  pbdn  ttiat  there  may 
be  an  endless  yariety  of  systems  of  logarithms,  an< 
swering  to  the  same  natorsl  oombers. 

603.  LfOt  as  suppose,  in  the  ei|ttation  0*=^^,  at 
first,  x=0,  we  shall  have  y=l,  smce  (Art.  453), 
x*  =  l;  tox=t,  corresponds  y=a.  Therefore,  in 
every  system^  the  logarithm  of  unity  is  zero  ;  and  aLso, 
the  base  is  the  nienber  whose  proper  logarithm^  in  the 
system  to  which  it  belongs,  is  tmtfy.  These  pn>perties 
belong  essentially  to  all  systems  of  logarithms. 

504.  Let  +x  be  changed  into  -^-x  in  the  above 
equation,  and  we  shall  have 

1 

Now,  the  exponent  x  augmenting  continually,  the 

1 
fraction  — ,  if  the  base  a  be  greater  than  unity,  will 

diminish,  and  may  be  made  to  approach  continually 
towards  0,  as  its  limit ;  to  this  limit  corresponds  a 
value  of  X  greater  than  any  assignable  number  what* 
ever.  Hence,  it  follows,  that,  when  the  base  a  is 
greater  tJian  unity,  the  logarithm  of  zero  is  infinUely 
negative. 

505.  Let  y  and  y'  be  the  representatives  of  two 
numbers,  x  and  x'  the  corresponding  logarithms  for 
the  same  base :  we  shall  have  these  two  equations, 
«*=yi  and  a*— y,  whose  product  is  o^^^zsy.y',  or 
«*+*'«=yy',  and  consequently,  by  the  definition  of  lo- 
garithms, (Art.  501),  x+x'=log.  yy\  or  log.  y!^=^ 
iog.y-tlog.y". 

And,  for  a  lilce  reason,  if  any  number  of  the  equ- 
ations a*=y,  ff'=^}/j  a*"=y,  &c.  be  multiplied  toge- 
ther, we  shall  have   a*^*'+*""l^^=yyy',  &c. ;  and, 
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conseauentlj,  «+af'4-a?"j&c.==slog.  wy,  &c.;  orlog. 
yyY,  &c.=log.  y+log*  y'+log.  yV  &«• 

jTAe  logarithm  of  the  product  y^  any  r%wnb€r  of  fac* 
tors  is y  therefore^  equal  to  the  swn  of  the  logarithms  of 
those  factors* 

506.  Hence,  if  all  the  factors  y,  y,  y%  &c.  are 
equal  to  each  other,  and  the  number  of  them  be  de- 
noted by  m,  the  preceding  property  will  then  become 
log.  (y«)=m,  log,  y. 

TBerefore  the  logarithm  of  the  u\th  power  of  any 
number  is  equal  to  m  times  the  logarithm  of  that 
member. 

507.  In  like  manner,  if  the  equation  a'=y,  be  di- 
Tided  by  a''=y',  we  shall  have,  from  the  nature  of 

powers,  — ,   or    a     -=— ,;  and  by  the  definition  of 

y 

logarithms,  a;—cc'=log.  y-J  ;  or  log.  y— log.  y'= 


'°«-e) 


Hence  the  logarithm  of  a  fraction^  or  of  the  quotient 
prising  from  dividing  one  number  by  another^  is  equal 
to  the  logarithm  of  the  numerator  minus  the  logarithm 
sf  the  denominators 

508.    And  if  each  member  of  the  equation,  a''=y, 

m 

be  raised  to  the  fractional  power  «,  we  shall  have 

!2f     -  m  - 

rt^ssy";    and  consequently,  as  before,  ~a;= log.  (y") 


-    m 


=log.  -C/y~  ;  or  log.  y  »=  -  log.  y. 

fit 

Therefore  the  logarithm  of  a  mixed  root,  or  power, 
of  any  number,  is  found  by  multiplying  the  logarithm  of 
the  given  number,  by  the  numerator  of  the  index  of  that 
power^  and  dividing  the  result  by  the  denominator. 

509.  And  if  the  numerator  m  of  the  fractional 
index  of  the  number  y,  be,  in  this  case,  taken  equal 
to  I,  the  preceding  formula  will  then  become 

log.y"=i  log.^. 
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From  which  it  foUowa,  that  the  logarithm  of  the  Mk 
root  of  any  numbir^  is  equal  to  tht  nth  part  of  the  lo^ 
garithm  of  that  nun^er. 

51O9  Hence,  besides  the  use  of  l(^rithm8  in 
abridging  the  operations  of  multiplicatioD  and  divi- 
sion, thej  are  equally  applicable  to  the  raising  of 
towers  and  extracting  of  roots  ;  which  are  performed 
J  simply  multiplying  the  given  logarithm  by  the  in- 
dex of  the  power,  or  dividing  it  by  the  number  de- 
noting the  root*  * 

5f  !•  But)  although  the  properties  here  mentioned 
are  common  to  every  sye^tem  of  logarithms,  it  was  ne- 
cessary for  practical  purposes  to  seiect  some  one  of 
these  systems  from  the  rest,  and  to  adapt  the  loga* 
ritbms  of  all  the  natural* numbers  to  that  particular 
scale.  And  as  70  is  the  base  of  our  present  system 
of  arithmetic,  the  same  number  has  accordingly  been 
chosen  for  the  base  of  the  logarithmic  system,  now 
generally  used. 

512.  So  that,  according  to  this  scale,  which  is  that 
of  the  common  logarithmic  tables,  the  numbers, 

etc.  10    ,  10    ,  10  ',  10  \  10  ,  10  ,  10  ,  10  ,  10, 

etc. ;  or, 

etc.    , ,  - — ,  — ,  1,  10,  100,  1000,  10000, 

10000' 1000' loo' lO'    '     »       '         >.    ^^^' 

etc.,  have  for  their  logarithms^ 
etc.    —4,  —3,-2,  —1,  0,  1,  2,  3,  4,  etc. 
which  are  evidently  a  set  of  numbers  in  arithmetical 
progression,  answering  to  another  set  in  geometrical 
progression;  as  is  the  case  in  every  system  of  lo- 
garithms. 

513.  And,  therefore,  since  the  common  or  tabu- 
lar logarithm  of  any  number  (n)  is  the  index  of  that 
power  of  10,  which,  when  involved,  is  equal  to  the 
given  number,  it  is  plain,  from  the  equation  10*=jt, 
or  10"^=i,  that  the  logarithms  of  all  the  intermedi- 
ate numbers,  in  the  above  series,  may  be  assigned  by 
approxhnation,  and  made  to  occupy  their  proper 
places  in  th«^  general  scale. 
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5 14.  It' is  also  evideBt,  that  the  iogarithms  of  I, 
10,  lOOy  1000,  etc.  being  0,  1,  2,  3,  respectively,  the 
logarithm  of  any  namber,  falling  between  1  and  10, 
will  be  0,  and  some  decimal  parts ;  that  of  a  number 
between  10  and  100,  1  and  some  decimal  parts ;  of  ti 
number  between  100  and  1000,  2  and  some  decimal 
parta ;  and  so  on. 

515.  And,  for  a  like  reason,  the  logarithms  of 

— 9  -7::r  ^ 1  etc,  or  of  their  equals,  .1,  •Ol,  .001, 

10'  100,  lOOO'  .  '     '       '  ' 

etc.  in  the  descending  part  of  the  scale,  being-  1, 
— 2,  — 3,  etc.  the  logarithm  of  any  number,  falling 
between  0  and  .1,  will  be  —1  and  some  positive  de- 
cimal parts  ;  that  of  a  number  between  A  and  .01, 
— 2  and  some  positive  decimal  parts ;  and  so  on. 

51G.  Hence,' as  the  multiplying  or  dividing  of  any 
number  by  10,  100,  1000,  etc.  is  performed  by  bare- 
ly increasing  or  diminishing  the  integral  part  of  its 
logarithm  by  1,2,  3,  &c.,  it  is  obvious  that  all  num- 
bers which  consist  of  the  same  figures,  whether  they 
be  integral,  fractional,  or  mixed,  will  have  the  same 
quantity  for  the  deeimal  part  of  their  logarithms. 
Thus,  for  instance,  if  t  be  made  to  denote  tne  index, 
or  integral  part  of  the  logarithm  of  any  number  N, 
and  d  its  decimal  part,  we  shall  have  log.  Nss»4*<} ; 

log.    10'»xNx=(i  +  m)+rf;    log.;j^  =  (i-m)+rf5 

where  it  is  plain  that  the*decimal  part  of  the  loga- 
rithm, in  each  of  these  cases,  remains  the  same. 

5 17.  So  that  in  this  system,  the  integral  part  of  any 
Ic^arithm,  which  is  usually  called  its  index,  or  charac- 
teristic, is  always  less  by  1  than  the  numberof  int^ers 
which  the  natural  number  consists  of;  and  for  deci- 
mials,  it  is  the  ndmber  which  denotes  the  distance  'of 
the  first  significant  figure  from  the  place  of  units. 
Thus,  according  to  the  logarithmic  tables  in  cemmon 
use,  we  have 

* 
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JVimfteff. 

336.260 

.46631 

*06iM 
Asc* 


LoganthmM. 

0.1361496 

3.5353817 

T.6676490 

3.7891575 


where  the  sign  -—  it  pot  oyer  the  indez*  instead  of 
before  it,  when  that  part  of  the  h>garitbni  is  negativei 
in  order  to  distinguish  it  from  the  decimal  part,  which 
is  always  to  be  considered  as  +,  or  affitmatiTe. 

518.  AlsOi  agreeably  to  what  has  been  before  ob« 
senred,  the  logarithm  of  3Q540  being  4.58591 !  7^  the 
logariUuns  of  any  other  numbers,  consisting  of  the 
same  %Qrei|  will  be  as  follows  : 

Numbers.    Logarithms* 

3.5859117 

2.58d9117      ,. 

1.5859117 

0.5859117 


3854 
385.4 
38.54 
3.854 

.3854 

.03854 

.003854 


T.58591ir 
3.5859117 


3.5859117 

which  logarithms,  in  this  case,  difier  only  in  Ibeir 
indices,  the  decimal  or  positive  part,  being  tbe  same 
in  Uiem  all. 

519.  And  as  the  indices,  or  the  integral  parts  of 
the  logarithms  of  any  numbers  whatever,  in  this  sys- 
tem^ can  always  be  thus  readily  found,  from  the  sim- 
ple consideration  of  the  rule  above-mentioned,  tliej 
are  generally  omitted  in  the  tables,  being  left  to  be 
supplied  by  the  operator,  as  occasion  requires. 

530.  It  may  here,  also,  be  farther  added,  thaf, 
when  the  logarithm  of  a  given  number,  in  any  parti- 
cular system,  is  known,  it  will  be  easy  to  find  the 
logarithm  of  the  same  number  in  any  other  system, 
by  means  of  the  equations,  a'^n^  and  e^'^n,  which 

five 
1)      .     .     .     «=  log.  n,  x'=  Kn    .     .     .     •     (i?). 
Where  log.  denotes  the  logarithm  of  ii,  in  the  system 
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of  which  a  is  the  base,  and  1.  its  l^rithm  id  the  sjs* 
tem  of  which  e  is  the  base* 

521.  Whence  a*=e^  or  a^^sse,  and  e«  Aa,we|haU 

have,  for  the  base  a,  -7=^  log.  6,and  for  the  base  e^  — 

a»  La ;  or 

(3)  .  •  •  «  .  xssss'  log.  e,  x's3X./.a (4)u 

Whence,  if  the  values  of  x  and  x',  in  equations  (1), 

(S),  be  substitoted  for  x  and  ff"  in  equations  (3),  (4), 

1 
we  shall  have,  log.  ns  log.  e  X  Ln,  and  /.nsy X 

log.  n  ;  or  /•nss/.aX  -log.  n,  and  log.  ns=r-s=/.ii. 

1 
where  log.  e,  or  its  equal  y-  expresses  the  constant 

ratio  which  the  logarithms  of  n  hare  to  each  d&er  in 
the  systems  to  which  they  belong. 

532.  'But  the  only  system  of  these  numbers,  de* 
serving  of  notice,  except  that  above  described,  is  the 
one  that  furnishes  what  have  been  usually  called  hy* 
perbolic  or  Jfepefian  logarithms,  the  base  of  which  is 
2.718381 828459  .... 

523.  Hence,  in  comparing  this  with  the  common 

or  tabular  logarithms,  we  shall  have,  by  putting  a  in 

the  latter  of  the  above  formulae  =10,  the  expression 

1 
log.  n=T— X/.n,  or  /.n=/.10Xlog.  n. 

Where  log.,  in  this  case,  denotes  the  common  loga- 
rithm of  the  number  n,  and  /.  its  Neperian  logariUim ; 

the  constant  fiictor  jL  ^hich  i.      ^.s^SSSOOay  »' 

«434294481^  .  .  ,  being  what  is  usually  called  file 
modulus  of  the  common  or  tabular  system  of  loga* 
rithms.  ' 

524.  It  may  not  be  improper  to  observe,  that  the 
logarithms  of  n^ative  quantities,  are  imaginary ;  as 
has  been  clearly  proved,  by  Lacroix,  after  the  man- 
ner of  EuLaa,  in  his  Traiii  du  Calcul  D^ererUiel  el 
Integral  f  andalsQ,bySi;aaKAiir-MissBRTin  nis  Thime 
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Purement  AtgSbrique  da  Qfu/aniiUs  hnaginaires.  See, 
for  farther  details  upon  the  properties  and  calcula- 
tion of  lo^rithms.  GARNiaa's  dPAlgthre^  or  Bonnt- 
uASTLs's  Treaiist  on  Algtbra^  in  two  vols.  8vo. 

§    IL  APPLICATION   OF   LOOARITfiMS  TO  THB  SOLUTION 
or   BXPONaNTiAL  B(4UATI01fS. 

525«  ExPOiffKNTiAi.  BQVATION8  are  such  aa-contaiB 
qaantities  with  unkwmn  or  variable  indices :    Thus, 

a'd&6,  «*sc,  af=^dj  &c.  are  exponential  eqaatioos* 

526.  An  equation  involving  quantities  •f  the  fona 
X*,  where  the  root  and  the  index  are  both  variable, 
or  unknown*  seldom  occur  in  practice,  we  shall  onJj 
point  out  the  method  of  solving  equations   involving 

quantities  of  the  form  a*,  «^  ,  where  the  base  a  is  con* 
stant  or  invariable. 

527*  it  is  proper  to  observe  that  an  exponentia!  of 

the  feirm  if ,  means,  •  U>  ike  power  ofhT^  and  not  o^  l» 
the  power  of  x. 

Ex.  1.  Pind  the  value  of  x  in  the  et/uation  a'^i. 

Taking  the  logarithm  of  the  equation  a*=3»  we 

have  XX  tog.  a=s6 ;  .*.  ap=r — — ;  thu8»  let  a5=5,6=; 
^  log.  o  *  * 

.100;  then  in  the  equation  6*=  100,. 
log.  100     2.0000000      ,  „^^ 

log.  5       0.0989700 
£x.  9.  It  i9  reqvired  to  find  the  value  of  x  in  the 

equation  tf  =s:e. 

Assume  b*=iy^  then  ^•'=;c,  and  y  X  log.  a==  log.  c ; 

.%  y=j^fc^.     Hence  6»=pi?Sli  (which  let)«=rf.  Take 
Ic^.  a  log.  a  '  ' 

the  logarithm  of  the  equation  h^^d^  then,  by  (Ex.  !•)» 

a=r^Sl^.     Thus,  let  a=9,  6=3,  c=1000:  then  in 
log.  6 

the  equation  9*'=  1000,  !ggL|^»op  ^^=3.14  (= 

log.  fr       log.  9  ^ 


^r**»- 
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«.  .        log.  d    log.  SA4    .4969^*6     .  ^^ 

^'  log.  6        log.  3        .4771213 

Ex.  3.  Miike  such  a  separation  of  Jthe  quantMes  in 

the  equation  (a* — i*)*s=a+6,  as  to  shorn  that ss 

^■»*fc—      III  J 

log.  (a — by 

Taking  the  logarithm,  we  have 
a;Xlog.  (a«— *«)=  log.  (a+b)^  or  9  X  log.  (a+&)X 
(a— 6)=kIok.  (a+6);  > 

that  is,  X  X  log.  (a+6)+«  X  log.  (a— 6)=  log.  (a+6). 
^  Hence  x  X  l<^.  (a— 6)  — 1<^.  (a+6)— «  X  l<^.  (a4*^) 

*  Ex.  4.  Given  o'+Ja'ssc,  and  O'—I^^dj  required  the 
values  of  x  and  v* 

Bj  iMUtfion,  2a»=c+il,  or  a«=^-|-,  which  put  as 

,.  log.  m 

wr;  thenaBi=s-.» — . 

log.  a 
AaaiO)  bj  subtraction,  we  have  2W=!C— rf,  or  Was 

iri.  (which let -«);.-.y-^. 

Ex.  5.  Find  the  value  of » in  the  equation  — j— ^^* 

An.  -.    log.  (A-cHog.g, 
Ans*  J?^ —     "     .  '     »      ^  ' » 

log.  6 

Ex.  6^  Find  the  value  of  x  in  the  equation  «•«& 

^_i  log.  (&+c)+i  log>  (t-cH  »og>  <N'og>  e 

^^*  log»  a 

Ex.  7.   Find  the  value  of  «  in  the  equalioft  ^a« + 

1 

'     "  log.  d 

40* 
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Ex*  a.  Given  log*  «+  'og^y^ff^  ^  find  the 

and  log.  X —  log.  y^}  )   ^^^  o^  ^  ai>^  ^« 

Ans.  a:»s|0^10  sndysIO* 

Ex.  9.  In  the  equation  3'=lO,  it  is  required  to  find 

the  value  of  «•  Ans.  a;=3«32t98,  &c. 

Ex.  10.  Given  */729=3,  required  the  value  of  x«^ 

Ans.  x=G. 
Ex.  11.  Given  «/57862=8,  to  find  the  value  of  x. 

Ans.  5.2734,  &c* 

Ex.  13.  Given  (2I6)«s64,  to  find  the  value  of  x. 

Ex.  13.  Given  4>=4096,  to  find  the  value  of  x. 

Ans.  «=r^^=l.6309,  &c. 
lo|i.  3 

Ex.  14.  Given  ar^^=^C3  and  If^^^s^d^  to  find  the  va- 
lues of  X  and  y.  "^ 

Ans.  x=a=^2"**i  and  v=— x—  ;  where  m=,  ^*   ,    and 
,2  ^        2  log.  a' 

log.  6 


CHAPTER  XV. 

ON 

THE  BESOLimON  OF  EQUATIONS 

or  THE  THIRD  AND  HIGHER  DEGREES. 
§  L    THSORT   AND   TRANSFORMATION  OF   EQUATIONS. 

528.  In  addition  to  what  has  been  alreadj  said 
(Art.  192),  it  maj  here  be  observed,  that  the  roots  of 
any  eonation  are  the  numbers,  which,  when  substi- 
toted  lor  the  unknown  quantity,  will  make  both  sides 
of  the  equation  ideniieally  equal.  Or,  which  is  the 
same,  the  roots  of  any  equation  are  the  numbers, 
which,  substituted  for  the  unknown  quantity,  redu^ 
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the  first  member  to  zero,  or  the  proposed  equation  to 
the  form  of  0=0;    because  ever}   equation  maj, 
"desigimting  the  highest  power  of  the  unknown  quan- 
tity by  (x),  be  exhibited  under  the  form 

a;'»+Ax"*-'»+Bx"^*+Ca?*^'+  .  .Tx+V=0.(l), 

A,  B,  C,  «  •  •  •  T,  V,  being  k no wf\  quantities.  And 
the  resolution  of  an  equation  is  the  method  of  finding 
all  the  rootS)  which  will  answer  the  requirect  condi* 
tion. 

529.  This  being  premised,  it  may  now*  be  diown, 
tJuit  if  a  be  a  root  of  the  equation  (I),  the  left-hand- 
member  of  that  equation  will  be  exactly  divisible  by 
X — a. 

For  if  a  be  substituted  for  x,  agreeably  to  the 
above  definition,  we  shall  necessarily  have 

a*+Aa"-»+Ba«"a+C(i"*-3  4. .  . .  Ta+V=0. 

And  consequently,  b^  transposition. 

Whence,  if  this  expression  be  substituted  for  V  in 
the  fi^t  equation,  we  shall  have,  by  uniting  the  cor- 
responding terms,  and  placing  them  all  in  tf  line, 

(x~— a"')+A(x*-»— o«-")+B(x"^-«r-0+T(x-a) 

=0. 
Where,  since  the  difference  of  any  two  equal 
powers  of  two  different  quantities  isv  divisible  by  the 
difference  of  their  roots  (Art.  108),  each  of  the 
quantities  (x**— a*),  (x*"'  —a*""*),  (x**"' — «^« ), &c. 
will  be  divisible  by  x — a*  And,  therefore,  the 
whole  compound  expression 

(««— a~)  +A(x«->  — a**-'  )+B(x'""«  — o~-a  )+ 

&€.=50, 

which  is  equivalent  to  the  equation  first  proposed^ 
is  also  divisible  by  x — a ;  as  was  to  be  shown. 

But  if  a  be  ar  quantity  greater  or  less  than  the 
root,  this  conclusion  will  not  take  place  i  because,  in 
that  case,  we  shall  not  have 

V=  —a*—  Aa«-> — Ba"^«— Ca"^-«  -  . . . .  — Ta ; 
which  is  an  equality  obviously  essential  to  the  divi- 
sion in  question. 
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630*  The  preceding  propoaiiion  may  be  demoa-t 
strated,  after  the  manner  of  D^AiiBM bert,  as  follows : 
In  fact,  designating  bj  X,  the  polynomial,  which 
forms  the  first  member  of  the  equation  (1)  ;  then  we 
shall  always  carry  on  the  dtTision  of  X  by  x — a,  till 
we  arrive  at  a  remainder  H,  independent  of  x,^nce 
X  is  only  of  the  first  degree  in  the  divisor ;  so  that, 
represeotine  by  Q  the  corresponding  quotient,  we 
shall  have  this  identity, 

X=Q(ar— a)+R. 

Now,  by  hypothesis,  a  substituted ibr  x  reduces  the 
polynomial  X  to  zero ;  and  it  is  evident  that  the  same 
substitution  gives  Q(q?— a)=sO;  therefore  we  shall 
necessarily  have  0=R:  Hence  9— a  divides  ttie 
e<|uation  (1),  without  a  remainder. 

Reciprocally,  ifthejirit  member  q^  anf  equation  qf^ 
the  form  X=sO  be  diviMU  by  x — a,  a  if  a  ro9U  In 
fact  we  have,  according  to  this  hypothesis,  the  iden* 
tity  X=sQ(«— a),  which,  for  x=sO,  gives  X=^; 
therefore^  (Art.  528),  a  is  a  root  of  the  proposed 
equation. 

CoR.  I.  Hence  we  may  easily  conclude,  that  if  a 
be  not  a  root  of  the  equation  {\\  the  first  member 
will  not  be  divisible  by  x — a. 

CoR.  9.  And  if  the  first  member  of  the  equation 
(1),  be  not  divisible  by  or— a,  a  is  not  a  root  of  the 
proposed  equation. 

531.  Supposing  every  equation  to  have  one  root^ 
or  value  ol  the  unknown  quantity,  it  can  then  be 
shown,  that  any  proposed  equation  will  have  a»  manjf 
roots  as  there  are  units  in  the  index  rfits  highest  term^ 
and  no  more.  For  let  a,  according  to  the  assomptiba 
here  mentioned,  be  a  root  of  the  equation  (I), 

««+A«— >+B«— «  -|-Cx-^»+  . . .  +T»+V=0. 
Then,  since  by  the  last  proposition  tli^  is  divisible 
by  «— a,  it  will  necessanly  be  rednoedl^  by  actually 
performing  the  operation,  to  an  equatmi  «f  Hbe  next 
inferior  dmee,  or  one  of  the  fiMrmer 
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And  as  this  equation,  by  the  same  hypothesis,  has  also 
a  root,  which  may  be  represented  by  a\  it  will  like- 
wise be  reduced,  when  divided  by  x — a',  to  another 
equation  one  degree  lower  than  the  last ;  and  so  on. 

Whence,  as  this  process  can  be  continued  regular^ 
)y,  in  the  same  manner,  till  we  arrive  at  a  simple 
equation,  which  has  only  one  root,  it  follows  that  the 
proposed  equation  will  have  m  roots 

a,  a\  a",  a'",  .  •  .  .     a(-> )' ; 
and  that  its  successive  divisors,  or  the  factors   of 
which  it  is  composed,  will  be 

»— a,  a?— a',  ap— o'%  x— «'",  .  •  .  .  a?— aC"*'"')', 
being  equal  in  number  to  the  units  contained  in  the 
index  m  of  the  highest  term  of  the  equation. 

Cor.     If  the  last  term  of  an  equation  vanishes,  as 

in  the  form  «'»+ Ao;"^'  +  Bar*""'  + +T«=^0,  it  is 

evident  that  x=0  will  satisfy  the  proposed  equation ;. 
and  consequently  0  is  one  of  its  roots.  And  if  the 
two  last  terms  vanish,  or  the  equation  be  of  the 
form  a;*+Aa?"'**+Bx*"«+  .  .  .  -fSx»=0,  two  of 
its  roots  are  0 ;  and  so  on.  See,  for  another  demon- 
fltnition  of  the  preceding  proposition,  Bonnif costless 
•Algebra,  vol.  iu  8vo. 

632.  Since  it  appears  (Art.  529),  that  every  eqda- 
tion,  when  all  its  terms  are  brought  to  one  side,  is 
exactly  divisible  by  the  unknown  quantity  in  that 
equation  mintis  either  of  itis  roots,  and  by  ao  other 
simple  factor,  it  is  evident  that  the  equation 

»'*+Aa;"»^*+Baj*^»  ■hCaf»-3+  .  .  Ta;+V==0  .  (1), 
*of  which  a,  &,  e,  ct,  •  •  .  /',  are  supposed  to  be  its  se- 
veral roots,  is  composed  of  atK  many  factors, 

(or — a)(x — 6)  (»— c)  (a? — d)  .  .  Of—/)   .  (2), 
as  the  equation  has  roots  ;  and  that  it  can  have  no 
other  factor  whatever  of  that  formf. 

533.  Whence,  as  these  two  expressions  are,  by  hy- 
pothesis, identical,  the  proposed  equation,  b^  actu- 
ally multiplying  the  above  factors,  and  arranging  th<^ 
terms  according  to  the  powers  of  x^  will  become 
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— c 


+ad 
+bc 


»(c*c-.O=0 


(3)^ 


jj»-*— life 
— aid 
— ocd 

tic* 

which  fonii  is  general,  whaterer  may  be  the  different 
signs  of  the  roots,  or  of  the  terms  of  Ihe  equation  ; 
taking  a,  *,  c,  &c.  as  well  as  A,  B,  C,  &c.  in+  or— aa 
thej  maj  happen  to  be. 

534.  Hence,  since  the  two  equations  (1),  (3),  are 
identical,  the  coefficients  of  the  like  powers  of  x^ 
(Art.  435),  are  eqaal ;  and,  conseqaently>  the  follow- 
ing relations  between  the  coefficients  and  roots  will 
be  sufficient!/  obvious. 

\.  Tht  mm  of  alt  ihe  roots  of  any  sfuolton,  ktmnig 
itt  terms  arranged  accf^dmg  to  the  order  i^ihepomerM 
of  the  unknown  quantitj/^  ie  equal  to  the  ooeffmtnJt  oT 
the  second  term  of  that  equation^  toith  its  sign  chamgei*. 

U.  7%6  fUfii  of  the  products  of  all  the  roo<#,  iaku^ 
two  and  two,  is  equal  to  the  coeffidsnt  of  the  third 
term^  zoith  its  proper  sign;  and  so  on. 

III.  The  continued  product  of  all  the  roots,  is  egrnl 
to  the  last  term,  taken  with  the  same  or  a  contrarfs^n, 
according  as  the  degree  of  the  equation  is  even  or  oocL 

535.  It  is  very  proper  to  observe,  that  we  cannot 
have  all  at  once  xssui,  x^trb,  aasc,  jcc.  for  the  roots 
of  anj  equation,  as  in  the  formula  (2) ;  except  when 
a^b^cssid,  &c.«  that  is,  when  all  the  roots  are  equal. 
The  factors  »— a,  a?— 6,  x. — c,  &c.  exist  in  the  same 
equation :  because  algebra  gives,  by  one  and  the  same 
formula,  not  only  the  solution  of  the  particular  pro^ 
blem  from  which  that  formula  may  have  originated  i 
hut  also  the  solution  of  all  problems  which  have  simi« 
lar  conditions.  The  different  roots  of  the  equation 
satisfy  the  respective  conditions;  and  those  roots 
may  differ  from  one  another  by  their  quantity,  and  bj 
their  mode  of  existence* 
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536.  To  this  we  may  likewise  add,  that,  if  the 
iroots  of  any  equation  be  all  positive,  as  in  formula 
(2),  where  the  factors  are  of  the  form 

(x— a)  (jc — 6)  (a;— c)  (a?— rf)  .  •  .  (jp— /):»0t 
the  signs  of  the  terms  will  be  alternately  -f-  dnd  -^  ; 
as  will  readily  appear  from  performing  the  operation 
required. 

537.  But  if  the  roots  be  aU  negativoi  in  which  case 
the  factors  will  be  of  the  form 

(«+o)  («+6)  (a?+c)  (x+d)  .  .  (a?+0=«0, 
the  signs  of  all  the  terms  will  be  positiTe ;  because 
the  eqoation  arises  wholly  from  the  multiplication  of 
positive  quantities. 

Some  equations  have  their  roots  in  part  positive^ 
in  part  negative  :  Thus,  in  the  cubic  equation, 
(«— o)X(«— 6)  X(a;+c)«0,  or  «'+(«-«— 6)a;«  + 
{ab'^ac'^bc)Xx+abc^09  there  are  two  positive  and 
one  negative  root;  because,  when  x— a^=sO|  xssa; 
X — (ssQ,  xsssi;  ac+c=0,  «=f — c. 

538.  Any  equation^  having  fraciianal  coefficient Sj 
may  be  transformed  into  another^  that  shall'have  the 
eoejfficient  of  its  first  term  unity ^  and  those  of  the  restj 
as  we/I  as  the  ahsoluU  term^  whole  numbers* 

For  let  there  be  taken,  instead  of  a  general  equa- 
tion of  this  kind,  the  following  partial  example, 

x9-Hx«+|x+f=0, 

which  will  be  sufficient  to  show  the  method  that 
should  be  followed  in  other  cases. 

Then  if  each  of  the  terms  be  multiplied  by  the  ' 
product  of  the  denominators,  or  by  their  least  common 
multiple,    we    shall    have     12a?*+6x«+8a?+9=0, 
where  the  coefficients  and  absolute  term  are  all  whole 
numbe|*s. 

And  if  1207,  in  this  case,  be  put=y,  or  xss-^,  there 
will  arise  by  substitution, 

Which  last  equation,  when  all  its  terms  are  multi- 
plied by  12*,  gives y'+Cy«+96y+1296s=:0j  where 
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(he  coefficient  of  the  fint  term  is  unity,  and  those  of 
the  rest  whole  numbers*  as  was  required. 

So  that  when  the  value  of  y  in  this  equation   is 
known,  we  shall  have  for  the  proposed   eqaation 

12 

539.  ^TW  equation  moy  he  transformed  into  another^ 
the  roots  of  vmieh  shall  be  greater  or  less  than  those  of 
the  former  by  a  given  quantity* 

Thus,  let  there  be  taken,  as  before,  the  following 
general  equation, 

And  suppose  it  were  required  to  transform  it  into 
another,  whose  roots  shall  be  greater  than  those  of 
the  given  equation  by  e. 

Then,  if  y  be  made  to  represent  one  of  these 
roots,  we  shall  have,  by  the  nature  of  the  question, 

y=a?+e,  or  x=^y — c. 
And,  consequently,  by  substituting  y — a  for  ^,  in  the 
prc^osed  equation,  there  wi)i  arise 


+A 


y*— me     ,.«..,  _Lm<"-'>^^       y«-;«  &c =0 


2 

—  (iit-l)Ae 
+B 


(4), 


which  equation  will  evidently  ful&I  the  conditions 
required,  y  being  here  greater  than  x  by  e.  And  if 
y  be  taken  =x— e,  or  *=y-fe,  we  shall  obtain,  by  a 
•imiiar  substitution,  an  equation  whose  roots  are  less 
than  those  of  the  given  equation  by  e. 

640.  Whence,  also,  as  e,  in  the  above  case,  is  in- 
determinate, this  mode  of  substitution  may  be  used 
for  destroying  one  of  the  terms  of  the  proposed  equa- 
tion. For  putting  in  the  above  expression  the  co- 
efficient— m«+A=o,  we  shall  have 

Jl        ^  A 

e=— ,  and  oc^y — ^c=v 5 

m  ^  ^     m' 

where  it  is  plain,  that  the  second  term  of  any  equation 
may  be  taken  awayy  by  substituting  for  the  unknown 


r\  - 
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quantity  some  other  unknown  quantity^  together  with 
such  a  part  of  the  coefficient  of  the  second  term^  "taken 
with  a  contrary  sign,  as  is  denoted  by  the  index  of 
the  highest  power  of  the  equation. 

Thus,  for  example,  to  transform  the.  equation 
^3 — 9aj*+7ai+l2=0  into  one  which  shall  want  the 
second  term.     Assume  aj=y+3 ;  then 

.       +7a;   =  +7y+21  f  ,' 

+  12  =  +12j 

that  is,  y^— 20^—21=0;  and  if  the  values  of  y  be 
«,  6,  c,  the  values  of, a;  are  o+3,  6+3,  and  c+3. 

The  third  term  of  the  proposed  equation  may  also 
be  taken  away  by  means  of  the  coefficient,  'or  for- 
mula, .      ' 

--— — ie»  —  (m--l)«5c+B=0, 

where  the  determination  of  e  require^  the  solution  o 
an  equation  of  the  second  degree  ;  and  so  on* 

• 

541.  •Any  proposed  equation  may  be  transformeU 
into ,  another^  the  roots  of  which  shall  be  any  multiples 
or  parts  of  those  of  the  former. 

Thus,  let  there  be  taken,  as  in  the  former  propo- 
sitions, the  general  equation 
:B«+Aa;«"»  +  Ba?«-a+Cx"l--^+  .  .  Ta;+V=0.(l). 

And,  in  order  to  convert  it  into  another,  whose 
roots  shall  be  some  multiple  of  those  of  the  given 

equation,  let  there  be  puty==cx,  or  a;=^. 

Then,  by^  substituting  this  value  for  «  in  the  pro- 
posed equation,  there  will  arise 

y:+A^+BG+  ....  T2+V=0. 

And,  consequently,  if  this  be  multiplied  by  c*",  w^ 
shall  have 

41 


470      RESOLUTION  OP  EQUATIONS, 

which  equation  will  evidently  fulfil  the  conditions  re-^ 
quired,  y  being  equal  to  tx. 

X    ~ 

And  if  y  be  put=-9  or  x=ey,  we  shall  obtain,  by 

a  similar  substitution  of  this  value  for  x,  and  then 
dividing  by  e",  the  equation 

A  B.        .  TV 

where  the  ro'ots  are  equal  to  those  of  the  proposed 
equation,  divided  bye. 

And  it  may  easily  be  proved,  that  if  the  alternate 
terms^  beginning  with  the  second j  be  changed,  the  signs 
of  all  the  roots  are  changed. 

542.  For  a  more  particular  account  of  the  general 
Theory  and  Doctrine  of  Equations,  see  BoNwr- 
castle's  Algebra^  vol.  ii.  Cvo.  Bridge's  Equations^ 
and  Lagrange's  Traite  de  la  Resolution  des  Equa^ 
tions  J^umenqves  ;  where  the  intelligent  reader  will 
find  a  full  investigation  of  this  part  of  analysis. 

§    11.    RESOLUTION    OP    CUBIC  EQUATIONS  BY   THE  RULE 

or  Cardan,  or  of  Scipio  Ferreo. 

g543.  Cubic  equations,  as  has  ajready  been  observed 
in  Chsfp.  VIIl.^  are  of  two  kinds;  that  is, /^t^reand 
adfected.  All  pure  equations  of  Ihe  third  degree  are 
comprehended  in  the  formula  tT^=:n,  where  n  may  be 
any  number  whatever,  positive  or  negative,  integral  or 
fractional.  And  the  value  of  x  is  obtained,  (Art. 
396),  by  extracting  the  cube  root  of  the  number  n. 

544.  But  in  this  manner,  we  obtain  only  one  value  for 
» ;  whereas  (Art.  531),  every  equation  of  the  third 
degree  has  three  values.  In  order  to  show  how  (he 
two  remaining  values  of  x  may  be  determined  in 
equations  of  (he  above  form,  let  us,  for  example, 
coosider  the  equation  x^ — 8=0;  where  x  is  readily 
found  =3.     And  as  2  is  a  root  of  the  proposed  equa- 
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• 

tmns,  it  is  plain,  (Art.  529),  that  x^ — 8  must  be  divi* 
sible  by  x-^^  :  therefore,  this  division  being  actually 
performed,  the  quotient  will  be  x^  -f-2jc+4. 

Hence  it  follows,  that  the  equation  a^^  — 8^0,  may 
be  repreisented  by  these  factors ; 

(a^S)  X{x*+2x+4)=0. 

545.  Now  the  question  is,  to  know  what  number 
we  are  to  substitute  instead  of  x^  in  order  that  x^-^- 
8=30  ;  and  it  is  evident  that  this  condition  is  answer- 
ed, by  supposing  the  product  which  we  have  just 
found  equal  to  0:  but  this  happens,  not  only  when 
the  first  factor  a?— 2=0,  which  gives  a?=2,  but  also 
when  the  second  factor  a?*  +2x+4=o0. 

Let  us,  therefore,  make  a;*r[-2a?+4=0;  then 
(Art.  411),  x=  —  I  ±-v/ — 3-  So  that  besides  the  case 
in  which  a;=2,  we  find  two  other  values  of  a?,  which 
will  satisfy  the  equation  x^ — 8=0.  It  is  true,  as 
JElui^Eti.  justly  observes,  that  these  values  are  imagi- 
nary ;  but  yet  they  deserve  attention. 

546.  What  has  been  just  said  applies  in  general  to 
every  pure  cubic,  such  as  x^^^n,  and  the  three  roots 
or  values  of  x,  may  be  found  in  a  similar  manner. 
To  abridge  the"  calculation,  let  us  suppose  f/n=7t', 
30  that  n^n'^  ;  the  proposed  equation  will  then  ps- 
sume  this  form,  x^ — 7i'^=0,  which,  being  divided  by 
a?  — n'f  will  give  for  the  quotient  «*  4-»'«+w'a.  Con- 
sequently, the  equation  x^ — ^ii==0,  may  be  represent- 
ed by  the  product  (^ — »')(a:*-fn'a?+n'^)— 0,  which 
is  in  fact  =0^  not  only  when  x — n'=i:0,  or  x=^n' ;  but 
alsa  when  ac*+»'*+'*'*=0.  Now  this  expression 
contains  two  other  values  of  a;,  for  it  gives  d?=  — 

—±  r- Y^""^  5  ^^^^  ^^  which  answer  the  required 

condition*  «  « 

547.  Ail  adfected  cubic  equations,  after  being 
properly  reduced  by  the  known  rules^  may  be  exhi- 
bited under  the  following  general  forms;  namely,  x^ 
+aa:^+i««0  and  3;»+o'a?*+6'a?+c'=sO,  where  a,  6?. 
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a\  h\  and  c',  maj  be  any  nomben  whatever,  positive 
or  negative^  integral  or  fractionaL 

548.  The  solution  of  a  cubic  equation,  of  tbe 
form  <t^+ax'+bx=^0^  is  attended  with  no  difficaitj  ; 
since  it  maj  at  once  be  put  under  the  form  a;  x(x*  -f- 
ax+&)=:0 ;  and  it  is  evident  that  the  product  x  X  (x* 
+ax+6)  may  be  =0,  in  two  ways,  that  is,  when 
x=0,  or  x*+ax+b^=iO'y  so  that  nothing  now  re- 
mains, but  to  find  the  values  of  x  in  the  quadratic 
equation  x'-fax+frs=0,  which  are  readily  found  to 

-    V 

be  x==. — ^±i\/((i* — 46).     Consequently  the  three 

values  of  x,  which  answer  tbe  required  condition, 
are  0,  — aJ+i^v/(«' — 46),  and  — Ja— Ay/(o«^46).  ' 

549.  An  adfected  cubic  equation  is  said  to  becofn« 
plete,  when,  after  being  properly  reduced  by  the 
known  rules,  it  is  of  the  farm  x^-k-ax'+b'x+c'^^Q. 
And  it  has  already  been  shown,  (Art.  540),  that  every 
cubic  equation  of  the  above  form,  whose  roots  are  r, 
r^,  r'\  may  be  transformed  into  another  deficient  in  its 
second  term^  by  substituting  y — |a'  for  x  in  the  given 
equation  ;  in  which  case  the  roots  of  the  transformed 
equation  wiU  be  r — ja'  r^—^a'  r"— Jo';  if  therefore 
the  roots  of  the  transformed  equation  be  known,  the 
roots  of  the  given  equation  will  be  known  also. 
Hence  the  resolution  of  a  cubic  equation  complete  in 
all  its  terms  will  be  effected,  if  we  can  arrive  at  the 
resolution  of  it  in  the  form  d?'-f  ax=6.  In  which  a 
and  i,  may  be  any  positive  or  negative  numbers  what- 
ever. 

550.  For  this  purpose,  let  there  be  taken  acssy-f-z, 
.and  tbe  above  equation,  by  substitution,  will  become 
y^+3t^^z+3f/z*+z^+ay+a2=^b. 

Or,  because  3y"z+3yz*==%z(y+2;),  and  ay+az=: 
a(y+z),  it  will  be  y' +2' +(3yr+a)(y +;?)=&. 

Now,  as  another  unA:notffn  Quantity  has  been  intro- 
duced into  the  equation,  anotner  coneit/too  may  be  an- 
nexed to  its  solution.  Let  this  condition  be,  that  Syz-f 
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t  n 

/<i=0,  orz=- 5  in  which   case  the  transformed 

eqaation  becomes  ^ 

y^+2:^=6,  or  by  substitution  ^'—57-^^^  t 

•••  y  •— 6y'=A«* ;  which  equation  solved,  gives 

hare 

^=l/[i6— ^/(ii^+^Va')]  ;   and  a^=y+^=V[-4+ 

V(i*"+iV«*)]+V[i*-^/(i*'+AaO]    .    .  .  (1): 
where  by  taking  a  and  6  in  +  or  — I,  as  they  may 

happen  to  be,  we  have  always  one  root  of  4he  trans- 
formed equation ;  and  this  is  the  formula  which  is 
called  iht  Rule  of  Cardan. 

551.  And  since  one  v^lue  of  a;  is  now  determined, 
the  equation  may  be  depressed  to  a  quadratic,  as  in 
'(Art.  544),  from  which  the  other' two  roots  may  be 
readily  found- 

Et.  1.  Given  ac'+2j;=12,  to  find  the  values  of  x. 

Comparing  this  with  the  general  equation,  (Art. 
549),  x^+ax=:bj  we  have  a=2,  and  6=12;  there- 
fore, by  substituting  these  values  for  d  and  (  in  the 
above  formula  (1), 

x=^[6  +  ^[J6+5V)]+V[6->/(36+iV)]  . 
=  1/(6+6.024633)+  y(6— 6.024633) 
=V(l2.024633)+^(— .024633)=2.29— .29=2. 
One  root  d(  the  equation,  therefore,  is  2  ;  divide 
x^+2a; — 12  by  x — 2,  and  the  quotient  is  x^  —  2aj+6; 
.%  x^—- 2a?+6=0,  whose  roots  are  l±^—5.   Hence, 
the  three  roots  of  the  equation  are  2,  I  +y^ — 5,  1 — 
^ — 5,  the  two  last  of  which  are  imaginart/, 
Ex.  2.  Given  a?' — 48x=il28,  to  find. the  values  of 

Here,  by  comparing  this  with  the  equation,  (Art.. 
549),  we  have  o=— 48,  and  6=128  ; 
.^x=(/[64+v/(4096— 4096)]+^[64-v^(4096— 
4W6)] 

=4/(64+0)+ V(64—0)«4+4=a- 

41* 
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One  root  of  the  equation,  therefore,  is  8  ;  divide 
aj3 — 48x  — 128  byy— 8,  and  the  quotient  is  x^-hSx^ 
16  ;  .•.  a?*+8x+16=0,  whose  roots  are — 4±0 ;  the 
three  roots  of  the  proposed  equation  are  8,  — 4,  — 4, 
the  two  last  of  which  are  equal. 

552.  Hence  we  may  infer,  if  a  be  negativej  and  -s^a^, 
taken  with  a  positive  sign,  equal  to  ^6^,  or  i6*+Jv^* 
=0 ;  then  two  roots  of  the  proposed  equation  are 
always  equal. 

553.  But  if  a  be  negative,  and  ^a',  taken  with  a 
positive  sign,  greater  than  fft^  ;  then  ib^+^^a^  is  a 
negative  quantity;  and  consequently,  \/(i^6*+^a^) 
is  imaginary. 

Although  the  value  of  x  cannot  be  obtained  from 
Cardan^s  formula,  (Art.  550),  by  the  ordinary  me- 
thod, we  are  not,  however,  to  conclude,  that  the  value 
of  a:,  in  this  case,  is  imaginary ;  since  it  may  be 
proved  to  be  a  real  quantity  after  the  following 
manner. 

554.  For  this  purpose,  let  j;b  be  represented  by  a',       '\ 
and  ^/{ib^  +5t^')j  supposed  imaginary,  by  b'^/ — I ; 

thena:=:V(«'+*V—0+V(«'-*V—0-  Now,]et 
.  V(«'+*V— 0.andy(a'— 6V— l)be  expanded  by 
means  of  the  binomial  theorem  ;  and  #ince,  by  adding 
the  resulting  series  together,  the  terms  involving  the 
imaginary  quantity  -v^  — 1  destroy  one  another,  W€ 
shall  have 

n  .*/.  ,   b'^        106'*    ,    1546'«        .     ,       '        ^ 
^  =  2«    (^+9^^-243^+056^  •    •  (^): 

which  is  a  real  expression.-  When  a'  is  greater  than 
6' ;  the  above  series  converges  rapidly,  and  a  few  of 
the  first  terms  will  give  a  near  value  of  the  root  rcr 
quired.  But  if  a'  is  less  than  6',  fc'y'—  1  must  be  put 
ior  the  first  term  of  the  binomial^  and  a'  for  the 
second :  See  Clair aut's  .^/^c6rfl,^Vol.  II. 

Ex.  3.  Given  a^— 6a? =5.6,  to  find  the  values  of  i. 
Comparing  this  with  the  equation  a?^+ax=fr,  wc  have 
dss.— 6,  and  fc=5.6 ;  therefore,  (Art.  550), 
(t=:.i/[2*8+^/(7.84—8)]+t/[2.8 -^(7.84-8)] 
«(/(2te+.V— 1)+(/(2.8  — .4^/— !•) 
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* 

Now,  by  comparing  this  value  of  x,  with  ^(a'H-6' 

v'-l)+-J/(a'-6V-0j  ^e  have  a'=2.8,  and  6'=.4  ; 
•*•  substituting  these  values Yor  a'  and  b'  in  the  abovfe 

formula  (2),  .=23^2.8(1+^-^-^^   &c.) 

=2,82(I +40227— .00002,  &c.)=2.826345  nearlt/, 
Here  three  terms  of  the  series  are  sufficient,  on  ac- 
count of  its  converging  so  rapidly,  to  give  an  approxi- 
mate value  of  Xj  which  is  exact  enough  for  all  prac- 
jtical  purposes.  And,  in  fact,  the  value  may  be  still 
found  more  accurate  by  continuing  the  series  to  five 
or  six  terms. 

Ex.  4.  Given  a;«  — 3z*  — 22r  — 8=0,  to  find  the  va- 
lues of  2^.    '  ' 

Let  2^  ^x+I,  and  the  equation  will  be  transformed 
into  aj'^—5a?  =  12  ;  .••  since  a== — 5,  and  6=12, 

= V(6+5.6009)+  ^(6—5.6009)  =  2.26376+.736 
24=3. 

And,  consequently,  2^=a?+l=4,  or  <2:=±2. 
555,  Two  roots  of  the  proposed  equation,  there- 
fore, are  2  and  —  2 ;,  divide  z'  -^  3^*  -.2z^  —8  by  z* — 
*  4,  and  the /quotient  is  z*+z^+2;  .-.(Art.  529), 
z*  +z2  +2=0,  whose  rootsare  z=±-v/(-- J±J-/  -  7), 
Hence  four  roots  of  the  proposed  equation  are  imagi- 
nary. ■  ^ 

It  may  be  observed  that,  in  genera],  all  equations, 
as  z^"*+az^+6z"*+c=0,  may  be  reduced  to  one  of 
the  third  degree,  by  putting  z'"=x—|a. 

Ex.  5.    Given  a^-f  30a?=I17,  to  find  the  values 

of  X.  Ans.  a?=3,  or  — |±|-v^— 3. 

Ex.  6.  Given  a?^  +9x=270,  to  find  the  values  of  a?. 

Ans.  a;=6,  or  — 3±6^ — 1. 
Ex.  7.  Given  x^  —  36a?=91,  to  find  the  values  of  x. 

Ans.  a?=7,  or  — ii:|v^— 3. 

Ex.  8.    Given  a;'^— 6x«  +  10x— 8=0,  to  find  the 

values  of  x,  Ans.  a?=4,  or  liry^— 1* 
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Ex.  9.  GiTea  «'  — 3«^4a0,  to  find  the  value  of  x. 
Ads.  ^^2.2 i  l.l-l-v'— .68;  — l.l— -y/— .65,  perjr 
nemrlgm 

El.  10.  Given  x*+S4kP=^350,  to  fiod  the  valae  ofa:^  ' 

Alls.  »:=5.05. 

Ex.  11.  Givcnr'— 6z«  +  lSar— 12=x0,  to  find  the 
valaes  of  z.  Ans.  z=3,  or|±Ay/ — 7. 

Es.  13.  Given  3x'—12«'+36£==44,  to  find  the 
valoe  of  «•    ^  Ans.  3.32748,  &c . 

§  Ilf.   RESOLUTION   OF   BIQUADRATIC  EQUATIONS   BV 

THB   XBTHOD   Of    DeS  CaRTES. 

I 

556.  The  same  observation  may  be  applied  to  bt- 
quadratic  equations  as  was  applied  to  cubic  equations 
in  (Art.  549),  that,  since  the  equation  x*+c^x^-+6'x^  . 
+r*x+s''s^O  may  be  transformed,  (Art.  540),  into 
another  which  shall  be  deficient  in  it$  second  term^  and 
whose  roots  shall  have  a  given  relation  to  t|ie  roots  of 
the  given  equation,  the  complete  solution  of  a  bi- 
quadratic equation  will  be  effected,  if  we  can  arrive 
at  the  solution  of  it  in  the  form 

x*+ax  +6x+c=0     ....     (1); 
where  a,  6,  c,  may  be  any  numbers  whatever, /»05iVire 
or  negative. 

557.  In  the  solution  of  a  biquadratic  equation, 
afler  the  manner  of  Des  Cartes^  the  formula  x^+ax' 
+6x+c  is  supposed  to  be  the  product  of  two  quad- 
ratic factors^  Jc*+pJc+9  and  x^+rx+s,  in  which  p^ 
f ,  r,  5,  are  unknown  quantities.  Or,  which  is  the 
same,  the  biquadratic  equation  a?* +aa?*+6ap+c=0  is 
considered  as  produced  by  the  multiplication  of  the 
two  quadratics,  3 
(2)  .  .  .  .  x\+px+q^O]  aj»+r«+5=:0  .  .  .  (3).       \ 

558.  Hence,  by  the  actual  multiplication  of  the 
above  two  factors,  we  shall  have 

®   '{'{p+r)^^+{s+q+pr)x*  +(j>s+qr)x+qs=^ 
x^  •       v  +ax'  +bx+c. 

And,  consequently,  by  equating  the  coefficients  4if 


r 
I. 
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the  like  powers  of  a?,  (Art  4S5),  in  this  last'equation, 
we  shall  have  the  four  following  equations, 

Or,  if  — Pj  which  is  the  value  of  r  in  the  first  of 
these>  be  substituted  for  r  in  the  second  and  third, 

they  will  become,  ^+9=a+p*  5  s — 9=-;  qs=^c* 

Whence,  subtracting  the  square  of  the  second  of 

these  from  that  of  the  first,  and  then  changing  the 

sides  of  the  equation,,  we  shall  haVe 

6* 

o*  +2ap*  +p*, J =4^5,  or  4c. 

f 

And,  therefore,  by  multiplying  by  p',  and  placing 
the  terms  according  to  the  order  of  their  powers,  the 
result  will  give, /)"+2ap*-f(a«— 4c)/)*  =i^    .  .  (4). 

From  whiqh  last  equation,  if  there  be  put  p*  =2:, 
we  shall  have,  r'+2az«  +  («*—4c)2=r62  .   .  .      (5), 

Hence,  also,  since  5+^=a4-p')  and  s — 7=-$  there 

p 

will  arise,  by  addition  and  subtraction, 

*= Ja+ip^  +^  ;  9= J«+ip^  -~^ ; 

where  p  being  known,  s  and  q  are  likewise  known* 

And,  consequently,  by  extracting  the  roots  of  the 
two  assumed  quadratics,  (2)  and  (3);    or  of  their 
equals,  a?' +pa?+9=0,  and  o;^ — px-i-*"=0;  we  shall 
have 
a:=:-^ip±^(ip«-9)     .      .     .     .     i     .     •     .     00; 

x=^p±^ap« -^5)     .........     (7); 

which  expressions,  when  taken  in  +  and  — ,give  the 
four  roots  of  the  proposed  biquadratic,  as  was  required. 

559.  It  may  be  observed,  that  whichever  of  the 
values  of  the  unknown  quantity,  in  the  cubic,  or  re- 
duced equation  (5),  be  used,  the  same  values  of  x 
will  be  obtained. 

560.  To  this  we  may  farther  add.  that  when  the 
roots'  of  the  cubic,  or  reduced  equation  (5),  are 
ail  real,  then  the  roots  of  the  proposed  biquadratic 
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are  M  real  also.     But  if  only  one  root  of  the  cubic 
equation  (1)  be  reaZ,  and,  therefore,  (Art.  554^  the. 
other  two  imagiiiary  ;  then  the  proposed  biquadratic 
will  have  two  real  and  two  imaginary  roots. 

Ex.  1.    Given  the  equation  ac*— 3a?*+6x+8=0, 
to  find  its  roots,  or  the  values  of  x. 

Comparing  this  equation  witha5*+a*'+6a;+^'=0; 
we  have  a=— 3,  6=6,  and  c=8  ;  therefore, 
z'+2az"+(a'— 4c)^— 6*=^'— G^— 23z— 36=0. 

Let  z=y+%  ayd  substitute  y+2  for  z  in  the  lat- 
ter equation  ;  tlie  resulting  equation  is  y*-35y-98= 
0.  iNpw,  by  comparing  this  last  equation  with  a?^-f 
ax=6,  (Art.  549),  we  have  a= — 35,  and  i=98  5 
therefore,  (Art.  550), 
y=M49+iV'(€^856)]+VC49-*^/(65B^6)] 

«:»/(49+28.5J4)+(/(4^— ^^•^'4)*V(77.5i4)+ 
^(20.486) 
=4.264+2.736=7.  . 

Hence,  2:?=y4-2=9,  andp«=z=9,orp=±3  ; 
.•.(Art.  559),  taking p=3,  ^«s— |+*+l=3+l=4, 
and  9=-— 1+1-^1=^^     Cou6equientJjr,  bj  sabstitu* 
ting  these  values  for  p,  f,  and  r,  in  the  equations  (2), 
(3),  we  shall  have 

a?*+3x+2=0,  and  x«  — 3»4-4=0; 

,•,  a?=— |ij,  and  a;=|±Jv'"~'^  ♦  ^ 
so  that  the  four  roots  of  the  given  equation  are  —1. 

Ex.2.   Given  a?*^— 6a?*— 16x+21=0,  to  find  the 
vahies  of  a?.  Ans.  x =3^  or  1 ;  or  —  2±^— 3. 

Ex.3.  Given  the  equation  a?*  — 4«'—8»+323s=0, 
to  find  its  roots,  or  the  values  of  s. 

Ans.  4^  or  9 ;  or  —  1  ±^ — S. 

Ex.  4.   Given  the  equation  «•— eay'+^aj^+Sx- 
lOsO,  to  find  its  roots,  or  the  values  of  x. 

Ans. — I,  or  4-^ ;  o^r  li^v^ — 1« 
Ei.  6.  Given  x^— 9x3 +30x'— 46x4- 34=^6,  to  find 
the  roots,  or  values  of  «• 

Ans*  x=],  or  4  \  9dbv^— 2. 
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Ex.  6.  Given  x*  —  16a:»+9&x«+228x+ 144=0,  to 
find  the  roots,  or  values  of  x. 

Ans.  a;=— 1,  — 3;  or— 6±y/  — 12. 
Ex.  7.  "VVhat  two  numbers  are  those,  whose  pro- 
duct, multiplied  by  the  greater,  is  equal  to  1  ;  and  if 
from  the  square  of  the  greater,  added  to  six  tithes 
the  lesser,  the  cube  of  the  lesser  be  subtracted,  the 
remainder  shall  be  8.  ^ 

Ans.'— v^2±v'(l+-v/2),+v'2±v'(l— -/S). 

§    IV*     BE$0LUT10N   O^  NUMERAL   EQUATIONS    BY    THE 

METHOD    OF    DIVISORS. 

661.  Since  the  last  term  (v)  of  the  equation  (a)  = 
x'*-|-Aa?"^*^+Ba?*"?  .  •  .  •  Tx+v=io,  is  equal  to 
the  product  of  all  its  roots,  (Art.  534),  it  is  evident, 
that  if  any  of  those  roots  be  whole  numbers^  they  will 
he  found  among  the  divisors  of  that  term.  To  dis- 
cover, therefore,  whether  any  of  the  roots  of  a 
given  equation  be  whole  numbers,  we  have  only  to 
find  all  the  divisors  of  its  last  term,  and  substitute 
each  of  them,  first  with  the  sign  +  and  then  with 
the  sign  — ,,for  x,  in  the  given  equation,  such  of 
them  as  reduce  the  equation  to  0=0,  will  be  roots  of 
the  equation. 

-  5G2*  Or,  if  the  divisors  of  the  last  term  should  be 
too  numerous,  the  equation  may  be  transformed  into 
another,  that  shall  have  its  last  term  less  than  that  of 
the  former ;  which  is  done  by  increasing  or  diminish- 
ing the  roots  by  1,  or  some  other  quantity,  as  in  (Art. 
539). 

Ex.  1.  Given  x^ — x^ — .2a?+8=0,  to  find  the  roots 
of  the  equation,  or  values  of  x. 

Here  the  divisors  of  its  last  term,  are  1, 2,  4,  8 ;  sub- 
stitute 1,2,  4,  8,  and  —1,  —2,  —4,  —8,  for  x  in  the 
given  equation,  and  —2,  will  be  found  to  be  the  only 
one  of  these  numbers  which  gives  the  result  0;  — 2 
therefore  is  the  only  integral  root  of  the  equation* 
Hence,  (Art.  529),  »+2  will  divide  ««— a?*— 2x+8 
without  a  remainder  ;  let  this  division  be  made,  and 
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the  qaotient  being  put  equal  to  0,  we  shall  hare  xf  — 
3jb+4sO,  a  quadratic  equation  which  contains  the 
other  two  roots.  The  solution  of  this  quadratic 
gives  «f  ±1  v'  —7  ;  the  three  roots  of  the  given  equa- 
tion, therefore,  are  —2,  |+av/— 7,  J — a^_7. 

563.  The  integral  roots  of  any  numeral  equation 
of  the  kind  above  mentioned,  may  also  be  found,  by 
Nkwton's  Method  of  Divisors,  which  Js  founded 
upon  the  following  principles. 

Let  one  of  the  roots  of  the  equation  (a)=0,  be  — a, 
or,  which  is  the  same,  let  the  proposed  equation  be  re- 
presented under  the  form  (a:4*a)p=0,  where  the  bino- 
mial x+a  denotes  one  of  the  divisors,  or  factors,  of 
which  the  equation  is  composed,  and  p  the  product  of 
the  rest.  Tben,if  three  or  more  tenift  of  the  arithmeti- 
cal series,  2, 1, 0,  — 1,  — 2,  be  successively^^substitut- 
ed  for  X,  the  divisors  of  the  results,  thus  obtained, 
will  be 

a-f2,  a+l>  a,  a—l,  and  a — 2. 

And  as  these  are  also  in  arithmetical  progression, 
it  is  plain  that  the  roots  of  the  given  equation,  when 
inteffral,  will<be  some  of  the  numbers  in  such  a  series. 

whence,  if  a  progression  of  this  kind,«whose  com- 
mon differeuce  is  ],  can  be  found  among ihe  divisors 
of  the  results  above  mentioned,  by  taking  one  num- 
ber put  of  each  of  the  lines,  that  term  of  it  which 
answers  to  the  substitution  of  0  for  x,  taken  in  +  or 
-*,  according  as  the  series  is  increasing  or  decreasing, 
will  generally  be  a  root  of  the  equation. 
,  Ex.2.  Given  x^+x*  — I4x^— 6x^+20x+48=0, 
to  find  the  roots  of  t)ie  equation,  or  values  of  x. 
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Divisors » 
1,2,  5,  10,25,50, 
1,2,3,4,6,  8,  12,24,  48, 
1,2,3,4,6,9,  12,  18,  36, 
Here  the  numbers  to  be  tried  are  2,  3,  —4,  all  of 
which  are  found  to  succeed  ;  so  that  the  equation  has 
three  integral  roots;  namely,  2,  3,  —4,     The  equa- 
tion whose  roots  are  2,  3,  —4,  is  (x — 2).(x — 3).(x+ 
4)=x^ — X*  — l4x+24=;0,  let  the  given  equation  be 
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divided  by  it,  aad  tbe  quotient  i«  x'+2x+^^^0^ 
whose  rooks  are  —l±y/ — 1 ;  the  five  roots  of  tbe 
proposed  equation  are,  therefore,  2,  3,  —4,  — 1  + 
V'  — 1,  — t-tV— I.       . 

564.  If  Are  hifi:hest  power  of  the  ankoown  quan- 
tity baa  any  coefficient  prefixed  to  it,  let  the  equation 
be  asaonied  of  (he  form  {nx+a)Ff=sO,  sinti  substitute 
2,  1,0,  "— 1,  --%  successively  for  a;,  as  in  the  former 
instance. 

Then,  as  before,  the  divisors  of  tbe  several  results, 
arising  from  )his  substitution,  wilt  be  the  terms-of  the 
arithmetical  series 

2n4'0,  n+a,^,  — »+o,  and  — 2n+a ; 
where  the  common  difference  n  must  be  a  divisor  of 
the  first  term  of  the  equation,  or  otherwise  the  opera- 
tion would  not  succeed. 

Hence,  in  this  instance,  the  progressions  imust  be  so 
taken  out  of  the  divisors^  tbat  their  terms  shall  dilBer 
from  each  other  by  some  aliquot  peirt  of  the  coeffi- 
cient of  the  first  term. 

Therefore,  if  the  terms  of  these  series,  standing 
opposite  to  0,  be  divided  by  the  common  difference, 
the  qootient  thus  arising,  taken  in  +  and  — 9  accord- 
ing as  the  progression  is  increasing  or  decreasing, 
.  will  generally  be  the  roots  of  the  equation. 

It'  is  necessary  to  continue  the  series  2, 1,  0,  — *I, 
— 2,  far  enough  to  show  whether  the  correspond- 
ing progression  may  not  break  off,  after  a  cer- 
tain number  of  terms ;  which  it  never  can  do  ^henit 
contains  a  real  rational  root.  ^  ^ 

Ex.  3.. Given  2a;'— 3a;«  +  I6a?— 24=0,  to  find  the 
roots  of  the  equation,  or  values  of  x. 

Substituting  2, 1,0,  —  1,  —2,  successively,  for  «,  as 
in  tbe  former  case,  we  shall  have 


2 

1 

0 

—  1 

—2 


Results. 
12 
—  9 
—24 
—45^ 
—84 


Divisors, 

1,3,3,4,  e,i2,. 

I,  3,  9, 

1,3,  3,  4j    6,    8,&C. 
1,  3,  5,  9,  15,  4d, 
1,3,3,4,    6,    7,&c. 
4S 


Pr6g. 
—I 

+  1 
+3 
+6 

+7 
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Where  the  progreasion  ia  asceoding,  the  oomber  to 
be  tried  U,  therefore,  f,  which  ia  fouMd  to  be  a  root 
of  the  equation. 

Lei  the  given  equation  be  divided  by  9 — |t  and 
the  Quotient  is  '2x^-^16=^0^  whoae  roots  are  ^%^2  ; 
the  three  roots  of  the  proposed  equation  are^  there- 
fore, — i,  +  va»  -^s-v/s. 

Ex.  3.  Given  0?*+*^— 29a;«— 9ac+:lS0^0,  to  find 
the  roots  of  the  equation. 

Ans.  3,  4,  —3,  and  — 5. 
Ex.5.    Given  »*—4«»-- 8a?+32=0,  to  find  the 
root^  of  the  eqtiation,  or  values  of  jc* 

Ans*  a;*s=2,  or  4 ;  or  — \±\/ — ^^3. 

Ex.  6.   Given  ac^— Sa^  +  lOo;— 8==r0,  to  find  the 

integral  root  of  the  equation.  Ans.  2. 

Ex.  7.  Given  a* — Sa?^+a;«+82x-80==0»  to  find 

the  integral  roots  of  the  equation.     Ans.  5,  and  — 3. 

E«.  8.  Givenx*— 9jc3+Ba;2  — 72==:0,  to  find  the 

roats  of  the  equation,  or  values  of  x. 

Ans.  «= — 3,  or  —2,  or  3  ;  or  Idby'— 3. 

§  V.  RESOLUTION  or  EQUATIONS  BY  NeWTOn's  METHOD 

OF    APl^aOXIMATiON. 

565.  The  methods  laid  down  iu  the  preceding  sec- 
tion will  be  found  sufficient  for  determining  the  in- 
tegral or  rational  roots  of  eq^iaiious  of  an  orders ; 
but  when  the  roots  are  irrational y  recourse  must  be 
bad  to.  a  different  propess,  as  they  can  then  only  be 
obtained  by  approximation ;  that  is  to  say,  by  me- 
thods which  are  continually  bringing  us  nearer  to  the 
true  value,  till  at  last  the  error  being  very  small,  it 
l^ay  he  neglected. 

5G6*  Different  methods  of  this  kind  have  been  ' 
proposed,  the  simplest  and  most  useful  of  which,'  as 
Laorange  justly  remarks,  is  that  of  Newton,  first 
published  in  Wallis's  •d/ge&ra,  and  afterwards  at  the 
beginning  of  his  Flu^cions — or  rather  the  improved 
form  of  it,  given  by  Raphson,  in  his  work,  entitled 
Antdjfsis  Xquatimum  Universalis* 
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567»  ^  In  order  to  investigate  the  above-metittoned 
mejthQd,  let  there  be  taken  the  fottowing  general 
equation, 

ac"*-fj^a;*-H-gra?*^-^+rx*»-^4-  . ,  sa?«+r«+t**tte.  (1). 
Then,  su^pposing  a  to  be  a  near  vahie^f  9?,  found  by 
trial,  and  z  to  be  the  remaining  part  of  the  root,  we 
shall  have  x^^a-^z;  and,  consequently^  by  substi- 
tuting thi«  value  for  x  m  thB  given  equation,  there 
will  arise 

(a+z)'»+p(a+^)«-i  +  . .  s{a+zy  +Ka+0+n=0; 
which  last  expression,  by  involving  its  terms,  and 
taking  the  re>uft  in  an  inverse  order,  may  b^  trans- 
formied  into  the  equation 

P+Qr+R2«+S^^+  .  .  •  +^'*=0  .  .  (2), 
where  P,  Q,  R,  &c*  are  polynomialsi  composed  of 
•    certain  functions  c/f  the  known  quantities,  a,  m^  p,  g^ 
r,  &c«  whi(  h  are  derived  from  each  otlier,  according 
to  a  regular  law. 

"  568.  Thus,  by  actually  performinc;  the  <»peratioQ8 
a'bove  indn-ated,  or  by  referrii^  to  (Art*  539),  it  will 
he  found,  that 

which  v^lue  is  ofotaiiied  by  barely  substituting  a  for 
^  in  the  equation  tirst  proposed. 

And,,  by  collecting  the  several  terms  of  the  coeffi. 
cieots  of  z^  it  wi|i  likewise  appear,, that  ' 

which  last  valut-  ls  found  by  multiplying  eacho/  the 
ternns  of  the  forhner  by  the  index  of  a  in  that  term, 
and  dihniniiihing  the.  same  index  by  unity«  . 

6€9*    Ht*nc'e^  since  z  in  equation  (2),  i»,  by  hypo- 
thesis, a  proper  fraction,  if  the  term^  that  involve  its 
'several   powers  «*,  «^,  a:*,  &c.  which  are  all,  socces- 
'  sively,  less  than  r,  t>e,  neglected  in  the  transformed 
6^uation,  we  shall  have 
\     ^       ^  a«+»ft"-*+  ..  .  .  .   +/^+«^ 

And,  consequently,  if  the  numeral  value  ^f  this  ex- 
pfceaiofl  l»e  'caict^ted  to  otie  or  two  places  of  deci- 
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imb,  and  pot  equal  to  i,  the  first  approximate  part  of 
the  root  will  be  z=6,  or  x=^+b^a\ 

Whence  also,  if  thi8  value  of  x^  which  is  nearer  its 
true  value  than  the  assumed  oumber  a,  be  substituted 
in  the  place  of  a  in  the  above  formula,  it  will  be- 
come 

^^mn-—^ + (/It- 1  )pa''''''  +  •  +^  ' 
which  expression  being  now  calculated  to  three  or 
four  places  of  decimals,  and  put  equal  to  c,  we  shall 
have,  for  a  second  approximation  towards  the  un- 
linown  part  of  the  root 

z=c,  or  a?=tf'4-c=a\ 
And,  by  proceeding  in  this  manner,  the  approxi- 
mation may  be  carried  on  to  any  assigned  degree  of 
exactness;  observing  to  take  the  assumed  root  a  in 
defect  or  excess,  according  as  it  approaches  nearest 
to  the  root  sought,  and  addmg  or  subtracting  the 
corrections  6,  c,  &c.  as  the  case  may  require. 

570.  A  negative  root  of  any  equation  may  also  be  . 
found  in  the  same  manner,  by  first  changing  the  signs 
of  all  the  alternate  terms,  (Art.  54 1),  and  then  taking 
the  positive  root  of  this  equation,  when  determined  as 
above,  for  the  negative  root  of  the  proposed  equa- 
tion* 

571.  Tn  the  practical  application  of  this  rule  we 
must  endeavour  to  find  two  whole  numbers,  between 
which  some  one  root  of  the  given  equation  lies;  and 
by  substituting  tach  of  them  for  x  in  the  given  equa- 
tion, and  then  observing  which  of  them  gives  a  result 
most  nearly  equal  to  0,  we  shall  ascertain  the  whole 
number  to  which  x  most  nearly  approaches ;  we  most 
then  assume  a  equal  to  one  of  the  whole  numbers 
thus  found,  or  to  ^ome  decimal  number  which  lies 
between  them,  according  to  the  circumstances  of  the 
case; 

572.  Since  any  quantity,  which  from  positive  be* 
comes  negative,  passes  through  0  (Art.  496);  if  any 
two  whole  num'bers,  n  and  n' ;  one  of  which,  when 
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scilistitiited  for  x  in  the  proposed  equation,  gives  a 
positive^  aiid  the  othef  a  negative  resuft;  one  root  of 
the  equation  will,  therefore,  Ke  between  n  and  n'« 
This,  of  course,  goes  upon  the  supposition  that  the 
equation  contains  at  least  one  real  root. 
>  673.  It  is  necessary  to  observe, that,  when  a  is  a 
much  nearer  approximation  to  one  root  of  the  given 
equation  than  to  any  other,  then  the  foregoing  method 
oi  approximation  can  only  be  applied  with  any  de- 
gree of  accuracy.  To  thi^  we  also  farthei^  add;  that, 
when  some  of  the  roots  are  nearly  equal,  or  differ 
from  each  other  by  less  than  unity,  they  may  be 
passed  6ver  without  bein^  perceived,  and  by  that 
means  render  the  process  illusory ;  wRich  circum* 
stance  has  been  parttcularfy  noticed  by  Laoranoe, 
who  has  given  a  new  and  improved  method  of  ap- 
proxfmatibn,  in  his  Traiti  de  la  Resolution  des  Eqtrn' 
iions  Mimirvjues.  See,  for  farther*  particulars  rela- 
ting to  this,  and  other  methods,  Bonnvcastle^iS  Alge- 
Ura^  or  BitmoE^s  Eifuations. 

Ex.  1.    Given  x^+'2x' — 8ai==24,  to  find  the  value 
of  X  by  approximation. 

Here  by  substituting  0, 1^  2,  3, 4,  successively  for  x 

in  the  given  equation,  we  find  that  one  root  of  the 

equation  lies  between  3  and  4,  and  is  evidently  very 

nearly  equal  to  3.    'i'herefore  let  a=3,  and  «=«+;?. 

Cx'=a^+Sa'z+3a2*+z^ 

Then  <2a;»=2a^+4az+2z^ 

(-8a;  =  — 8a— 8z 

And  by  rejecting  the  terms  z'+3az«  +2z*,(Art.569), 

as  beipg  small  in  comparison  with  z,  we  shall  have 

a^+2a»--8a+3x«z+4az— 8z=s24  j 

.  24— a*  — 2a«+8/i      3  • 

3a«  +  4a— 8  31 

and  consequently  j?=a+'?^3.09,  iiearltf. 

Again,  if  3.09  be  substituted  for  a,  in  Che  last  equa*. 
tion,  we  shall  have  z=^ 
24-~a>— 2a»+8a_24-^29.5036a9-19*0969-ft4>7» 

3a«-f^--8  *""  28.6443+ 1 ig.SS— 8 

42* 
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S.00364 ;  and  coQ8eqaeDtly«==a+z3s3.094- .00364 
^=^•09364,  for  a  $€cmid  approxvnalian.  . 

And,  if  the  first  four  figure8y3.09S,  of  this  number, 
be  substituted  for  a  in  the  same  equation  an  approxi- 
mate value  of  w  will  be  obtained  to  six  or  seven 
places  of  decimals.  And  by  proceeding  in  the  same 
manner  the  root  may  be  found  still  more  correctly. 

Ex.  2..  Given  $x*+4x*—5x,^U0j  to  find  the  va- 
lue  of  X  by  approximation.  Ans.  x^2.07264. 

Ex.  3.  Given  x  — 9x»+8aj»— 3«+4— 4),  to  find 
the  value  of  x  by  approximation. 

Ans.  cr=  1.1 14789. 

Ex*  4.  Given  x'+33.3a''«39x—93.Sa:0,  to  find 
the  values  of  x  by  approximation. 

Ads.  ap=s2.782 ;  or— 1.36 ;  or— 34.72;  verff  nearly. 

Ex.  5.  Find  an  approximate  value  of  om  root  of 
the  equation  «'-|-«'+x =90.  Ans.  x^4A0^S^ 

Ex.  6.     Given  **+6.76««  +  4.6a? — 10.26=^0,10 
find  the  values  of  «  by  approximation. 
Ans.  a?s.90018 ;  or — ^9.023;  or— 5«627 ;  very  nearly. 
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Algebraic  Method  of  demonstrating  the  Propositions  in 
the  fifth  book  of  Eiu:lid*s  ElementSy  according  to  the 
text  and  arrangement  in  Simson*s  edition* 

SIMS0N-'3  Eaclid  is  undoubtedly  a  work  of  gr^at 
merit,  and  is  in  very  general  use  among  matbema- 
ticidns;  but  notwithstanding  all  the  efforts  of  that 
able  commentator,  the  fifth  book  still  presents  great 
difficulties  to  learners,  and  is  in  general  less  under^ 
stood  than  any  other  part  of  the  elements  of  Geome^ 
try.  The  present  essay  is  intended  to  remove  these 
difficulties,  and  consequently  to  enable  learners  to 
understand  in  a  sufficient  degree  the  doctrine  of  pro* 
portion,  previously  to  their  entering  on  the  sixth 
bookof  £ucrid,in  which  that  doctrine  is  indispensable. 

1  have  omitted  the  demonstrations  of  several  pro- 
positions, which  are  used  by  Euclid  merely  as  lem- 
mata, but  are  of  no  consequence  in  the  present 
method  of  demonstration. 

Instead  of  Euclid^s  definition  of  proportion,  as^ 
given  in  his  Mh  definition  of  the  5th  book,  I  make 
use  of  the  common  algebraic  definition  ;  but  I  have 
shown  the  perfect  equivalence  of  these  two  defini* 
tions.  This  perfect  reciprocity  between  the  two  de- 
finitions is  a  matter  of  great  importance  in  the  doc- 
trine of  propoption,  and  has  not  (as  far  as  I  can  learn) 
beentliscussed  by  any  preceding  mathematician. 

With  reM>ect  to  compound  ratio,  I  have  also  given 
ahother  definition  of  it  instead  of  that  given  by  Dr. 
Simson ;  as  his  definition  is  found  exceedingly  ob- 
scure by  bc^nners,  and  is  in  my  j[udgment  one  of  the 
most  objectionable  things  in  his  edition  of  EticUd's 
Eleioents. 

~  The  literal  operations  made  use  of  in  the  present 
papor  are  extremely  simple,  and  require  very  little 
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{previous  knowledge  of  algebra  to  render  them  intel- 
igible. 

^he  algebraic  signs  commonly  ased  to  indicate 
greater^  equals  UsSj  are  ^,  =,  '^ :  thus  the  three  ex- 

Sessions  a\b^  c=rf,  «^f,  signify  that  a  is  greater 
an  iy  that  c  is  equal  to  d,  and  that  e  is  less  than  /• 
The  expression  €»<{  is  called  an  equation  or  equality ; 
the  others  «Xfr^  e^/,  are  called  inequalities. 

Also  when  four  quantities  are  proportionals,  we 
shall  express  this  relation  in  the  nsnal  mode  by 

points:  thus, 

A  :  B  : :  C  :  D 
is  to  be  read,  A  is  to  B  as  C  is  to  D ;  Or,  A  has  the 
same  ratio  to  B  that  C  has  to  D. 

THE  ELKMENTS  OF  EUCXID,  BOOK  V. 

DefinUions* 
I.     • 
A  less  magnitude  is  said  to  be  a  pari  of  a  greater, 
when  the  less  measures  the  greater,  that  is,  when  the 
less  is  containedTa  certain  number  of  times  exactly  in 

the  greater. 

II. 
A  greater  magnitude  is  said  to  be  a  muliiplc  of  a 
less,  when  the  greater  is  measured  by  the  less,  that 
isf  when  the  greater  contains  the  less  a  certain  nmn- 
ber  of  times  exactly. 

III. 
Ratio  is  a  mutual  relation  of  two  magnitudes  of 
the  same  kind  to  one  mother  in  respect  to  quantity. 

!¥• 
Magnitudes  are  said  to  have  a  ratio  to  one  another* 
when  the  less  can  be  multiplied  so  as  to  exceed  the 
ether. 

V. 
The  ratio  of  the  magnitude  A  to  the  m^nttde  B  is 
the  number  showfng  how  often  A  contains  B ;  or, 
which  is  the  same  thing,  it  is  the  quotient  when  A  is 
numerically  dhnded  by  B,  wheflier  this  quotient  be 
mtegral,  fractional,  or  snrd. 
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Explication^ 

This  fifth  definition,  with  its  corollaries,  is  used  in 

the  present  essay  instead  of  Euciid^s  5th  and   7th 

definitions:  the  following  exannple^r will  sufficiently 

illustrate  the  definition*      Let  Ass^O,  and   B=:5, 

A        20 
then  the  ratio  of  A  to  B,  or  of  20  to  5,  is-^^  or  — ,  or 

4,  so  that  the  ratio  of  20  to  5  is  4«     Again  let  A=s5, 

A      6      I 
and  B=20,  then  "d  "^^o^P  aftd  therefore  the  ratio 

^f5to20is~-     Lastly  let  A=:12v^2,    and    Bs:4, 

A    -  12a/2 
then  -^ss  "j^    i=£3^2,  and  therefore  the  ratio  of 

12^/2  to  4  is  Sv'S. 

Corollary  L     If  four  magnitudes  A,  B,  C,  D,  be 

,      .   ..      A     C  .   .       .^        ,         .      ,  , 
^  so  related  that  'd'=tti  >t  is  evident  the  ratio  of  A  to 

B  is  the  same  with  the  ratio  of  C  to  0. 

Cor*  IL  Any  four  magnitudes  whatever,  so  related 
that  the  ratio  of  the  first  to  the  second  is  the  same 
with  the  ratio  of  the  third  to  the  fourth,  may  be  ex- 
pressed by  , 

rA,  A,  rB,  B ; 
the  first  of  the  four  being  rA,  the  second  A,  the  third 
rB,  and  the  fourth  B  ;  the  magnitudes  A  and  B  being 
any  whatever,  and  the  letter  r  denoting  each  of  the 
two  equal  ratios  or  quotients  when  the  first  rA  is  di« 
^ided  by  the  second  A,  and  the  third  rB  divided  by 
the  fourth  B. 

Cor*  II L     When  four  magnitudes  A,  B,  C,  D,  are 

AC 

BO  related  that  ^  is  greater  than  ^  it    is    evident  ^ 

that  the  ratio  of  A  to  B  is  gj'eater  than  the  ratio  of 
C  to  D ;  or  that  the  ratio  of  C  to  D  is  less  than  the 
ratio  of  A  to  B. 

The  Fifth  Definition  according  to  Euclid. 
The  first  of  four  magnitudes  is  said  to  have  the 
sume  ratio  to  the  second  which  the  third  has  to  the 
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fourth,  when  any  equitnoltiples  whatsoeyer  of  the 
first  and  third  being  taken,  and  any  eqbimnltiples 
Whatsoerer  of  the  second  and  fourth,  if  the  mufttple  of 
the  first  be  less  than  that  of  the  second,  the  multiple 
of  the  third  is  also  less  than  that  of  the  fourth;  or,  if 
the  multiple  of  the  first  be  equal  to  that  of  the  second, 
the  multiple  of  the  third  is  also  equal  to  that  of  the 
fourth  ;  or  if  the  multiple  of  the  first  be  greater  than 
that  of  the  second,  the  multiple  of  the  third  is  also 
greater  than  that  of  the  fodrth. 

Scholium.  We  shall  demonstrate  towards  the 
close  of  this  essay,  that  this  definition  of  Eqciid's  and 
our  5th  definition,  according  to  the  common  algebraic 
method,  are  not  only  consistent  with  each  ether,  bot 
also  perfectly  equivalent,  each  comprehending  what- 
soever is  comprehended  by  the  other. 

Vi. 

When  four  magnitudes  are  proportiooala,  it  is  usu- 
ally expressed  by  saying,  the  first  is  to  the  second  as 
the  third  to  the  fourth* 

7%e  Seventh  Definition  according  to  Euclid* 
When  of  the  equimultiples  of  four  magnitudes, 
(taken  as  in  the  fifth  definition)  the  multiple  of  the 
first  is  greater  than  that  of  the  second,  but  the  mul- 
tiple of  the  third  is  not  greater  than  that  of  the  fourth ; 
then  the  first  is  said  to  have  td  the  second  a  greater 
ratio  than  the  third  has  to  the  fourth ;  and,  on  the 
contrary,  the  third  is  said  to  have  to  the  fourth  a 
less  ratio  than  the  first  has  to  the  second. 

VIII. 
Analogy  or  proportion  is  the  equality  of  ratios. 

Omitted. 
X. 
When  three  magnitudes  are  proportionals,  the  first 
is  said  to  have  to  the  third  the  duplicate  ratio  of  that 
which  it  has  to  the  second. 

XI. 
When  four  magnitudes  are  continued  proportionals, 
the  first  is  said  to  have  to  the  fourth  the  tripikate 
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ratio  of  that  which  it  has  to  the  second,  and  so  on, 
<|uadniplicate,  &c*  increasing  the  denomination  still 
by  unity  in  any  number  of  proportioTials, 

Pe&nitipn  A,  viz*  of  compound  ratio,  omitted* 

In  propdrtionals,  the  anjtecedent  terms  are  called 
homologous  to  one  another,  as  also  the  consequents 
tt>  one  another* 

XIII. 

Permutando,  .or  Alternando,  by  permutation,  or  by 
aUernation,  or  alternately,  are  terms  used,  when  of 
four  proportionals  it  is  inferred  that  the  first  is  to  the 
third  as  the  second  to  the  fourth. 

XIV. 

Invertendo,  by  inversion,  or  inversely,  when  of 
four  proportionals,  it  is  inferred  that  the  second  id  to 
the  first  as  the  fgurth  to  the  third. 

XV.  ..       , 

Componendo,  by  composition,  when  it  is  inferred 
that  the  sum  of  the  first  and  second  is*  to  the  second 
as  the  sum  of  the  third  and  fourth  is  to  the  fourth. 

XVI. 

Dividendb,  by  division^  when  it  is  ijaferred  that  the 
excess  of  the  first  above  the  second  is  to  the  second 
as  the  excess  of  the  third  above  the  fourth  is  to  the 
fourth. 

XVII. 

Convertendo,  by  conversion,  or  conversely,  when 
it  is  inferred  that  the  first  is  to  its  excess  above  the 
second)  as  the  third  to  its  excess  above  the  fourth. 

XVllI. 

Ex  squali  (sc.  distantia),  or  ex  a&quo,  from  equality 
of  distance/when  there  is  any  nu'rnber  of  magnitudes 
more  than  two,  and  as  many  otliers,  so  that  they  are 
proportionals  when  taken  two  and  two  .of  each  rank, 
and  it  is  inferred  thkt  the  first  is  to  the  last  of  the  first 
rank  of  magnitudes  as  the  first  is  to  the  last  of  the 
others:  of  this  there  are  the  two  following  kinds, 
which  arise  from  the  different  order  in  which  the 
magnitudes  are  taken  two  and  twor 
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XIX. 

Ex  aeqoali,  from  equality :  this  term  is  used  simplf 
hy  itself^  when  the  first  magnitude  is  to  the  secoad  of 
the  first  rank,  as  the  first  to  the  second  of  the  other 
tank,  and  the  second  to  the  third  of  the  first  rank  as 
the  second  to  the  third  of  the  other;  and  so  on  in 
order;  and  it  is  inferred  that  the  first  is  to  the  last  of 
the  fint  rank  as  the  first  is  to  the  last  of  the  other 
rank. 

XX. 

Ex  equali,  in  prdportione  perturbata,  seu  inordi* 
nata,  from  equality  in  perturbate  proportion :  this 
term  is  used  when  the  first  is  to  the  second  of  the 
first  rank  as  the  last  but  one  to  the  last  of  the  other 
rank,  and  the  second  is  to  the  third  of  the  first  rank 
as  the  last  but  two  to  the  last  but  one  of  the  other 
rank,  and  so  on  in  a  cross  order ;  and  it  is  inferred 
that  the  first  is  to  the  last  of  the  first  rank  as  the  first 
is  to  the  last  of  the  other  rank'. 

XXI. 

If  A,  6,  C,  D,  be  any  number  of  magnitudes  of  the 
same  kind,  and  P  any  other  magnitude;  and  if  we 
make  A :  B : :  P  :Q;  and  B  :  C  :  :Q  :  R ;  and  C  :  D 
: :  R :  S ;  the  ratio  of  P  to  S  is  said  to  be  compounded 
of  the  ratios  of  A  to  B,  B  to  C,  C  to  D. 

AXIOMS.  ' 

I..  Equimultiples  of  the  same,  or  of  equal  magni- 
tudes, are  equal. 

II.  These  magnitudes  of  which.the  same,  or  equal 
magnitudes,  are  equimultiples,  are  equal  to  one  ano- 
ther. 

III.  A  multiple  of  a  greater  magnitude  is  greater 
than  the  same  multiple  of  a  less. 

IV.  That  magnitude  of  which  a  multiple  is  greater 
than  the  same  multiple  of  another,  is  greater  than 
that  other  magnitude. 

PROPOSITIONS. 

Propositions  I.  il.  III.  V.  and  VI.  are  omitted,  as 
they  do  not  treat  of  proportion,  and  are  not  wanted 
Sd  the  method  of  demonstration  adopted  In  this  essay. 
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PROP.  IV.   THEOR. 

If  the  first  of  four  magnitudes  has  the  same  ratio  to 
.  the  second  which  the  third  has  to  the  fourth ;  then 
any  equimultiples  whatever  of  the  first  and  third  shall 
have  the  same  ratio  to  any  equimultiples^  of  the  se- 
cond and  fourth ;  that  is,  the  equimultiple  of  the  first 
shall  be  to  that  of  the  second  as  the  equimultiple  of 
the  third  is  to  that  of  the  fourth. 

DEMONSTRATION. 

By  Cor.  2.  Def.  5,   let  any  four  proportionals  be 
represented  by 

r A,  A,  rB,  B ; 
and  m  anJ  n  being  any  two  integers  greater  than 
unity,  the  equimultiples  of  rA  and  rB  will  be 

mrAyinrB; 
and  in  like  manner  the  equimultiples  of  A,  B,  will  be 

nAi  nB. 
We  are  to  prove  that  the  four  following  quantities. 
mrA,  tiAt  mrB,  nB,  are  proportionals. 

By  Def.  5.  the  ratio  of  mrA  to  nA  is — r-==- — > 
•^  '  nA       n 

and  the  ratio  of  wrB  to  nB  is — fr= — : 

no  —  n 

.      , '  .  ,      tnr 

now  these  two  ratios  bemg  each=  — 

n 

are  manifestly  equal  to  each  other,  and  therefore  by 

Cor.  1.  Def.  5. 

mrA :  nA  : :  iwrB  :  nB.  Q.  E.  D. 

CoR.    Likewise  if  the  first  be  to  the  second  as  the 

third  to  the  fourth,  then  also  any  equimultiples  of  the 

first  and  third  shall  have  the  same  ratio  to  the  second 

and  fourth ;  and,  in  like  manner,  the  first  and  third 

shall  have  the  same  ratio  to  any  equimujliples  of  the 

second  and  fourth. 

DEMONSTRATION. 

,   We  have  first  to  prove  that  the  four  following, 
mrA,  A,  mrB,  B  are  proportionals. 

The  ratio  of  mrA  to  A  ia— 7— =f/ir, 

A  '     . 

43 
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V 

\ 

and  the  ratio  of  mrB  to  B  ie— ^a^wir  5 

Therefore  mrA:  A  :  :  mrB :  B. 
in  like  manner  we  prove  that  rA  :  nA  :  :  rB  :  nB. 

PROP.    A.    TH£OR.     '' 

If  the  first  of  four  magnitudes  has  the  same  ratio 
to  the  second  which  the  third  has  to  the  fourth ;  then 
if  the  first  be  greater  than  the  second,  the  third  is  also 
greater  than  the  fourth  ;  if  equal,  equal ;  and  if  less^ 
less* 

DEMONSTRATION.  , 

By  Cor.  1  •  Def.  5.  any  four  proportionals  may  be 
expressed  by 
*  rA,  A,  rB,  B. 

If  we  have  rA^^,)  ifrA=A,^  if  rAi^,) 
then  bv division  r/Ll, >  then  r=l,>  then  rLlS 
and  by  multip.  rB/LB,)  and  rB=B,>  and  rBZLB.) 

Q.  E.  D. 

PROP*    B*    THEOR. 

If  four  magnitudes  are  proportionals,  tbey  are  pro- 
portionals also  when  taken  inversely. 

DEMONSTRATION. 

Lct'rA,  A,  rB,  B  be  any  four  proportiotials,  we  are 

to  prove  that  A,  rA,  B,  rB  will  also  be  proportionals. 

A     1 
The  ratio  of  A  to  rA  is-—  =-, 

r  A     r 

B      1 

and  tlie  ratio  of  B  to  rB  isnr>=--  5 

rJt)     r 

and  therefore 

A  :  rA  :  :  B  :  rB.  Q.  E.  D. 

PROr.    C*   TUEOR. 

If  the  first  be  the  same  multiple  of  the  second,' or 
the  same  part  of  it  that  the  third  is  of  the  fourth ;  the 
first  is  to  the  second  as  the  third  is  to  the  fourth. 

DEMONSTRATION.  ^ 

1.  Supposing  m  to  be  any  integer  greater  than 
unity,  let  mA  the  first  be  the  same  multiple  of  the 
second,  that  mB  the  third  is  of  the  fourth  B  ;  we  are 
to  prove  that  inA^  A,  mB,  B  are  proportionals. 
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The  ratio  of  mA  to  A  is — -r=ni, 

A 

and  the  ratio  of  mB  to  B  is — 5=m, 

u 

therefore  mA  :  A  :  :  mB :  B. 

2.  The  letter'^  fii  still  deAoting  an  integer  greater 

than  anity,  let  A  the  first  be  the  same  part  of  mA 

ttie  second,  that  B  the  third  is  of  mB  the  fourtl^ ;  then 

we  are  to  shew  that 

.  'Ay  mA,  B,  mB  are  proportionals. 

A       1 
The  ratio  of  A  to  mA  is— t= — , 

mA    m 

B       1 
and  the  ratio  of  B  to  mB  is— 5:= — ; 

'  ttiD     m 

therefore 

A  :  mA  :  :  B  :  mB.  Q*E.  D. 

PROP.    P.    THEOR. 

If  the  ^  first  be  to  the  second  as  the  third  to  the 
fourth,  and  if  the  first  be  a  muhtple,  or  part  of  the 
second ;  the  third  is  the  saoae  mtiltipie,  or  the  same 
part  of  the  fourth. 

0BMOfrSTRATlON. 

Any  four  proportionals  being  expressed  by 

rA,  A,  rB,  B; 

1.  Let  the  first  rA  be  a  multiple  of  A,  then  it  is  to 
be  proved  thatrB  is  the  same  muitipie  of  B« 

Because  rA  is  a  multiple  of  A,  it  u  evident  that  r 
is  an  integer  greater  than  unity,  and  r  being  such  an 
iutei^er,  rA,  and  rB  are  manifestly  equimultiples  of  A 
and  B. 

2.  If  rA  be  a  part  of  A,  we  are  to  show  that  rB  is 
the  same  part  of  B. 

A      1 

Because  rA  is  a  part  of  A,  thereA»re-7=-  must 

^  r\     r 

be  an  integer  greater  than  unity ;  but-^,    when    re- 
duced, is  also  equal  to  -,  that  is,  to  the  same  integer, 
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and  therefore  rA,  rB,  are  the  aame  parts  af  A  and  B. 

q.  E.  D. 

PROP.  VII.    THEOR. 

Equal  magnitadea  have  the  aaane  ratio  to  the  aaoie 
mi^itade ;  and  the  same  has.  the  same  ratio  to  equal 
maguitodes. 

DBMOIISTRATIOV. 

Let  A  and  B  be  any  two  equal  magnitudes,  and  C 
anj  other,  we  are  to  prove  that  A  and  B  have  each 
the  same  ratio  to  C,  and  that  C  has  the  same  ratio  to 
A  and  B. 

Because  by  hypothesis  A=B, 

therefore  ]ff  division  ^=o~> 

thatis,  A:C::B:C. 
Again,  since  by  hypothesis  A=B, 

C      C 
therefore  by  division  t~— "o  5 

that  is,  C  :  A  : :  C :  B.  Q.  £.  D. 

PROP.   Till.   THEOR. 

Of  unequal  magnitudes  the  greater  has  a  greater 
ratio  to  ttie  same^  than  the  less  has ;  and  the  same 
magnitude  has  a  greater  ratio  to  the  less,  than  it  has 
to  tile  greater. 

DEMONSTRATION. 

Let  A  and  B  be  two  unequal  magnitudes,  of  which 
A  is  the  greater,  and  let  C  be  any  magnitude  whatever 
of  the  same  kind  with  A  and  B :  it  is  to  be  shown 
that  the  ratio  of  A  to  C  is  greater  than  the  ratio  of 
B  to  C ;  and  also  that  the  ratio  of  C  to  B  is  greater 
than  the  ratio  of  C  to  A. 

I.   Because  by  hypothesis  A>B, 

therefore  by  division  Q>Q-i 

that  is,  the  ratio  of  A  to  C  is  greater  than  the  ratio 

of  B  to  C. 

3.  Because  by  hypothesis  A:^B,  therefore  B^.A, 

C      C 
and  therefore  by  division  we  haveig--7— » 
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b^caase  the  less  the  diWsordfC  is,  the  greater  is  tbe 
quotient ;  and  therefore  the  ratio  of  C  to  B  is  greater 
lbai»  the  ratio  of  C  to  A.  Q*  £•  D. 

PitO>.    IX*   tHEOft. 

.    Bldgnitudes  wMch  hav^  the  same  ratio  to  th6  s&me 
magnitude  are  equal  to  one  another;  and  those  t6 
which  the  same  magnrHtde  has  the  same  ratio,  are 
'  equal  td  One  another. 

DEMONSTRATIOIf; 

1  •  Let  A  and  B  have  the  same  ratio  to  C,  it  is  to 

be  proved  that  A  is  equal  to  B. 

.  Because  A  and  B  have,  bj  hypothesis,  the  same 

A     B 
ratio  to  C,  therefore  we  have  the  equalit)  -^=g-, 

and  therefore  by  multiplicatron  A^B. 

2»  Because  by  hypotbesisvC  has  the  same  ratio  to 

C    C 
A  as  to  B,  therefore  we  have  the  equality  T=jr' 

therefore,  by  dividing  by  C,  and  multiplying  by  A  and 

B,  we  have  A^^s^B.  Q.  E.  D. 

PROP.'X.    THEOR. 

That  magnitude  which  has  a  greater  ratio  than 

another  has  to  the  same  magnitude,  is  the  gn^ter  of 

the>  two  :  and  that  magnitude  to  which  the  same  has  a 

^  greater  ratio*  than  it  has  to  another,  is  the. less  of  the 

two. 

PEMOKSTRATION. 

1.  Let  A  have  to  C  a  greater  ratio  than  B  has  to 

C,  it  b  to  be  proved  that  A  is  greater  than  B: 

A      V  B 
Since  the  ratios  of  A  and  B  to  C,  are-p  and  ^, 

therefore  by  supposition-p>p-> 

and  therefore  by  multiplication  A>B. 

2.  Here  the  ratio  of  C' to  B  is  greater  than  the 
-  ratio  of  C  to  A,  and  we  have  to  prove  that  B  is  less 

llian  A : 

C    C 

We  have,  therefore  by  hypothesis  -^^  ^ — , 

B     A 

43* 
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Since  then  C  contains  B  oftener  than  C  contains  A, 
it  i$  manifest  that  B  must  be  less  than  A. 

PmOF.  XI*   THEOB. 

Ratios  that  are  the  same  to  the  same  ratio,  are  the 
same  to  one  another. 

DEMONSTRATION. 

Let  A  be  to  B  as  C  to  D,  and  also  E  to  F  a^  C  to 
D  ;  it  is  to  be  shown  that  A  is  to  B  as  E  is  to  F. 

A    C  ' 
Because  A  is  to  B  as  C  to  D,  therefore-^=^, 

EC 
for  the  same  reason-pr-=g"> 

A         E  rs  r*     n 

therefore  g-=|r>  that  is,  A  :  B  : :  E  :  F. 

Q.  E.  D. 

PROP.  XII. 

If  any  number  of  magnitudes  be  proportionals,  as 
one  of  the  antecedents  is  to  its  consequent,  so  shall 
all  the  antecedents  taken  together  be  to  all  the  con- 
sequents. 

DEMONSTRATION. 

By  Cor.  2.  Def.  5.  any  number  of  proportional? 
may  be  expressed*  by  rA,  A  ;  rB,  B  ;  rC,  C  ; 

Where  rA,  rB,  rV,  are  the  antecedents,  and  A,  B^ 
C,  the  consequents ;  and  we  are  to  prove  that 

as  rA  is  to  A,  so  is  rA+rB+rC  to  A+B+C. 

rA 
The  ratio  of  rA  to  A  is  expressed  by-T-=r, 

and  the  ratio  of  rA+rB+rC  to  A+B+C,  by 

r  A+rB+rC  .        - 

',  „  ,  ^  =gr ;  and  therefore 
A+b+O 

rA  :  A :  :  rA+rB+rC :  A+B+C. 

Q.  E.  D. 

PROP.    XIII.    THEOR. 

If  the  first  has  to  the  second  the  same  ratio  which 
the  third  has  to  the  fourth,  but  the  third  to  the  fourth 
a  greater  ratio  than  the  fifth  has  to  the  sixth ;  the 
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first  shall  also  have  to  the  second  a  greater  ratio  than  - 
the  fifth  has  to  the  sixth. 

PEMONSTRAtlON* 

Let  A,  B,  C,  D,  E,  F  be  the  first,  second^  third,  - 
fourti),  fifth,  and  sixth  magnitudes  respectively^ 
The  ratios  of  A  to  B,  of  C  to  D,  and  of  £  to  F 
ACE 

^"^B'D'F^ 

and  since  by  hypothesis  -^=|y, 

C     E     • 
and  also  '5>|r> 

A     E 
therefore  we  have^^pT.  O   E  D 

Cor.  And  if  the  first  have  a  greater  ratio  to  the 
second  than  the  third  has  to  the  fourth,  but  the  third 
the  same  ratio  to  the  fourth  which  the  fifth  has  to,  the 
sixth ;  it  may  be  demonstrated,  in  like  manner,  that 
the  first  has  &  greater  ratio  to  the  second  than  the 
fifth  has  to  the  sixth. 

PROP.    XIV.    THEOR. 

If  the  first  has  to  the  second  the  same  ratio  which 
the  third  has  to  the  fourth ;  then,  if  the  first  be 
greater  than  the  third,  the  second  shall  be  greater 
than  the  fourth  i  if  equal,  equal,  and  if  less,  less. 

DEMONSTRATION. 

Let  rA,  A,  rB,  B  be  any  four  proportionals. 

1.   Suppose     rA^rB^ 
then  by  division   A  7:^  B : 
next,    su^ppose    rA=rB, 
then  by  division  A=  B: 
lastly,  suppose    rA  ZrB, 
then  by  division    A  '^  B.  '  Q.  E.  D. 

PROP.    XV.    THEOR. 

Magnitudes  have  the  same  ratio  to  one  another 
which  their  equimultiples  have. 

DEMONSTRATION. 

Let  A,  B  be  any  two  magnitudes  of  the  same  kind ; 
and  nt  being  any  integer  grfiter  than  unity,  let  mA. 


^  I 
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mBj  be  eqitiaiQkipIas  of  A,  B;  it  is  to  be  proved 

that 

A,  B,  01  A,  mB'are  proportionals. 

A' 
The  ratio  of  A  to  B  is  the  numerical  quotient-^) 

and  the  ratio  of  mA  to  mB  is  — ^9  which  ia  r^du^ible 

A      -       ^        ,  .A   fwA 

to  K-j  therefore  the  two  ratios  g'>"~^*re  equal,  and 

therefore 

A  :*B  : :  mA :  mB* 

PROP.   XVK    THEOR. 

If  four  magnitudes  of  (he  same  kind  be  proppr- 
tionaisy  the;  shall  also  be  proportionals  when  taken 
alternately. 

DEMONSTHATION.        ,  -  ^ 

We  may  express  any  four  proportionals  by 

rA,  A,  rB,  B, 
and  we  are  to  demonstrate  that  the  four 

rA,  rB,  A,  B, 
will  also  be  proportionals.* 

IT  A. 

The  ratio  of  rA  to  rB  is--jT,   which,  because  the 

factor  r  is  in  both  numerator  and  denominator,  it 

A. 
evidently  reducible   to  ^ :    again  the  ratio    of  the 

third  A  to  the  fourth  B  is  also^ ;  therefore,  the  two 

ratios,  viz.  of  rA  to  rB,  and  of  A  lo  B,  being  equal, 
we  have 

rA:rB::A:B. 

Q.  E.  D. 

PROP.    XVII.    TIIEOR. 

If  magnitudes  taken  jointly  be  proportronais,  they 
shall  also  be  proportionals  when  taken  separately ; 
that  is,  if  two  magnitudes  together  have  to  one  of 
them  the  same  ratio  which  two  others  have  to  one 
of  these,  the  remaining  one  of  the  first  two  shall  have 
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to  the  other  the  same  ratio  .which  the  remaining  one 
of  the  last  two  has  to  the  other  of  these. 

DEMONSTRATION* 

By  hypothesis  we  have  A+B  :  B  : :  C+D :  D., 
and  we  are  to  prove  that         A  :  B  : :     C  :  D, 

Now  the  ratio  of  A+B  to  B  is — 5— =^+1, 

C-l-D    C 
and  the  ratio  of  C+D  to  D  is     n    "^n"^^ ' 

and  since  hy  hypothesis  these  two  ratios  are  equal, 

A  C 

therefore  we  have  ^ + 1  ^Ti''"  ^ »  consequently 

^=g,  that  is 

A:B::C:D. 

Q.  E.  D. 

PROP   XVIII.    THEOR. 

If  magnitudes  taken  separately  "he  proportionals, 
they  shall  also  be  proportionals  when  taken  jointly ; 
that  is,  if  the  first  be  to  the  second  as  the  third  is  to 
fourth,  the  first  and  second  together  shall  be  to  the 
second  as  the  third  and  fourth  together  to  the  fourth. 

DEMONSTRATION 

By  hypothesis  we  have  A  :  B  :  :  C:  D, 
and  we  are  to  demonstrate  that  A+B  :  B  : ;  C+D  :  D. 
Since  the  ratio  of  A  to  B  is  the  same  with  that  of 
CtoD. 

therefore  -Er^^fr-j 

to  each  side  of  this  equation  add  unity,  and  we  have 

A  +,=5^.,   thatis^±5=C±D. 
g--f-l-U+I,tnatis,     g g-, 

and  therefore  A+B  :  B  :  r  C+D  : :  D.  Q.E.D. 

PROP.    XIX.    THEOR. 

.  If  a  whole  magnitude  be  to  a  whole,  as  a  magnitude 
taken  from  the  first  is  to  a  magnitude  taken  from  the 
other,  the  remainder  shall  be  to  the  remainder  as  the 
whole  to  the  wMe. 
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« 

DEMONSTRATION. 

Let  A,  B,  be  the  two  whole  magnitudes,  and  C,  D. 
the  magaitudes  taken  from  them. 

So  that  by  hypothesis  A  :  B  :  :  C  :  D, 

we  ace  to  prove  that  A :  B  . :  A—C  :  B — ^D. 

By  Prop:  XVI.  we  have  g-=0-t 

,     A  B      ,   ^  ,      A-C    B~D 

conseqaentjy  ^ —  i  =  ---  —  1 ,  that  is,  — jg —  f=  — ^ — ; 

By  this  last  divide  the  first  equation, 

A  B 

and  the  eqoal  quotients  ajre  A^^p^u^ty 

j^      A C 

and  therefore  by  mult,  and  div.  -g--=g__j-vi 

that  is,  A.:  B  : :  A—C  :  B— D.  Q.E-D. 

ANOTHER    DEMONSTRATION. 

Since  by  hypothesis  A  :  B  : :  C  :  D, 
therefore  by  alternation,  prop.  XV!.  A  :  C  : :  B :  D, 
and  by  division,  prop.  XVII.  A— C  :  C  t :  B — D  :  D, 
and  by  alternation,  A—C  :  B— D  : :  C  :  D, 
and  ttierefore  by  prop.  XI.  A—C  :  B  —  D : :  A  :  B. 

^  ^    ^  Q.E.D. 

.      •    ANOTHER   DEMONSTRATION. 

Let  A+C,  and  B+D,  be  the  whole  magnitudes, 
and  C,  D,  the  magnitudes  taken  away,  so  that  by 
hypothesis 

A+C:B+D::C  :D, 

'And  we^are  to  «bow  that 

A+C  :  B+D  :  :  A  :  B. 
Since  by  hypothesis  A+C  :  B+D  :  :  C  :  D, 
therefore  by  prop.  XVL  A+C  :  C  : :  B+D  :  D, 
consequently  by  prop.  XVtI.  A  :  C  :  :  B  :  D, 
and  therefore  by  prop.  XVI.  A  :  B  :  :  C  :  D, 
therefore  by  prop.  XI.  A+C  :  B+D  : :  A :  B. 

Q.E.D. 

ANOTHER    DEMONSTRATION. 

SMPposiBg  r  greater  th^  unity,  let  rA,  rQ,  be  tbe 
two  whoks,  and  A,  C  the  magnitudes  tik^n  away,  so, 
that  by  hypothesis,  we  have  rA :  rB  :  :  A  :  C ; 
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rA     A        A     A 
of  course  we  have  -^=sr--,  or  ^-ss—,  whence G=B, 

and  we  have  therefore  only  to  show  that 

rA  :.rB  : :  rA— A  :  rB— B ; 

Now  the  ratio  of  rA  to  rB  is  -b=w'  ;  . 

and  theratioof  rA-A  to  rB^B,is  ^5^=:|^lj^=:A 

and  therefore 

rA  :  rB  :  :  rA— A  :  rB — B,  . 

Q.E.D. 

PBOP.    E.    THEOR.  ' 

If  four  magnitudes  be  proportiooals,  they  are  also 
proportionals  by  conversion  ;  that  is,  the  first  is  to  its 
excess  above  the  jsecond  as  the  third  is  to  its  excess 
above  the  fourth. 

DEMONSTRAtrON. 

Let  rA,  A,  rB,  B,  be  the  foqr  proportionals, 
we  have  to  demonstrate  that 

rAtrA— A:  :rB:rB— B. 

The  ratio  of  rA  to  rA — -A  is  -r 7= « 

rA—A     r— 1 

rB        r 

2^nd  the  ratio  of  rB  to  rB-B  is    ^  t>== » 

rB-B     T'-V 

therefore  rA  :  rA — ^A  :  :  rB  :  rB — B. 

Q.E.D. 

PROP.   XX.    THEOR.  '" 

Tf  there  be  three  magnitudes,  and   other    three, 

which  taken  two  and  two  have  the  same  ratio;  if  the 

'iirst  be  greater  than  the  ttiird,  the  fourth  will   be 

greater  than  the  sixth  ;  if  equaJ,  :equat ;  and  if  less, 

less. 

DEMONSTRATIOW. 

Let»the  three  first  magnitudes  be  A,  B,  C, 
and  the  other  three  be  D,  E,  F ; 
80  that  by  hypothesis,  A  is  to  B  as  D  to  E,  and  B  to 
C  as  E  to  F  ;  and  it  is  to  be  proved  that  if  A  be 
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greater  than  C,  D  will  be  greater  than  F;-  if  equal, 

equal ;  and  if  leM,  less.  • 

AD 
Because  A  :  B  :  :  D  :  Ey  therefore  g-=£-j 

BE* 
and  because  B  :  C  : :  E  :  F,  therefore  ^=p  • 

therefore  by  multiplication  of  fractions, 

AB    DE  ....    A_D 
_==_-,  that  18,^-^, 

from  which  it  is  evident  that  when  the  quotient  ^  u 

greater  than  unity,  the  quotient  =r   is    also    greater 

than  unity  ;  that  is,  if  A  be  greater  than  C,  D  is  also 
t^reater  than  F  ;  in  a  similar  manner  it  is  shown  that 
when  A  is  equal  to  C,  D  is  equal  to  F  ;  and  if  less, 
less.  Q.E.D.. 

PR0P«  XXI.   thkor. 

If  there  be  three  magnitudes,  and  other  three, 
whiph  have  the  same  ratio  taken  two  and  two,  but  in 
a  cross  order  ;  if  the  6rst  be  greater  than  the  third, 
the  fourth  shall  also  be  greater  than  the  sixth;  if 
equal,  equal ;  ffud  if  less,^  less. 

DEHONSTRATfON. 

Let  the  three  first  magnitudes  be  A,  B,  C, 
and  the  other  three  be  D,  E,  F, 
so  that  A  is  to  B  as  E  to  F,  and  B  to  C  as  D  to  E  ;  it 
is  to  be  shown  that  if  A  be  greater  than  C,  D  will 
be  greater  than  F  ;  if  equal,  equal ;  and  if  less,  less. 

Since  A  :  B  : :  E  :  F,  therefore  we  have^=^, 

B     D 
and  because  B  :  C  :  :  D  :  E,  therefore  also  r:^sB:_ ; 

Lf      hi 

aod  therefore  by  multiplication, 

AB    DE  ,.   ,  .    A      D 
^-^,  that  IS,  ~=- ; 

from  which  it  is  manifest,  that  according. as  the  qOp- 
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A 
tient  w- 19  greater  than,  equal  to,  or  less  than  unity, 

D  , 

the  quotient  ^  must  also  be  greater  than,  equal  to, 

or  less  than  unity,  and  therefore  if  A  be  greater  than 
C,  D  will  be  greater  than  F ;  if  equal,  equal;  and 
if  less,  les& 

FROT.   XXII.    TlIK<m« 

If  there  be  any  number  of  magnitudes,  and  at  many 
others,  which,  taken  two  and  two  in  order,  have  ftie* 
same,  ratio ;  the  first  shall  have  to  the  last  of  the  first 
rank  of  magnitudes,  the  same  ratio  which  the  first  of 
the  others  has  to  the  last* 

N.  B.  This  is  usually  cited  by  the  words  ex  mqmli, 
or  tx  aquo. 

DEMONSTRATION. 

Let  the  firstrank  of  magnitudes  be  A,  B,  C,  D, 

and  the  second  rank  be  E,  F,  6,  H, 

so  that  by  hypothesis  A  is  to  B  as  £  to  F,  B  to  C  as 

F  to  G,  and  C  to'D  as  6  to  H ;  we  are  to  show  that 

A  :  D  :  :  E  :  H. 

A     E 
Since  A :  B : :  E :  F,  tfierefore  we  have  "^=^j 

in  like  manner  we  have  n"=p"5 

■    C     G 

andg.=jj; 

ARC 

now  mnltiply  the  quotients  g^iQ^'n"  *^g®^*^^^>  -**wl 

E  F    G 

also  the  quotients  'gr^g'jn-'  si"^  ^^  hzy^  the  equa- 

^.       ABC    EFG 

*"^  BCD==FGH' 

A     E 
which  by  redaction  becomes  g"='n"? 

and  therefore    A :  D : :  E  :  H. 

44 
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In  like  manner  the  truth  of  the  proposition  may  be 
fthowD.  whatever  be  the  number  of  magnitudes. 

PROP-    XXIII*    THEOR. 

If  there  he  any  number  of  magnitudes,  and  as  many 
others,  which,  taken  two  and  two  in  a  cross  order- 
have  the  same  ratio  \  the  first  shall  have  to  the  last 
of  the  first  magnitudes  the  same  ratio  which  the  fir^t 
ofthe  others  has  to  the -last. 

N.  B.  This  is  usually  cited  by  the  words  ex  csquah 
in  proportione  periurbata^  or  ex  aquo  perturbaio  ;  Ihat 
is,  ^  equality  in  perturbate  pruportion. 

DEMONSTRATION* 

Let  the  first  rank  of  magnitudes  be  A,  B,  C,  D, 

and  the  other  rank  £,  F,  G,  H, 
so  that,  by  hypothesis,  A  is  to  B  as  G  to  H ;  B  to  C  as 
F  to  G,  and-C  to  D  as  E  to  F^  we  are  to  prove,  that 
'  A:D::E:H* 

A     G 
Since  A :  B  :  :^G  :  H,  therefore  g-=jg-, 

B      F* 
and  because  B :  C : :  F :  G,  therefore  q=q7 

C    ^ 
and  because  C  :  D  : :  E  :  F,  therefore  g-=p  : 

ABE 
now  multiply  the  quotients  g-,  — ,  ^  together,  and 

G  F    E 
also  the  quotients  73-,  fr-i-pj  and  we  have  the  products 

ABCGFE 
BCD'^HGF' 

.      ^  «_  A     E 

which  reduced,  becomes  |Y==^Tr> 

and  therefore  A  :  D : :  E :  H* 

In  like  manner  we  may  proceed  for  any  number  of 
^nu^^tudes*  Q*E«D* 

PROP*   XXIV. 

If  the  first  has  to  the  second  the  same  ratio  which 
the  third  has  to  the  fourth ;  and  the  fifth  to  the  sc- 
coM  ^  same   ratio  which  the  sixth  has  to  the 
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fourth ;  the  fir&t  hnd  fifth  together  shall  Have  to  the 
second  the  same  rajtio  which  the  third  and  sixth  to- 
gether have  to  the  fourth. 

DEMONSTRATION* 

By  hypothesis  we  have        rA  :  A : :  rB  :  B, 

and  r'A :  A  : :  r'B  :  B, 
in  which  rA  is  the  first,  A  the  second,  rB  the  third, 
B  the  fourth,  r'A  the  fifth,  and  r'B  the  sixth ;  /  de- 
noting each  of  the  two  equal  ratios  when  the  fifth  is 
divided  by  the  second,  and  the  sixth  by  the  fourth; 
and  we  have  to  show,  that 

rA+r'A  2  A  : :  rB+r  B  :  B. 

The  tatio^f  rA+r'A  to  A  is — -^ — =-r-|-r*, 

^A 

rB  I  t'T\' 

and  the  ratio  of  rB+r'B  toB  is  — iT —  ssr-f-/  5 

B 

therefore,     rA+r'A  :  A  : :  rB+r'  B  :  B. 

Cor.  1  •  If  the  same  hypothesis  be  made  as  in  the 
proposition,  the  excess  of  the  first  and  fifth  shall  be 
to  the  second,  as  the  e;Kcess  of  the  third  and  sixth  to 
the  fourth. 

Cor.  2.  The  prop,  hoids  true  of  two  ranks  of  mag- 
nitudes, whatever  be  their  number,  of  which  each  of 
the  'first  rank  has  to  the  second  magnitude  the  same 
ratio  wh^h  the  corresponding  one  of  the  second 
rank  has  to  a  fourth  magnitude. 

PROP.    XXV.    TFIEOR. 

If  four  magnitudes  of  the  same  kind  be  proper^ 
tiohals,  the  greatest  and  least  of  them  together  are 
greater  than  the  other  two  together.     * 

DEMONQTRATJOtf. 

Let  the  proportionals  be         rA,  A,  rB,  B  ; 
and  let  the  first  rA  be  the  greatest;    then  since  by 
hypothesis  rA  is  the  greatest,  rAp^A,  therefore  r^l. 

Again,  since  by  hypothesis  rA  is  the  greatest,  there- 
fore rA:^rB,  and  consequently  Arn^B ;  since  then  r 
is  greater  than  unity,  and  A  ib  jgreater  than  B,  it  is 
manifest  that, B  is  the  least;  and  we  are  to  show 
that  rA+B^^rB-l-A. 
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Now  because  A--B=A— B,     . 

and  r^l, 

therefore  by  multiplicatioa         rA-erBT^Ar— B ; 
to  each  side  of  this  equation  add         rB+B, 
and  we  shall  have  rA+B^A+rB. 

A  similar  ntode  of  demonstration  may  be  adopted 
whichever  of  the  four  proportionals  be  the  greatest. 

Q.E.D. 

PROP-    XXVI.THEOR. 

If  there  be  any  number  of  magnitudes  of  the  same 
kind,  the  ratio  compounded  of  the  ratios  of  the  first 
to  the  second,  of  the  second  to  the  third,  and  so  on 
to  the  last,  is  equal  to  the  ratio  of  th^  first  to  the 
last.       .  --  -—' 

DEHONSTRATION. 

Let  the  magnitudes  of  the  same  kind  be  A,  B,  C, 
D  ;  we  are  to  prove  that  the  ratio  compounded  of  the 
ratios  of  A  to  fe,  of  B  to  C,  and  of  C  to  D,  according 
to  tbe  definition  of  compound  ratio,-  is  equal  to  the 
ratio  of  A  to  D. 

Take  any  magnitude  P, 
and  let  A  be  to  B  as  P  to  Q,  aod        A,  B,  C,  D, 
B  to  C  as  Q  to  R,  and  C  to  D  as         P,  Q,  K,  S  ; 
R  to  S ;  then  by  tbe  definition  of 
compound  ratio,  the  ratio  of  P  to  S  is  the  ratio  com- 
pounded of  the  ratios  of  A  to  B,  B  to  C,  and  of  C  to 
D;  and  it  is  to  be  proved  that  the  ratio  of  A  to  D  is 
the  same  with  P  to  S. 

Now  because  A,  B,  C,  D,  are  several  magnitudes, 
and  P,  Q»  R,  S,  as  many  others,  which  taken  two  and 
two  in  order,  have  the  same  ratio ;  that  is,  A  is  to  B 
as  P  to  Q  j  D  to  G  as  Q  to  R,  and  C  to  D  as  R  to  S ; 
therefore  ex  aqualiy  prop.  XXII,. 

A :  D  : :  P  :  S. 

In  like  manner  the  proposition  is  proved  for  any 
number  of  magnitudes. 

Q.E.D. 

PROP.    XXVIII.    THROR. 

If  four  magnitudes  be  proportionals  according  to 
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th^  common  algebraic  definition,  they  will  also  be 
proportionals  according  to  Euclid's  definition. 

DEMQNSTRATION. 

Let  the  four  rA,  A,  rB,  B, 

be  the  proportionals  according  to  our  5th  definition ; 
that  is,  according  to  the  common  algebraic  definition  j 
'  it  i^  to  be  proved  that  the  same  four 

rA,  A,  rB,  B, 
are  prpporttonals  by  Euclid's  fifth  def.  of  the  fifth 
book* 

Let  m  and  n  be  any  two*integers,  each  greater 
than  unity,  so  that  mrA,  mrB,  are  any  equimultiples 
vrbatever  of  the  first  and  third  ;  and  nA,  nB  are  any 
whatever  of  the  second  and.  fourth;  and  the  four 
multiples  are  therefore 

mrA,  »A,  mrB,  nB ; 
Now  the  thing  to  be  proved  is,  that  according  as  the 
multiple  mrA  is  greater  than,  equal  to,  or  less  than 
nA;  the  multiple  mrB  will  also  be  greater  than, 
equal  to,  or  less  than  nB.  * 

First  let    mrA  ^rnA, 
then  by  division  mr-^n^ 

and  by  multiplication  mrH  zrnB.    , 

Secondly,  if  mrA=nA, 

then  mr^^n^ 

and  therefore  mrB^nB. 

Lastly,  if'  fnrA^nA^ 

then  mr  ^n, 

therefore  *     mrB  ^nB^ 

Q.E.D. 

PROP.   XXVIII.    THEOR. 

If  foui:  magnitudes  be  proportionals  by  Euclid's 
lifth  definition,  they  will  also  be  proportionals  by  the 
common  algebraic  definition. 

DEVONSTRATIOIf. 

Let  A,  A,  B',  B,  be  any  four  magnitudes,  such  that 
m,  n,  being  any  integers  greater  than  unity,  and  the 
equimultiples,  mA';  mB',  being  taken,  and  likewise 
the  equimultiples  nA,  nB ;  making  the  four  multiples. 

laA,  nA,  mB',  nB ; 
44* 
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-the  hypotbcsis  is,  that  if  mA'  be  greater  than  nAfmB' 

is  also  greater  thaii^^B  ;  if  equal,  equal  i  and  if  less, 

less :  and  it  is  to  be  proved  that 

A':  A::  B':B; 

A'     B' 
or,  which  is  the  same  thing,  that  y-=^, 

A'  B' 

.  If -r-  be  not  equal  to  g-,  one  of  these  quotients 

A' 
most  be  the  greater ;  first,  let  —  be  the  greater,   sa 

.  B'  A 

thatif=-=r,  we  may  have -j-=r4-^; 

then  the  four  quantities     A',  A,  ByB, 
are  equal  to  rA+r'A,  A,  rB,  B. 

Kow,  let  m  be  sach  an  integer  greater  than  unity, 
that  mr  and  m/  may  be  each  gi'eater  than  2 ;  and 
take  n  the  next  integer  greater  than  mr^  of  coursie  n. 
will  be  less  than  mr+mr' ; 
and  the  four  multiples  mA',  nA,t»BVwB, 
become  wirA+wir'A,  nA,  mrB',  tiB, 

By  construction  mr+mr'-^n, 

and  therefore  mrA+mr'AT^nA : 

But  by  construction  mr<n^ 

and  therefore  mrA<«A; 

thus  it  appears  that  mA'^nA^ 

but.  i«B'<«B: 

N  but,  because         mA-r^^^/iA, 

therefore  by  hypothesis,  al^  mB'^nB  ; 

so  tliat  mB'  is  both  greater  and  less  than  nB,  which  is 

impossible*  v 

A' 
It  i^  manifest  therefore  that  j-  cannot  be  greater 

B'  .     .  B' 

than  ^y  and  in  like  manner  it  is  shown  that  ^r  can^ 
ft  .  '  B 

A'  A'      B' 

not  be  greater  than  -r-5  and  therefore— = -g-, 

thati«,  A':A::B':B, 
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Scholium'.  Thas  we  have  sbowp,  that  if  four  quan- 
tities be  proportionals  by  the  commoo  algebraic  defi- 
nition, they  will  also  be  proportionals  according  to 
Euclid's  definition ;  and  conversely,  that  if  four  quan- 
tities be  proportionals  by  Euclid's  definition,  they 
will  also  be  proportionals  by  the  common  aigebraid^^^ 
definition  ;  and  by  a  similar  method  of  reasoning  we 
may  easily  show,  that  when  four  ^antities  are  not 
proportionals  by  one  of  these  two  definitions,  they 
cannot  be  proportionals  by  the  other  definition. 

Thus  it  appears,  that  the  two  definitions  are  alto- 
gether equivalent ;  each  Cjomprehending,  or  exclud- 
ing, whatever  is  comprehended,  or  excluded,  by  the 
other. 


THE    END. 
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Page  6,  lijie  21,  for  letter,  read  letters. 

p.  19, 1.  1,  3,  for  Bxy  and  55^,  read  S^cy  and  55a;*. 
p.  33, 1.  l2yfor  to,  read  to  the  addition  of. 
p.  44, 1.  20,  for  5o,  read  ba^. 
p.  t)3, 1.  22,  23,  for  {m  —n)  and  (mi-rt),  read  (m — 
n)c  and  (m±n)c. 

do.   1.  SBt  y<>^  membara,  reewl  mnnbers.     , 
p.  BBf  I.  34,  for  continued,  read  contained* 
p.  96, 1.  15,  for  ac^y  read  a^c^. 
p.  104,1.  11,  12, /or +6'  and —6%  rcfld+t^  and 

p.  107, 1.  A,  for — X  read  — x^. 
p.  116,  I.  12,  for  3a;,  read  3aa?. 
p.  1*25,  1.  3,  dele  2,. 

p.  132,  i.  2,  9, /or  4a;3  and   +2a6,  r'caJ  6a;2  and 
+2*0?. 
p.  135, 1.  7,  /or  a^,  rearf  a^. 

p.  137, 1.  13,  for  = ,  read .  ^     " 

*  '         '-^  J— a  1— a 

p.  138, 1.  22,  for  law  that,  read  law,  that  is  to  say, 

at  the  general  formula,  that. 

p.  156, 1.  7,  for  plynomials,  readf  pbljnoniials. 

p.  159,  I.  16, /or  (a+«*),  ^c^^?  (fl+a;)*. 

p.  161,  I.  12,  for  uttkhown,  read  known. 

p.  168, 1.  7, /or  conditions,  read  cOnditioni 

p.  173,  1.  4, /or  a;=2,  readx=-A.^ 

p.  176,  I.  14,  for  30,  read  20. 

p.  179, 1.  7,  /or  198,  r«a(i  199. 

p.  180,  1.  8,  for  quantities;,  read  quantities,  values. 

do.   1.  29j  for  formulas,  read  formula. 

p*  181,1.  5,  16,  for  formulae,  read  formura. 

do.   1.21,  dele  199. 

p.  188,  r.  17,  for  9,  read  13. 

p.  192,  Ij  5,  1 1,/or  2a?  and  +6i,  r€«(/3.r  and  — 'Go?. 
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p.  195,  K  31,  for  quantities,  rtai  equatbtis. 

p.  200, 1.  15,  for  are,  rtai  are  the. 

p.  201, 1.  13,  for  furnish,  read  furnishes. 

p.  215,  1.5, /or  Analysts  employ,  rea J  Analysis 

employs. 

p.  216, 1.  2,  for  formulae,  rtai  formula. 

p.  224, 1.  6j  for  depend,  rtai  depends. 

p.  248, 1.  15,  18,  fory^  and  y=3,  r«ad  y=3  and 

y=:2. 

p.  254, 1.  19,  for  8,  rtai  x. 

p.  256, 1.  2,  21,  for  9  and  +100,  rtai  4  and  y  4- 

100. 
'  p.  257, 1.  23,  for  other,  reai  others. 

p.  279, 1.  7,  for  form,  reai  from. 

p.  284,  I:  12,  27,  for  plus  and  720,  reai  minus  and 
752. 

p.  289, 1.  13,  for  4,  rtai  5. 

p.  301,  1.  1 1,/or  3«.  and  25.  rtai  25.  and  35. 

p.  313,  f.  23,  for  devoted,  rtai  denoted. 

p.  314, 1.  5,  9,  for  d^^b''  and  is,  rtai  d'^b^  and 
itte  is. 

p.  317,  I.  14, /or  — ^2^a?*a«=a;%  &c.,  reai  — 
^27x'»a«=  (Art.  293)  -.V27X  V^'  X  Va*=?-3X 
X«Xa*  =— 3a«a?.  . 

p.  323, 1.  8, /or  16a:»y*  and  6y«,  read  15x^y*  and 

6a?y'. 

p.  325, 1.  25,  26, /or  square joffc^  and  root  c»,  read 
square  root  of  b^  and  root  of  c^. 

do.   I.  31, /or  +20a;»  — 15x«+5x  —  l,  read — 
20x'  +  l5x*— 5x+l. 

do.    1.  33,  34,  for  a*     4a'»,  reai  aj— 4aij, 

and  /or  4ax+^,  read  4ax^+. 

p.  329, 1.  3,  for  square  of,  rtai  square  root  of. 

'A  A       a  4  A 

p.  349, 1.  5,  6,  for  a*  and  a'+a%  read  a'  and  a^ 

4        ' 
^ia"*. 

*do.  I.  18,  30,/or  6^243  and  10  %/d,  reai  ^243 
and  2^9. 
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p.  35a,  1.  10^  31,  for  a  and  a»,  read  a^  and  a*-^. 
p.  351, 1.  24,  for  (2a(r)'"^+,  read  (Saac )'*'*=. 

p.  353, 1.  2,  for  y^a^"^"*  and  v/(81  V«)  read  a'  '  "* 
and -v/(81-v/a). 

p.  356,  1.  3,  for  where,  read  when. 

p.  360, 1.  1 1,  for  \/9,  read  3^9. 

p.  365, 1.  14,ybr  to  observed,  read  to  be  observed. 

p.  370, 1. 17,  for  increased,  read  concerned* 

p.  371, 1.  G,  for  having,  read,  have. 

p.  374, 1.  7,  22,  for  V(19— 4)  and  ^^2,  read  ^{d 
—4)  and. 2. 

p.  376, 1.  2,  30,  for  x—y^  ^ni  — 3x»,  read  a^-^y^ 
and  =3«^. 

p.  377,  I.  16,  w^er  Ex.  1.  read  the  following: 
Cabing  both  sides,  a;*=a+6;  •••  a:=±  ^  (a+6). 
Ex.  2.  iGiven  i^{x^S)=y/{x—3)j  to  find  the  va- 
lues of  07. 

p.  377,  K  16,  18,  24,  /or  value  and  quantity,  read 
Talues  and  equation. 

p.  380,  K  1,  25,  for  Sabx  and  a;,  read  2abx  and  a. 

p.  381,  1.  29,  for  x    y,  read  x — y» 
do.  1.  33, /or  y= 4,  ready =3. 

p.  382, 1.  17,  for  =y%  read  +y'. 

p.  383, 1.  4,  for  a  g^iven  ratio,  read  given  ratios. 

p.  387, 1.  3,  for  16,  read  6. 

p.  388,  I.  16,  for  to  the  sum  of  their  cubes  as  20 
to  7,  read  to  the  diiSerence  of  their  squares  as  52  to  1. 

p.  388, 1.  37,  after  were,  read  persons  relieved ; 
and  each  woman  received  twice  as  many  shillings  as 
there  were  women  more  than  men. 

p.  390, 1.  3,  for  x=v^ — n,  read  x=i — y^/i. 

p.  394, 1.  18,  for  x^  read  x. 

17  17 

p.  398, 1.  3,  for  — ,  read--'X. 

4  4 

p.  400, 1.  12,  for  =5,  read  =1. 

p.  402, 1.  12,  for  —61,  read  —21. 

p.  404, 1.  18,  for  i±^'-7,  read  f dtft/— 7. 

p.  406,  I.  9,  for  6,  read  —6. 


H.- 


61 G 


errata: 


p.  407, 1.  22,  for  16,  read  16x. 
p.  408, 1.  23,  fof  y,  ready^. 
•  f.  412, 1.  ll,ybr  «=8,  read  a;=3. 
p.  416, 1.  26,  for  18,  r^ad  8. 
p.  417,  ]•  6,  13,  for  as  and  square  root  of,  read  at 
and  square  of. 

.p.  437, 1.  92,  for  (c*  -«*),  read  (c*— a;*)*. 
p«  438, 1.  7,  /or  values,  reail  value, 
p.  440,  L  8,  ybr  b — d,  read  6  and  d» 
p.  444,  K  X,  for  ic^  read  i:d. 
p.  463, 1.  4,  for  (x),  read  (x)*". 
p»  464, 1«  19,  for  x=o,  read  x-=a, 
p.  480, 1  4,  for  x|±i-v/— 7j  rearf  x=|±ivf — 7. 
p*  482, 1.  38,  for  Jt^quatiomim,  r^ac?  JEquationem. 
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